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Abstract

In this paper, we prove a counting result for the number of polynomials with integer
coefficients bounded by a positive integer n and having all roots integers.
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1 Introduction

For any two positive integers n and s, define A, to be the set of polynomials of degree s with
all the roots integer numbers, and with all the coefficients in the set [n] := {1,2,--- ,n}. Let
A,®) denote the cardinality of A,. In [2], two of the authors have conjectured that for any
positive integer s,

A, 1

lim ——— = .

n—ooonlog®n  (s!)?
The purpose of this note is to prove the above conjecture, and to show that the following result
holds true.

Theorem 1.1. Fiz a positive integer s. Then for all large n,

(s) _ nlogs n

RCTN

One can extract secondary terms from the right side of (1.1). Due to the complications
when dealing with all the necessary subcases, we will do this only for s = 2 and s = 3. For
s = 2, we prove the following result, which improves on Theorem 5.1 from [2].

A, + Os (n log®™* n). (1.1)
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Theorem 1.2. There exist constants D1 and Do such that for all large n,

(2 _ n 10g2 n

N CTIE —|—D1n10gn—|—D2n+O(n2/310gn>. (1.2)

For s = 3, we have the following result.

Theorem 1.3. There exist constants By, Bo and Bs such that for all large n,

nlog®n

@)

2 Proof of Theorem 1.1

An(3) _

+ Binlog®n + Banlogn + Bsn + O <n3/4 logn) . (1.3)

Proof of Theorem 1.1. We recall the definition of A,

s P(z)=as+ a1z + - +asz’:ag,...,as € {1,2,...,n},

and all roots of P(x) are integers.

One observes that if P(z) € A, then P(z) =as(x+by)...(x+bs); br,...,bs €N ag =
asby...bs < n,a; = Cls(bl...bs_1 +by...bg_obs + - + bgbs) < n,..., Qg1 = as(b1 +
by + -+ -+ bs) < n. We will first count the number of polynomials in An(s) where the constant
coeflicient ag = asb; ... by is largest. Denote

SI(S) = (asvbla“wbs) : 1§as gnabl §b2 < Sbs;asb1b2~-~bs Sn}
For 0 < j <'s, we define

(as,b1,...,bs) s ashy...bs <n,by <--- < b, with

Tj(s) =# j number of equalities between by, bs, ..., b
and the remaining are strict inequalities.
Then,
£(5,0 ()+ZT()— YY1y (2.1)
1<as<n 1<by <by---<bg j=1
asbibs...bs<n
Now,

D S P DM P

1<as<n 1<by <bs---<bg as<n bi,...,b as<nm< -
asbiby...bs<n asbybo.. b <n N
1
=5 2 dara(m), (2.2)
"m<n

where dj(m) is the generalized divisor function which counts the number of ways a positive
integer m can be written as a product of | positive numbers. Estimating the error term in the
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asymptotic formula for the summatory function of d;(m) is also the famous general (Dirichlet)
divisor problem (or the Piltz divisor problem). For more on the Dirichlet divisor problem and
the Piltz divisor problem see [3], [4]. The generalized divisor summatory function is given by

Z di(m) = zP,(logz) + O (xlfl/l log x) , (2.3)
m<zx
where P;(logx) is a polynomial in log x of degree I — 1. It is given by
l

l
CHz)a*t 1—j
Pl = Res,_1— 2~ = _log' U g 2.4
i(logx) = Res.—y ~ jEZlaz jlog ™z (2.4)

Here z is a complex number and ((z) is the Riemann zeta-function. A.F.Lavrik [1] evaluated
the coefficients a;_; explicitly in terms of constants 7;.s appearing in the coefficients of Laurent
series expansion of the Riemann zeta function about its pole z = 1,

(71)j+1

(=5

Aj—j =

j—1

= ll=1D.. (l=r+1) ,, .

1y (e U D
k=1

rolri!...r,!
Q(k) 071 v

The index Q(k) denotes summation over all solutions of the equation k = ro+2r1+- - -+(v+1)r,
in non negative integers v, ro,...,r,, and r = ro + - -+ r,, while 7,74, ... are the coefficients
of the series

o0 5 1

Sz —1) =) - .

v=0 =

The coefficients 7/, s for n = 0,1,... are given by,
N n n+1
) log"m log"t' N

—D"nly =1 — .
= g (32

These are related to the Stieltjes constants 7y, s that occur in the Laurent series expansion of the

Riemann zeta function by the relation 7/, = (_nl!)n ~n- Note that the first coefficient a;_1 = (lfl)l
and so we get

1
1 -1 1—j
P(logx) = (=] log™ "z + ]E=2 a;—jlog' ™7 x.
This along with (2.2) and (2.3) gives

s 1 n S s=
Ty = 5 3 dugalm) = 5 log" n+ 0 (n10g™=n). (2:5)

m<n

In Tj(s), since two or more b;'s are equal and they satisfy the same inequality asb ...bs < n,
we have Tj(s) =0 (n log*~V n) . This along with (2.1) and (2.5) gives

#(5,¥) = s% log®n + O (n log®~Y n) . (2.6)
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It remains to consider the cases when the constant coefficient is not the largest. We begin with
counting polynomials in which ag is not the largest but the previous coefficient a; is largest.
Then

bobs...bg+bibg...bs+ -+ +biby...bg_1 >by...bs.

by...bs by...bs

Here at least one of the s terms on the left side is larger than ! . Say by ...bs > ! .
s

This implies b; < s. So one of the roots, b; in this case is bounded in terms of s. But for

each fixed value of by, we have at most O (n log®™* n) choices for the s-tuple (as,ba,...,bs).

Similarly, if the next coefficient as is largest then,

b3by...bg+bibgy...bsg+ -+ 4+b1by...bs_o >by...bs,

by...bs
which implies that at least one of the (;) terms on the left side is larger than ! (S) . Say
2
by...bs

(S) . This gives b1by < (;) Hence both roots b1, by are bounded in this case
2

and so for each fixed value of by and by, we have at most O (n log® ™2 n) choices for the (s — 1)
tuple (as, b3, by . ..,bs). Repeating this argument for all the cases when the last coefficient is not
the largest, we finally obtain that the number of polynomials in which the maximum coefficient
is attained elsewhere than the last one is O (n log®™! n) This along with (2.6) gives

baby...bs >

A, = 7(:)2 log®n + O (nlog® ' n),

which completes the proof of the theorem. 0

3 Proof of Theorem 1.2
In this section we consider the case s = 2.

Proof of Theorem 1.2. For a fixed positive integer n,

ao + a1 + agx? : ag, a1, az € {1,2,...,n}

and all roots are integers

If P(x) € A, then P(z) = az(x+b1)(x+b2) 5 b1,ba € N asbiby <m; az(by +b2) < n and
az < n. Thus,

PECES YD SEETID S VIR DI SN

1<az<n  1<b1<by 1<az<n 1<b;<bs 1<az<n  1<b1<bs
azb1b2<n, azb1ba<n azb1ba<n
ag(b1+b2)§n az(b1+b2)>n

= 5@ - 5,®, (3.1)
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Rewrite S, ) as

1 1
S =0 > Y 145 > > 1

1<az2<n  by,b2 1<az<n by=b2

asb1ba<n azbiba<n
1 1 1
=3 2 3 2 D 1=5 ) d(m)
2 2 2
b1,b2,as 1<az<n byeN m<n
azbiba<n asba?<n
1
251 D OED SEE LD DENED DR DI D
1§a2Sn1/31§b2§4/£ 1Sb2§n1/31§0«2Sb2L2 1<a2<nt/3 1<by<nl/3

Observe that the sum in the bracket above is given by

P D PN DA LD DD

1<ap<nt/3 1§b2§4/% 1<ba<nt/3 1S0«2Sb2L'2 1<aa<nt/3 1<by<nl/3
=Cin+0 (n2/3) .
Using this and the expression for the summatory function for ds(m) from (2.3) we obtain

1
5,3 = inlog2 n+ Conlogn + C3n+ O (712/3 log n) , (3.2)

where Cy and C3 are constants. Next we estimate 52(2), the number of polynomials in An(Q)
in which the last coefficient is not the largest. Now,

So® =811+ S (3.3)

where 5171 = #({(ag, by, bz) S N3 : b1 < by and asb1by < n < az(b1 + bg)}) and

51’2 = #({(ag,bl,bg) S N3 :by = by and agbibs < n < a2(b1 + bg)}) In Sl,l, since b1by < b1 +
by < 2by, we have by < 2. This implies by = 1. Then, agbs < n < as(1l + bz). This implies
% —1<by < a—"z Therefore,

51,1 = # ({(ag,bg) D a9 >n2/3,b2 > 1,2 —-1< bg < n})
a9 a9

+#<{(a2,b2) 1<as<n?B by >1, - —1<by < ”})

as a2
n n )
= Z —— —F |4+ 0 Z 1
1<by<nl/3 (b2 (1 T b2) 1<a,<n?2/3
1 1
:nzi—n Z 74—0(712/3)
pe> 21 02) by>nl/3 ba(1+b2)

Can+0 (n2/3) . (3.4)
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In S} 2, since by = by, we have ash 2 <n < 2aob1, which implies by = b = 1. And so,
S12=F#({a2 € N:ay <n <2a}) :%—I—O(l).
Combining (3.3), (3.4) and above, we obtain,
S5 = Csn + 0 (n2/3) , (3.5)
for a positive constant C5. Therefore, the above equation along with (3.1) and (3.2) gives us
A, = inlog2 n+ Cgnlogn + Cmn+ 0O (n2/3 log n) ,

where Cg and C; are constants. This completes the proof of the theorem. 0

4 Proof of Theorem 1.3

In this section we estimate An(s) for s = 3.

Proof of Theorem 1.3. For a fixed positive integer n,

4.0 — 4 ag + a1z + agx® + asz® : ag,a1,a0,a3 € {1,2,...,n}
" and all roots are integers

If P(x) € A,® then P(x) = as(x +b1)(x+by)(z +b3) ; by, by, bs € N ;asbibobs < n, ; as(by +
b2 + bg) S n, ; ag(blbg + b2b3 + bgbl) S n and as S n.

4,0= 3 3 |

1<az<n 1<b1 <ba<bs
azbibabs<n,
a3(b1ba+babs+b1b3)<n,
a3 (by+ba+b3)<n
= 2 > > 2. L (4.1)
1<az<n 1<b1<ba<b3 1<az<n 1<b1<b2<b3
azbibabz<n, azbib2bz<n,
a3 (b1ba+babs+b1b3)<n a3 (b1ba+babz+bi1b3)<n,

ag(b1+b2+b3)>n

Now for any positive integers by, bs, bs, we have, bybgy + babs + b1b3 > by + bs + b3 which implies
there exists no positive integers by, bo, b3, for which the condition, b1bs + bobs + b1bg < n <
b1 + ba + b3 holds true. And so the second sum in the above equation equals zero. This gives,

4,0 = 3 T |

1<az<n 1<b1<b2<b3
a3zbi1babz<n,
a3(b1ba+babs+b1b3)<n
-y Y - ¥ 3 1. (4.2)
1<az<n 1<b;1<ba<bs 1<az<n 1<b1<ba<b3
azb1b2bz<n azbibabz<n,

a3(b1ba+babz+b1b3)>n
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Define
31(3) = {Q? = (a37b17b27b3) S N4 . 1 S as S n,a3blbgb3 S TL} y

o @ ._ ) T= (az,b1,b2,b3) €N*: 1 <az <n,1<by <by < bs,
2 o azb1bobs <n < a3(b1b2 + babs + b1b3). '

Let T1® = {z € 51 : by < by = b3}, 1% := {z € $1® : by = by < b}, and T = {z €
51(3) : by = by = b3}. Observe that,

1 1 1 5
> > 1= 5#(51(3)) + 5#(T1(3)) + 5#(T2(3)) + 6#(T3(3))-
1<a3z<n 1<b; <ba<bs, ’

a3b1b2b3§n

From (4.2) and above, we obtain,

4,9 = S5O 4 HDO) 1+ HGO) + RGO - #(SD). (43)

Rewriting S;® in terms of the generalized divisor function ds(n) and using (2.3), we have,

, 1
#(51P) =" du(m) = 3" log® n + Cgnlog? n + Conlogn + Cion

m<n

+0 (n3/4 log n) ) (4.4)

where Cs, Cy and Cyo are constants. To estimate #(S>®) in (4.3), we again consider cases
distinguished by the relations between the positive integers b1, by and b3. Let 41 := {z € S, 3)
by < by < bg}, Ay := {2 € 5, : by = by < bg}, A3 := {z € 5, : by < by = b3}, and finally
Ay = {z € 53 : by = by = bs}. So,

#(S23)) = F£(Ar) + #(A2) + #(As) + #(Aq). (4.5)

We first estimate #(A4). In Ay since by = by = bs, we have asb1® < 3asgbi?, which implies
by = 1,2, and so,
#(A)= > 1+ Y 1=Cun+0(1), (4.6)

n n n
F<az<n 15 <az<g

where Cqg is a positive constant. Next we estimate A3 where b; being the smallest takes the
values 1 and 2 only. Then, #(As) = #(As1) + #(A32), where Az 1 := {(as,b1,b2,b3) € As :
b1 = 1}, and A372 = {(a:;,bl,bg,bg) € A3 : b1 = 2} In A372, since, 2a3b22 < a3(4bg + b22), this
implies, by < 4 and so by = b3 = 3 since by = 2 < by = bs. Thus,

#(A32) = Z 1=C1an+0(1), (4.7)

31 <a3<ig
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for some positive constant C11. To estimate Az, we write it as Az = Az 11 \ As 1,2 where,
Azq1 = {(as,bi,ba,b3) € Azq : aszbs® < n}, and Azq19 := {(as, b1, b2,b3) € Az @ az(bs® +
2by) < n}. Now,

#(A311) = Z Z 1+ Z Z 1

1<a3z<nl/3 1<by <, [ 1<by<nl/3 1<az<

7
_ Z Z 1:Cl3n—|—0<n2/3>.

1<az<nl/3 1<by <nl/3

And

#(Az1,2) = Z Z L+ Z Z 1

1<a3<nt/3 1<by < /%+1—1 1<by<nl/3 1§as§ﬁ

_ Z Z 1:C14n+0(n2/3).

1<a3z<nl/3 1<by<nl/3

Combining the above two estimates and (4.7), we obtain,
#(A3) = Cisn + O (n2/3) : (4.8)

where C5 is a constant. Next we estimate Ay in (4.5). In Ag, since, by = be < bg and agbibabs <
(lg(ble + b2b3 + blbg), we find that bl = b2 = ]., 2. and so we have #(AQ) = #(Ag)l) + #(Agﬁg),
where A2’1 = {(a37b1,b2,b3) € Ay : by = by = 1} and AQ’Q = {(ag,bl,bg,b;g) € Ay : by = by =
2}. In Asg o, since, 4agbs < n < 4ag + 4agbs, this implies, & —1<b3< i which further
shows that b3 = O (1).

#(Ag0) =# ({(a3,b3) tag > n®/4, 4i —1<b3< ;})

as as

+#<{(a37b3) i1<as §n3/474l—1<b3§ 4”})

as as
n n )
-y (o Vo Yo
1§b3§"’14/4 <4b3 1+ 0) 1<az<n3/4
1 1
— - = 4 0(n34
”Z4b3(1+b3) no) Tos(1+ ) (” )
ba>1 by > /4
= Cign+ 0 (n3/4) 7 (4.9)

where C3 is a positive constant. Next as in Ag 1, we write Ao 1 as, Ao 1 = A21,1\ A2,12 where,
Az 11 =:{(as,b1,b2,b3) € Az 1 : azbs < n}, and

A2)1’2 =: {(a3,517b27b3> S Ag’l : CLg(l + 2b3> < n}
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Using the divisor summatory function ([3]), we obtain,

#(A211) = Y d(m) =nlogn+ Cizn+ 0O (Vn). (4.10)

m<n

We remark that we could use an estimate of the summatory function of divisor function with
an error term better than O (y/n) but this does not improve on our estimation of A,®.

#(A212)= > oo Y o

1<az<nl/2 1<bs< 52 -1 1§b3§@ 1<a3< 1555
D DNEED DI
1<as<v/n 1<py< Vot

= Cignlogn + Cign+ O (\/’E) .

This along with (4.9) and (4.10) gives,
Ay = Coonlogn + Coyn+ O (n3/4) , (4.11)

where Cyq and Cs; are constants. Next we estimate A;. Recall that

A — m:(63,bl,b2,b3):1§03§n,1§b1<b2<b3,
e c3b1bobs <n < C3(b1b2 + bobs + blbg) ’

Note that for any x € Ay, we have by = 1 or by = 2. Indeed,
A1’1:{$€A11b1:1}; A1’2:{$6A1:b1:2},

and
#(A1) = #(A11) + #(A12). (4.12)
We have, A; 3 = Bj 2, where

Bio=

)

(a3,b2,b3) 1 <a3z <n,2 < by <bs,
2a3bobs < n < a3(262 + 2b3 + b2b3) ’

Note that for any (as,bs,bs) € By since 2agbabs < az(2by + 2b3 + bobs), we have, bobs <
2by + 2b3 < 4b3, and hence by < 4 but by > 2 and so by = 3. Thus, By = C; 3, where
Ci2 = {(az,b3) : 1 < e3 < n,bg > 3,6a3bs < n < az(6 + 5b3)}. Again note that for any
(as, b3) € C1,2, we have, 6bs < 6 + 5bs which together with bs > 3 implies b3 = 4,5. Combining
all the above facts, we have,

#(A1p)= > 1+ D> 1=Cun+0(1). (4.13)

26 <C¢3<3g 31<c3<35
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Finally we estimate A; 1. We write Ay 1 = D11\ F1,1, where D11 = {(as,b2,b3) : a3 <n,1 <
by < bg,agbgbg < n}, and Fl,l = {(ag,bg,bg) taz <n, 1< by < bg,ag(b2+b3+b2b3) < ’fl} NOW,

Dia=g Y dslm)— 5 33

m<n az<n ba=bs
a3b2b3S’I’L
= Cygnlog®n + Counlogn + Cosn + O (n2/3 log n) , (4.14)

where Cy3,Ca4 and Cos are constants. Next we write, F1 1 = F111 U Fi12 U Fy 1,3 where,
Fi11={(as,ba,b3) € F11:1 < by <bg <as},F112={(as,ba,b3) € F11:1<by <az<bs},

and Fy 13 = {(as,ba,b3) € F11:1 < as < by < bz}. In order to estimate these we use partial
n

< -
T by + b3 + babs
that bobs? < asbabs < n which implies by < /i and bo® < asbobs < n implies by < nl/3.

summation. Note that in Fy 1, b3 < a3 . Also, since by < b3 < a3, we have

b
Using this and the estimate

1 1
Zzlogm—!—’y—i—O(),
n x

n<z

we obtain,

n
#Ea)= > Y hmwb‘bJ

1<by<nt/3 by <by </

n
Z Z ba + b3 + babs

1<by<nl/3 by<bs <,/

N S SHE Tl D S S

1<by<nl/3 by<by <,/ 1<by<nl/3 by<by <,/



On a conjecture on the number of polynomials 29

And so,

1<ba<nl/3 by<bs<

R = Y Z(wmwm)

+ 2 > ((b2+1)(b3+1)(bz+b3+b2b3))

1<ba<nt/3 b2<bz<,/35

n 2 n

- > (-0 ol > /-
<b2 2 ) + b

1<ba<nt/3 1<ba<nl/3

1 1
=n 2 1 > bs + 1

, b2 +
1<by<nt/3 ba<b3<, /75

n
O 2/3
+ bZ Z b2 + 1)(b3 + 1)(172 + b3 + b2b3) * (n )
2>1ba<bg

— Cy¢nlogn — Cyrn+ O <n2/3)

= +1
1 b2
=n lo + Cagnlogn + C n—|—O<n2/3>
Z o+ 1 g by + 1 28 10g 29
1<ba<nl/3
= C3onlog®n + Csinlogn + Cson + O <n2/3) , (4.15)
1 1
. . 2
where in order to estimate the sum Z log we use summation by
be +1 by + 1
1<ba<nt/3

parts formula [5] with a(n) = n+1 , fim) =log (Q) and A(t) =3, . Next consider

the sum Fj 1 9.
: n
as

14 by

n +1
#(F112) = Z Z {;34_ b 1- (ZSJ

1<ba<n'/3 by<as </

n 1
R ST (e s R I DR wa =

1<by<nt/3 ba<az<,/7% 1<by<nl/3 ba<as<,/

- Y Y w0 XX 0

1<ba<n'/3 by<as <, /7% 1<b2<n1/3 by<as < /Z

Here we have, a3 < bg < —1,a3%by < asbsby < n and by < nt/3.
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Employing summation by parts we get,

#rng=n X o (V) VEDE
1,1,2) =N og —
1<by<nt/3 1 + b2 b2 1<by<nt/3 1 + b2
n n
- T (pew)eo| ¥ 2
bg b2
1<by<nl/3 1<by<nl/3
= ngnlog2 n + Cyynlogn + Czsn + O (n2/3) . (4.16)

n
as

1+ b

4
#(F1,1,3) = Z Z L’f’_:—b? —1- bQJ

1<az<nt/3 az<b:<,/g%

And finally we estimate F7 1,3, where, by < b3 < —1,a3%by < agbsby < n and ag < n'/3.

Note that the above sum is similar to the sum in (4.16) and so,

#(F11,3) = #(F11,2)
This along with (4.14), (4.15) and (4.16) gives,

#(Al,l) = 0367L 10g2 n + 037?1 IOg n + C38n + O (TLQ/3 IOg ’I'L) .
Using this with (4.12) and (4.13), we obtain,
#(A;) = Csgnlog®n + Cyonlogn + Cyn + O (n2/3 log n) . (4.17)

We are left to estimate the cardinalities of T1(3), T2(3) and T3(3) in (4.3). Observe that by being
the smallest in T1(3), TQ(S) and Tg(g), we have, asb1® < n in all the three sets. And so proceeding
as above we have, #(T1(3)) = Cygnlogn + Cyn + O (n3/4) ,#(Tg(?’)) = Cysnlogn + Cugn +
O (n**) and #(15%) =0 (n'/?).
Finally from (4.3), (4.4), (4.5), (4.6), (4.8), (4.11), (4.17) and above, we obtain

nlog®n

4,3 = W + Binlog®n + Banlogn + Bsn + O <n3/4 logn) ,

where Bi, By and Bjs are constants. This completes the proof of the theorem. 0
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