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Abstract

The purpose of this article is twofold. The first is to show algebraic dependences of
meromorphic mappings in several complex variables into the complex projective spaces
with a truncation level to 1. The second is to study the unicity problem with a truncation
level to 1 of meromorphic mappings in several complex variables into the complex projective
spaces from the viewpoint of the propagation of dependences.

Key Words: Algebraic dependence, unicity problem, meromorphic mappings,
truncated multiplicities.

2010 Mathematics Subject Classification: Primary 32H30; Secondary 32A22,
30D35.

1 Introduction

The theory on algebraic dependences of meromorphic mappings in several complex variables into
the complex projective spaces for fixed targets is studied by Wilhelm Stoll [St2]. Later, Min Ru
[R] generalized Stoll’s result to holomorphic curves into the complex projective spaces for moving
targets and showed some unicity theorems of holomorphic curves into the complex projective
spaces for moving targets. Recently, Viet Duc Pham and Duc Thoan Pham [PP] showed some
results on algebraic dependences of meromorphic mappings. For instance, they showed the
following theorem on algebraic dependences of meromorphic mappings with a truncation level
to 1.

Theorem A (see [PP], Theorem 3) Let f1,---, f : C* — PN (C) be nonconstant meromorphic
mappings. Let g; : C" — PN (C) (1 < i < q) be moving targets located in general position such
that T(r,g;) = o(maxi<j<xT(r, f;)) (1 < i <¢q) and (fi,g;) Z0 for1 <i< A 1<j<gq.
Assume that the following conditions are satisfied.

i) min{v(y, gy, 1} = = min{yy, 4,1} for each 1 < j <gq,

i) dim{z|(f1,9:)(2) = (f1,9;)(2) =0} <n —2 for each 1 <i < j <g,

i11) There exists an integer number I, 2 < I < X, such that for any increasing sequence
1<ji<-<iu<A fiy() A A fj(2) =0 for every point z € Ul_ (f1,9:)~*(0).
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Then

i) If ¢ >
0 on C.
i) If fi,1 <4 < X\ are linearly nondegenerate over R{g;}7_, and

N(N +2)A
A—=l+1"
then f1,---, fx are algebraically dependent over C.
i1r) If fi,1 < i < X are linearly nondegenerate over C, g; (1 <i <gq) are constant mappings
and (q— N —1)(A=1+1) > N\, then f1,---, fr are algebraically dependent over C.
The first purpose of this article is to give an improvement of Theorem A. Namely, we will
prove the followings

N(2N + 1)

P then f1,---, fx are algebraically dependent over C, i.e. fiN---Afy =

Theorem 1. Let fi,---,fy : € — PN (C) be nonconstant meromorphic mappings. Let
gi : C" — PN (C) (1 <i < q) be moving targets located in general position such that T(r,g;) =
o(maxi<;j<xT(r, f;)) (1 <i<gq) and (fi,g;) Z0 for each 1 <i <\, 1<j <gq. Assume that
the following conditions are satisfied.

i) min{v(y, gy, 1} = =min{yy, ¢, 1} for each 1 <j <g,

i) dim{z|(f1,9:)(z) = (f1,9;)(2) =0} <n—2 for each 1 <i < j <gq,

i11) There exists an integer number I, 2 < I < X, such that for any increasing sequence
1<ji<--<iu<A fi,(z) A~ A fj,(2) =0 for every point z € UL, (f1,9:)7(0).

T NN DA - (V- (A1)

Viig> A l+1
ie. fiN---Nfr=0onC.

it) If f1,---, fx are linearly nondegenerate over R({gj};’.:l) and

_ NV 420 - (N-1)(A - 1)

, then f1,---, fx are algebraically dependent over C,

A—1l+1 ’
then f1,---, fx are algebraically dependent over C.
iit) If f1,--+, fa are linearly nondegenerate over C, g; (1 < i < q) are constant mappings

and (q—N —1)(A=1)(N—=1)+q(A—=1+1)) > gNX, then fi,---, fr are algebraically dependent
over C.

The unicity theorems with truncated multiplicities of meromorphic mappings of €™ into the
complex projective space P (C) sharing a finite set of fixed (or moving) hyperplanes in PV (C)
have received much attention in the last few decades, and they are related to many problems
in Nevanlinna theory and hyperbolic complex analysis (see the reference in [A], [Fu], [DT1],
[DT2], [TQ1], [TQ2], [HQT], [Q] for the development in related subjects). We now state a
recent result in [TQ1] which is the one of the best results available at present.

Let ai,...,aq (¢ > N + 1) be ¢ meromorphic mappings of C" into P (C) with reduced
representations a; = (ajo : -+ - a;n) (1 < j < ¢q). We say that aq,...,a, are located in general
position if det(aj,;) # 0 for any 1 < jo < j1 < ... < jny < gq.

Let M,, be the field of all meromorphic functions on C". Denote by R({aj}j.:l) c M,

the smallest subfield which contains € and all 2% with aj; Z 0.
51
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Let f be a meromorphic mapping of C" into PV (C) with reduced representation f = (fo :
-1 fn). We say that f is linearly nondegenerate over R({aj} : 1) if fo,..., fn are linearly

q
J:
independent over R({aj I )

j=1

Let f, a be two meromorphic mappings of € into P (C) with reduced representations f =
N

(fo: - :fn),a=(ag: - :an) respectively. Put (f,a) = > a;f;. We say that a is ”small”
i=0

with respect to f if T(r,a) = o(T(r, f)) as r — oco.

Let f and a be nonconstant meromorphic mappings of C” into PV (C). Denote by V(f.a) the
map of C" into Z whose value v(54)(2) (z € C") is the intersection multiplicity of the images
of f and a at f(2).

Let f: C" — PY(C) be a meromorphic mapping. Let » be a positive integer. Let {%’}?:1
be ”small” (with respect to f) meromorphic mappings of C" into PV (C) in general position
such that

dim{z € C" : (f,a;)(2) = (f,a;)(2) =0} <n—-2 (1<i<j<gq).

Assume that f is linearly nondegenerate over R({a;}1_,).

Consider the set F(f, {a;}{_,, ») of all linearly nondegenerate over R ({a; }_,) meromorphic
maps g : C" — PV (C) satisfying the conditions:

(i) min (¥(f,0;), %) = min (v(g,q,),%) (1<) <q),

(i) f(2) = g(2) on Uj_;{z € C" : (f,a;)(2) = 0}

Theorem B. [TQ1] a) Ifq=2N?+4N and N > 2, then § F(f, {aj}gzl, 1) = 1, where denote
by § S the cardinality of the set S.

b) g CNFUNHTD NS o thent F(f, {a;}7_,,2) <2.

In the above-mentioned theorems, there is a strong assumption on the nondegeneracy of
meromorphic mappings over R({a; };1:1). Thus, naturally arises the study of unicity theorems
without this assumption. Inspired of the argument of [TQ1], in [CLY] the authors showed
successfully a unicity theorem of such kind. We now state their result.

Let f: C" — PY(C) be a nonconstant meromorphic mapping. Let » be a positive integer.
Let {a;}{_, be "small” (with respect to f) meromorphic mappings of C" into PY(C) in general
position such that (f,a;) Z 0 (1 < j < ¢) and dim{z € C" : (f,a,;)(2) = (f,q;)(2) = 0} <
n—2 (1<i<j<g).

Consider the set G(f,{a;}j_,,) of all meromorphic maps g : C" — PN (C) satisfying the
conditions:

(1) min (¥(f,0;), %) = min (v(g,q,),%) (1<) <q),

(i) f(2) = g(2) on Uj_;{z € C" : (f,a;)(2) = 0}

Theorem C. [CLY] Ifq=4N?+2N and N > 2, then £ G(f,{a;}1_,,1) = 1.

Therefore the following question arises naturally: Are there any unicity theorems with a
truncation level to 1 in the case where ¢ < 4N? 4+ 2N?

It seems to us that some key techniques in their proofs in [TQ1] and [CLY] could not be used
when ¢ < 4N? + 2N. The second purpose of the present paper to give an answer to the above
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problem. Our approach is based on Theorem 1 on the propagation of dependences. Namely,
we will prove the following.

Theorem 2. Let fi, f> : € — PN (C) be nonconstant meromorphic mappings. Let g; : C" —
PN (C) be moving targets located in general position and

T(r,g;) = o(max {T(r, fi)}) 1 <j < q)
and (fi,g;) # 0 for each 1 < i < 2, 1 < j < q. Assume that the following conditions are
satisfied.

i) min{v(y, gy, 1} = min{v(y, 49,1} for each 1 < j < gq

i) dim{(f1,9:) 7 (0) N (f1,9;)71(0)} <n—2 foreach 1 <i < j<gq

iti) fi(z) = fa(2) for each z € Ui, (f1,9;)7"(0).

Then fi = fa for each ¢ > 4N? + 2.

Acknowledgements. The authors would like to thank Professor Do Duc Thai for many
helpful advices during the preparation of this work. The third named author would like to thank
Professor Junjiro Noguchi for his valuable suggestions concerning this material. Especially, we
would like to express our gratitude to the refree. His/her valuable comments on the first version

of this paper led to significant improvements. The research of the authors is supported in part
by an NAFOSTED grant of Vietnam.

2 Basic notions and auxiliary results from Nevanlinna theory
2.1. We set ||z|| = (|12 4+ + |zn|2)1/2 for z = (21,...,2,) € C" and define
B(r):={zeC":||z]| <r}, Sr)={zeC":|z|]|=r} (0<r < 0).

Define
vno1(2) = (dd°[2]]>)""" and

on(2) := d°log||2]|* A (dd°log]|2]|*)" Ton €™\ {0}.

2.2. Let F be a nonzero holomorphic function on a domain © in C". For a set a = (v, ..., )
ol F
of nonnegative integers, we set |a| = a1 + ... + a;, and D*F = ——————. We define the
0%121...0% 2z,

map vp : 0 — Z by
vr(z) := max {m : D*F(z) = 0 for all & with || <m} (z € Q).

We mean by a divisor on a domain Q in C" a map v :  — Z such that, for each a € €,
there are nonzero holomorphic functions F' and G on a connected neighbourhood U C € of a
such that v(z) = vp(z) — vg(z) for each z € U outside an analytic set of dimension < n — 2.
Two divisors are regarded as the same if they are identical outside an analytic set of dimension
< n—2. For a divisor v on 2 we set |v| := {z : v(z) # 0}, which is a purely (n — 1)-dimensional
analytic subset of {2 or empty.
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Take a nonzero meromorphic function ¢ on a domain £ in C™. For each a € Q), we choose

F
nonzero holomorphic functions F' and G on a neighbourhood U C 2 such that ¢ = I on U

and dim(F~(0) N G~*(0)) < n —2, and we define the divisors v, v° by v, == vp, v = vg,
which are independent of choices of F' and G and so globally well-defined on €.

2.3. For a divisor v on C" and for a positive integer M or M = oo, we define the counting
function of v by

I/(M)(Z) = min {M7 V(Z)}7

v(2)vp—y  ifn>2,
n(t) = lv[NB(t)

> v(z) ifn=1.

[z]<t

Similarly, we define  n()(¢).
Define

N(r,y):/ " (1 <r < o).

Similarly, we define N(r, ™)) and denote them by N (r, 1) respectively.
Let ¢ : C" — € be a meromorphic function. Define

Ny(r) = N(r,vy), NéM)(r) = N(M)(r, Vo).

For brevity we will omit the character ™) if M = co.
2.4. Let f: C" — P™(C) be a meromorphic mapping. For arbitrarily fixed homogeneous

coordinates (wp : -+ : wy) on PY(C), we take a reduced representation f = (fo : - : fn),

which means that each f; is a holomorphic function on €™ and f(z) = (fo(2) : -+ : fn(2))

outside the analytic set {fo = --- = fy = 0} of codimension > 2. Set | f|| = (|fol*> +--- +
1/2

[fnl?)

The characteristic function of f is defined by

T(r, f) = / log||llom — / log]| |-

S(r) S(1)

Let a be a meromorphic mapping of C" into P (C) with reduced representation a = (ag :
tan). We define

Ul U llall
falr) /k’g () " S(/U g7y o

r)

1/2
where |la|| = (|ao|2 + et |aN|2) 2
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If f,a: C" — PV (C) are meromorphic mappings such that (f,a) # 0, then the first main
theorem for moving targets in value distribution theory (see [RS]) states

T<T7 f) + T(Tv a) = mf,a(r) + N(f,a) (T)

2.5. Let ¢ be a nonzero meromorphic function on €C”, which are occationally regarded as a
meromorphic map into P1(C). The proximity function of ¢ is defined by

m(r,p) = /S( )logmax (lp], Do

2.6. As usual, by the notation ”|| P” we mean the assertion P holds for all r € [0, c0) excluding
a Borel subset E of the interval [0, 00) with [, dr < oc.

2.7. The First Main Theorem for general position (see [St2], p. 326). Let f; : C" —
PY(C)( 1< i< \) be meromorphic mappings located in general position. Assume that 1 < X <
N +1. Then

N pigopeng) mlr fr A A )<Y T(r fi) + O(D).
1<i<A

Let V be a complex vector space of dimension N > 1. The vectors {v, -+ , v} are said to
be in general position if for each selection of integers 1 <i; < --- <4, < k with p < N, then
vy, Ao Awg, # 0. The vectors {v1,--+ , v} are said to be in special position if they are not in
general position. Take 1 < p < k. Then {vy,---,v;} are said to be in p-special position if for
each selection of integers 1 <1y < .-+ <1, <k, the vectors vy, - -+ ,v;, are in special position.
2.8. The Second Main Theorem for general position (see [St2], Theorem 2.1, p.320).
Let M be a connected complex manifold of dimension m. Let A be a pure (m — 1)-dimensional
analytic subset of M. Let V' be a complex vector space of dimension n+ 1 > 1. Let p and k be
integers with 1 < p <k <mn+1. Let fj; : M — P(V),1 < j <k, be meromorphic mappings.
Assume that f1, ..., fr are in general position. Also assume that f1, ..., fr are in p-special position
on A. Then we have

pfin-nf, > (k—p+1va.

We state here the ”second main theorem type” for meromorphic mappings intersecting

moving targets with truncated counting functions, which is due to Min Ru [R] and Thai-Quang
[TQ3].
2.9. The Second Main Theorem for moving target (see [TQ3], Corollaryl). Let f :
C" — PN(C) be a meromorphic mapping. Let A = {ai1,...,a,}(q > 2N + 1) be a set of q
meromorphic mappings of C" into PN (C) located in general position such that (f,a;) # 0 for
each 1 < i <q. Then

q
q
| IN+ 1. T(r, f) < ;N((;\Zi)(r) + 0(112?<Xq T(r,a;))+O(log* T(r, f)).
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3 Proofs of Main Theorems

Proof of Theorem 1
It suffices to prove Theorem 1 in the case where A < N + 1. By 3.3.1[PP], we easily get the
following claim.

Claim 3.1. Let hy : C" — PV (C) (1 <t < p < N+1) be meromorphic mappings with reduced
representations hy := (hyo : - : hyn). Let a; : € — PV (C) (1 <i < N+ 1) be moving targets
with reduced representations a; := (a0 : -+ : a;n). Put hy = ((heyar) -+ : (he,any1)) Assume
that ay,...,any1 are in general position and (hy,a;) Z0 (1 <t <p, 1 <i < N+1). Let S be
a pure (n — 1)-dimensional analytic subset of C" such that S ¢ (a1 A -+ Aan+1)"1(0). Then
hiN---ANh, =0 on S if and only ifﬁl/\---/\ﬁp:() on S.

Assume that fi A--- A f Z0.

Consider A — 1 arbitrary moving targets g;,,---,gi,_,. Then there exists g;, with ip &
(flagio) (f)\agiu)

(flagil) (f)\agil)

{i1,...,ix—1} such that the matrix A = is nondegenerate.

(f17g.i>\71) ' (f)xag.i>ﬁ1)
(fg1) - (frg1)
(flagQ) (f)ngQ)

Indeed, suppose on contrary. Then the matrix £ 0 is of rank

(flvgq) (f)ugq)
< A —1. By Claim 3.1, we have f; A---A fx = 0. This is a contradiction.
Put I = {ip,...,ix—1} and I = {1,...,¢q} \ I. We now prove the following.

Claim 3.2. For every z € C"\ (AU U?:l I(f)U(giy A+ Agiy_,) H0)), we have

A
Z(/\ min {V(ft;gi)(z)} + (>\ - l) Zmin{y(ft;gi)(z)’ 1})
t=1

, 1<t<A
i€l

A
+) Y =1+ Dminfyy, 6)(2), 1} < Mijaap (2), 0 (3:3)
iel t=1

where fy == ((fr,9i0) = -+ : (ftr9ix_,)) and I(f;) denotes the indeterminacy locus of the mero-
morphic mapping fr, (1<t <\).
We now prove Claim 3.2
Put A := Uiej(fl,gi)_l(O),.A = Uief(flygi)_l(o) and
A= Uicicj<g((f1,9:)71(0) N (f1,95)(0)).

We distinguish two the following cases.
Case 1. Let 2o € A\ (AUUA  T(fi)U(giy A+ A gis_,)~1(0)) be a regular point of A. Then
2o is a zero of one of the meromorphic functions {(f+, g;)}icr. Without loss of generality, we
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may assume that zg is a zero of (ft, g;,). Let S be an irriducible analytic subset of A containing
2. Suppose that U is an open neighbourhood of zp in C" such that U N (A\ S) = 0. Choose a
holomorphic function h on a neighbourhood U’ C U of 2y such that v, = minj<;< )\{I/( f“gio)}
if ze Sand vy, =0if z € S. Then (fi,g:i,) = ath (1 <t < X), where a; are holomorphic

(f1,9i,) (fx 9ir)
functions. Hence the matrix : : : is of rank < A — 1. Thus, there
(flvgi>ﬁ1) (fk?gik—l)
exist A holomorphic functions by, --- , by such that there is at least b; = 0 and

A
Z (fro9i,) =0 (1<j<A—1).

Without loss of generality, we may assume that the set of common zeros of {b;};_; is an
analytic subset of codimension > 2. Then, there exists an index t1,1 < t; < A such that
S ¢ b, (0). We can assume that ¢; = \.

Then for each z € (U’ N S) \ by '(0), we have

) ) ALy
R A A B = A6 A A ) 8 (56 + X 30
t=1

= fiz) A A fama(2) A (V(2)R(2))
=h(z)- (i(z) A A Faca(2) AV (2)),
b
where V(z) := (a>\—|—2i‘ 11 btatv oo, 0).
By the assumption, for any increasing sequence 1 < j; < --- < j; < A — 1, we have

fin NN fj, = 0on S. It easily follows from Claim 3.1 that f;, A--- A f; = 0 on S. This
implies that the family {f1,--- fa_1, V} is in (I + 1)-special position on S. By using The Second
Main Theorem for general position [St2, Theorem 2.1, p.320], we have

Mfl/\"'/\f,\_l/\V(Z) > A — Z,VZ €s.

Hence p17 ,. a7, (2) 2 vn(2) + A =1 = mini<i<x{v(, 4,)(2)} + A = 1, V2 € (UUS) \ b;ll(()). In
particular, we have
’ufl/\m/\fx (20) 2 12igk{y(ft,9i)(zo)} + A=l

This implies that

Z()\ min {v(s, .)(20)} + (A =1) me{y(ft,gh (20),1})

“ 1<t<A
el

+ ZZ(A — U+ D min{v(s, 4,)(20), 1}

icl t=1

= )\(1I§Ilti£)\{y(f"gi0)(zo)} + A= l) < )\,U/fl/\”_/\fA (Zo)
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~ Case 2. Let zp € A\ (AU Ui\:l I(f:) U{z|gi, A+ A giy_,(2) = 0}) be a regular point of
A. Then z is a zero of one of meromorphic mappings {(f, gi) };c7. By the assumption and by
Claim 3.1, the family {f1,--- , fa} is in l-special position on an irreducible analytic subset of
codimension 1 of A which contains zy. By using The Second Main Theorem for general position
[St2, Theorem 2.1, p.320], we have
By neen o (z0) > A—1+1
Hence

Z()\ 1I<ntlg>\{y(ft g0 (20)} + (A =1) me{’/(h g)(20),1})

iel

DOm0 o) 1)
iel t=1
=AA =1+ 1) <Mt 0, (20)-

From the above cases, for each z ¢ AU} I(fi) U (giy A+ A giy_,) " 1(0), we have

DA min {509 (2)} + (A= D) me{m,m 2),1})

el

+Y° Z(A — 14+ D)min{y(s, ) (2), 1} < Mt nong, (2)-
iel t=1

Claim 3.2 is proved.

For nonnegative integers cy, s, ..., Cy, it is easy to check that

A
min ¢; > Zmin{ct,N} —(A=1)N.
t=

1<t<A

Therefore, for every ¢ € T\ {io}, we have

)\lr<nt1£1)\{u(f gD F =1 me{u(ﬁ g (2),1} > )\me{y(ft o (2), N}
A
—(A=DN =XA+1)> min{yy, g)(2),1}.  (34)
t=1

Since A miny<i<x{(ft, gi,)(2)} > Z?:ﬂ”(ft 9i0)(%): 1}, it implies that

/\112512/\{1/ (fer 910)( A=1) Zmln{y ft,glo)( 2),1}

A
Z — 14 1) min{yy,, gig y(2),1}. (3.5)

t=1
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Combining (3.3), (3.4) and (3.5), for every z € (D"\(AUUt LL(F)U(Gio A A giy 1) 7H0)),

we have
A—1

A
3 ()\ min{v(s, g, 1(2). N} = (A = DN = A+ )y min{uy, 4, (2), 1})

=1 t=1

<

A
+ Z ZO\ —1+1) min{y(ftvgi)(z)’ 1} < )\Mfl/\"'/\f)\(z)

ieTufio} t=1

This implies that

A
Z( oo T = (A= DN = A+ DN )(’")>

=1t=1
A
(1
+ Z Z _l+1 (f)g)( ) < )\Nfl/\"'/\fx(r)+O<ZN91'0A"'A91'A—1(T))

ieTufip} t=1 j=0

A—1

<.

= AN ponf () —&-o(gT(r, ft)). (3.6)

By The First Main Theorem for general position [St2, p.326] and since T'(r, f;) < T'(r, f;) +
o(maxi<j<xT(r, f;)) (1 <i < X), the equality (3.6) implies that

A—1 A\
(N) (1)
> (W, @ = (A= DN = A+ DN )

j=1t=1

A
RSV Z NG oo )Skle(nftH (ax T(r, f,)).
t=

i€Tu{ip} t=1

Thus, by summing-up them over all sequences 1 <14 < --- <iyx_1 < ¢, we have

A4
ZZ( A=DNG )+ ((a= A+ DA —1+1)

t=1 i=1
A
—A=D((A=1)N =X+ l))N(lf“gi)( )< )\qZT )+ o( max T( fr)-
t=1
Since NN, ((}t)Ag,_)( ) > N((;Y)g )( r), the above inequality implies that
A
ZZ(N)\(A D+ ((g=A+1)(A—1+1)
t=1 i=1

—(A—1)[(A-1)N-A+l])>N{}f}g)( ) < )\NqZT (r.fo) + o max T ).
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Thus,

A
Zz((q “A+ DA+ D+NA 1)+ (A= 1)(A - l>)N<(ﬁfqi><r)

t=1 =1
A
<ANq) T(r, fi) + o max T(r, fu). (3.7)
t=1 - =

We now prove the assertions of Theorem 1.
i) By applying the Second Main Theorem for moving targets [TQ2] to the left side of (3.7), it
implies that

A

2Nq+1 §<(q—A+1)(A—z+1)+N(A— D+ (A— 1)()\—Z)>T(r,fi)
A
< AGN YT fi) + o max T(r, £5)).

Letting » — 400, we have

CN4+I)NA-—A-1)N-A-1)(A=0) @N+1HNX-(N-1)(N-1)
g<A—1+ = .
A—1+1 A—1+1
This is a contradiction. Thus, we have fi A--- A fy = 0.
ii) By applying the Second Main Theorem for moving targets [TQ1] to the left side of (3.7), it
implies that

A

NZ_QE((Q—AJA)(A—ZJAH—N(A— 1)+()\—1)()\—l)>T(r,fi)
A
< )\qNZT(r, fi)+ 0(11%1%)(/\ T(r, fi))-

i=1
Letting r — 400, we have

a4 (N+2)NA=(A=1)N - A-=1)(A—=1) (N+2)NX—(A—1)(N —1)

1= A—l+1 - A—l+1 '
This is a contradiction. Thus, we have fi A--- A fy =0.
iii) By applying the Second Main Theorem for fixed hyperplanes [TQ2] to the left side of (3.7),

it implies that

A
(@=N-=1> ((q=A+DA=1+1)+A=1N+ A= 1)(A=D)T(r, f;)
i=1

A
< )\QNZT(T’ fl) + 0(11%1]?15 T(T’ f]))

i=1
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Letting r — 400, we have
(@=N-D(A-1DN =1)+q(A—1+1)) <gNA
This is a contradiction. Thus, we have fi A--- A fA =0. QED

Proof of Theorem 2

Suppose that fi; # fa.
By changing indices if necessary, we may assume that

(fo) _ (f2) —  _ (fr,9%) + (frogm1) —  _ (f,9%)
(f27gl) N (f2792) N B (f27gk1) (f279k1+1) N B (f27gk2)
group 1 group 2
?_é (fhgk?z"rl) - .= (flvgkg) ;,‘é;_ﬁ (fl?gks—1+1) — .= (flﬂgks)
(f2, Gkot1)  (f2,9ks) (for 9k _1v1)  (fo,98.)]
group 3 group s
where ks = q.
For each 1 < i < q, we set
(i) = i+ N ifi1+ N <g,
TWZVidN—g ifi+N>q

and

(f1,9:)  (f2590())

P, = - .
(fhgi) (f27ga(i))
The number of elements of every group is at most N since f; #Z fo. Thus E}[hgii and
2,9i
7001’90“)) belong to distinct groups. This means that (/1,9:) (fl’gg(i))- Hence P; # 0 for
(f25 9o (i) (f2,9)) 7 (f2590())

each 1 <i <gq.
By Claim 3.2, for A =1 =2 and iy = (i), we have

q 2
. Z() 2 121322{1/0%’93.)(2)} + Z:l tz; min{y(ft,gj)(z)’ 1} S 2/’[’f1/\f2 (Z)7 (38)
Jj=t,0(2 J= =
J#i,0 (i)

for every z ¢ A = I(f1) UI(f2) U Urcocrcg (F1,95)710) U (f1,9:)71(0)) U (gi A go(ay) " (0),
where fi == ((ft,9:) : (ft:90())) (1 <t <2).
Since 2 miny <;<o{V(y, 4,)(2)} > 2 Zle min{v(s, .1(2), N} —Nztzzl min{v(y, 4.1(2), 1}, the
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inequality (3.8) implies that

Z (QZmin{u(fhgj)(z), N} — NZmin{V(fhgj)(z), 1}>

Jj=i,0(i)

t=1
q
S S 0110 2
Ji# 1_” (@)

=1

~+

for every z ¢ A = I(f1) UI(f2) UU;<scr<q((f1,95)7(0) U (f1,96)71(0)) U (g5 A goiy) = (0).
Repeating the argument in the proof of Theorem 1, the above inequality yields that

> (Z (i NZN(}B,QJ S SONG) o 0) < 205,05, () +0(S T ).

j=i,0(3) j=1 t=1 t=1

i#i,0(1)

Thus, by summing them up over ¢, we have

Do (AN () + (g~ 2N 2N () <20 3 T fi) + o max (T, f)).

2 q
SN (g 2N —2NGD (1) <2qN Y T(r fi) +o (max {T(r, f)})-

1 t=1,2

By applying the Second Main Theorem for moving targets [TQ3, Corollary 1] to the left side
of the above inequality, we get

Z o (42N 2T, ft)<2qNZT fo) + o max {T(r, fi)}).

t=1

Letting » — +o00, we have
q < AN? 4+ 2.

This is a contradiction. Thus, we have f; = fs.
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