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Abstract

In this paper, we relax the hypothesis and generalize some results concerning the En-
estrom-Kakeya theorem. The results so obtained considerably improve the bounds in some
cases.
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1. Introduction and Statement of Results
If P(z) := Z?:o ajz7 is a polynomial of degree n such that
Qp Z anp—1 Z Up—2 Z Z a1 > ag > 07

then P(z) does not vanish in |z| > 1. This is a famous result in the distribution of zeros of a
polynomial and is known as Enestrom-Kakeya Theorem [5, 4, 6-9].

If we apply this result to the polynomial P(tz), t > 0, then it can be restated as:
Theorem A. Let P(z) := Z?:o a;z’ be a polynomial of degree n such that

Apt™ > Ay 1" > @, ot"2 > > ait > ag >0,
then all the zeros of P(z) lie in |z| < t.

By using Schwarz’s Lemma, Aziz and Mohammad [1] generalized Enestrom-Kakeya theorem in
a different way and proved the following :

Theorem B. Let P(z) := Z?:o a;z’ be a polynomial of degree n with real positive coefficients.
Ift1 > ta > 0 can be found such that

artltg + ar_l(tl - tg) — Ap_2 Z O, T = 1,2, ey + 1 (a_1 = ap+4+1 = O),
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then all the zeros of P(z) lie in |z| < t;.

A result of this type was earlier proved by Egervary [3].
Aziz and Zargar [2] relaxed the hypothesis of Enestrom-Kakeya theorem in a different way and
proved the following result:

Theorem C. Let P(z) := Z?:o ajz? be a polynomial of degree n such that for some k > 1,
kan > ap_1 > ap_2 > ... > a1 > ag >0,
then all the zeros of P(2) lie in
|z +k—1] <E.

While studying Theorem C, a natural question arises that what happens if we relax the hy-
pothesis of Theorem B in a similar way and only assume that

a,tits + a'r—l(tl — t2) —ar_22>0,7r=2,3,....n.

In this paper, we study such a case and prove a more general result from which many known
results follow on a fairly uniform procedure. In fact we prove:

Theorem 1. Let P(z) := Z?:o ajz? be a polynomial of degree n such that a; = a; + if3;,
where o and Bj, j=0,1,2,...,n are real numbers. If t; > to > 0 can be found such that for r=
2,8,...,n

artth + arfl(tl - t2) — Qr_2 > 0;
Brtita + Br_1(t1 —t2) — Br_2 >0,

and for r=n+1, there exists some k = ky + iks such that

(an, + k1) (t1 — t2) — ap—1 >0,
(Bn + ko) (t1 —t2) — Bn—1 >0,

then all the zeros of P(z) lie in |z + k(tzi;tzn <R,
where

R= ﬁ{[(an + k1) + (B + k2)|(t1 — t2) + (ap + Bn)t2 — (0q + 51)5%1 — (ap + Bo)t%l
+(lentita + ao(ts — t2)| + |Bitata + Bo(ts — t2)]) 7 + (|l + |Bol) £ -

Remark 1. For any real number A > 1, if we take k = a, (A — 1) so that k; = a, (A — 1) and
ko = Bn(A — 1), we immediately have the following:

Corollary 1. Let P(z) := Z?:o ajz? be a polynomial of degree n such that a; = a; + if3;,
where o and Bj, j=0,1,2,...,n are real numbers. If t; > to > 0 can be found such that for r=
2,8,...,n
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aptite + a1 (ts — t2) — g > 0,
Brtita + Br_1(t1 —t2) — Br_2 >0,

and for some A > 1

AO[n(tl - t2) — Qp_1 > 07
)‘ﬁn(tl - t2) - 57171 > 0,

then all the zeros of P(z) lie in |z + (A — 1)(t1 — t2)| < R*,

where

R = ‘T1n|{)\(an + Bn)(t1 — t2) + (apn + Bn)tz — (aq + ﬁl)tql%l — (a0 + Bo)tll%
+loatatz + aots — t2)| + [Bitatz + Bo(ts — t2)]) 77 + (ool + [Bol) 2 }-

The following interesting result also follows from Theorem 1, if we assume that £ and all a;,
7=0,1,2,...,n are real.

Corollary 2. Let P(z) := Z?:o ajz? be a polynomial of degree n with real coefficients. If
t1 > to > 0 can be found such that

artite + ar—1(ty — ta) — ap—o > 0, for r= 2,3,...,n
and for some real number k > 0,
(k +an)(t1 — t2) —an—1 >0,

then all the zeros of P(z) lie in |z + k(t;i_tzn < Ry,

where
Ry = |a1"‘ {(k + an)(t1 — t2) + anta — a1 715;"31 — aorl_l + |aitits + ao(ty — t2)|% + |a0|f—§}.
1 1
Remark 2. If in particular P(z) := Z?:o ajzj is a polynomial of degree n with real and

positive coefficients satisfying the conditions of Corollary 2, then all the zeros of P(z) lie in
|Z + k(t;:t2)| S tl + k(t;:tz).

Further, in Remark 2, if we take k = a,,(A — 1) so that A > 1, we get the following:

Corollary 3. Let P(z) := Z?:o a;jz? be a polynomial of degree n with real and positive coeffi-
cients. If t1 > to > 0 can be found such that

artits + ar,l(tl — tg) —ar_22>0,r=223..n
and for some A > 1,
Aap (t1 —t2) — an—1 >0,

then all the zeros of P(z) lie in



508 Gulshan Singh and Wali Mohammad Shah

|Z + (/\ — 1)(t1 — tg)l S /\tl — (/\ — l)tg.

Theorem B is a special case of Corollary 3 when A = 1. This Theorem also follows from Remark
2, when k=0.

In Theorem 1, if we assume that t5 = 0, then we have the following;:
Corollary 4. Let P(z) := Z?:o ajzj be a polynomial of degree n such that a; = a;+1i3;, where
aj and B;, j=0,1,2,...,n are real numbers. Ift > 0 can be found such that for some k = ki +iks

(k1 + ap)t" > a1t > ot 2 > > ant > a,
(ko + Ba)t" > Bpat" ™t > Brot" 2 > . > Bit > P,

then all the zeros of P(z) lie in
|Z + (Il%| S RQa

where

Ba = i {(k + an) + (k2 + Bn) = (a0 + o — ol = [Bol]}-

In Corollary 4, if we further assume that all the coefficients of P(z) are real, then 3; = 0,
7=0,1,2,..,n and we get the following:

Corollary 5. Let P(z) := Z?:o ajzj be a polynomial of degree n with real coefficients and
for any t > 0, there exists some k > 0, such that
(k+ a)t" > ap_1t" 1 > a, ot""2 > .. > ayt > ag,
then all the zeros of P(z) lie in
|2+ 28] < ey {(k + an) — (a0 — lao))}-

Remark 3. Theorem C is a special case of Corollary 5, if we take k = (A — 1)a,,, t = 1 and
ap Z 0.

Finally, assuming the hypothesis of Theorem 1, we can write the disc containing all the ze-
ros of the polynomial P(z) := Z?:o a;z) as

|Z+ (kl+ikil(t17t2)‘ S R

If we replace k1 by (u— 1), and ks by (v — 1), we immediately get the following result:

Corollary 6. Let P(z) := Z?:o ajz? be a polynomial of degree n such that a; = a; + if3;,
where o and Bj, j=0,1,2,...,n are real numbers. If t; > ta > 0 can be found such that for r=
2,8,...,n

aptity + op_1(t1 —t2) — ap_2 >0,
Brtita + Br_1(ti — t2) — Br—2 >0,
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and for some real numbers u and v, u > 1, v > 1 such that

Uy (t1 — t2) — ap—1 >0,
By (t1 — t2) — Br—1 >0,

then all the zeros of P(z) lie in |z + (t; — to)(42atiBe _ 1) < R%,

Qn

where
Ri = o {(uaw +vBa)(t — t2) + (an + Ba)tz — (a1 + /31)t§31 — (a0 + ﬁo)t%l

+(laatatz +aots — t2)| + [Bitatz + Bo(ts — t2)]) 57 + (laol + [Bol) 3 }-

If in Corollary 6, we take u = % and v = %, so that v > 1,v > 1, we get the

following:

Corollary 7. Let P(z) := Z;l 0@;2’ be a polynomial of degree n such that a; = a; + if;,

where o; and B;, 7=0,1,2,...,n are real numbers. If t; >ty > 0 can be found such that
aptite + ap_1(t; —t2) — o0 >0, 7=2,3,...,n
<0, r=n+1
Brtits + Br_1(t1 — ta) — Br_g >0, r=2,5,....n
<0, r=n+1,

then all the zeros of P(z) lie in |z + % — (t1 — t2)| < R3,

where
RS = o {(an + Ba)tz + (an—1 + Bo1) — (a1 + 51)%31 — (ap + Bo)ﬁ%
Hlastits + ao(ts — t2)l 5 + [Bitats + Bol(ts — t2)l 5 + (Jewl + [Bol) 7 }-
In particular, if
aptiteo + ap_1(t; —t2) — ap_o >0, 1=1,2,...1
<0, r=n+1,
Brtita + Br_1(t1 —t2) — Br—2 >0, 1=1,2,...n
<0, r=n+1,
then

artity + ooty —t2) > 0,
Bitita + Bo(ty —t2) >0

and we get in this case all the zeros of P(z) lie in
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‘Z + Clgi;l - (tl - t2)| < |Tln|{(an + Bn)tQ + (an—l + /Bn—l)}-

Remark 4. A result of Shah and Liman [7, Theorem 1] is a special case of Corollary 7, if we
assume that all the coeflicients of P(z) are real.

Many other known results and generalizations similarly follows from Theorem 1 with suitable
substitutions and we leave to the readers.

2. Proof of the Theorem 1

Consider the polynomial

f(z) = (t2 +2)(t1 — 2)P(2)

= fanz"+2 —+ (an(tl — tg) — an_l)z”H + (antltg —+ an_l(tl — tz) — an_g)z” 4+ ...
—|—(a2t1t2 + al(tl — tg) — 00)22 + (altltg + ao(t1 — tz))z + a0t1t2

= fanz”JrQ — k(tl — tg)ZnJrl + ((k + an)(tl — tQ) — an_l)ZnJrl
—|—(ant1t2 + an,l(tl — tQ) — an,Q)Z" =+ ...
+(agtity + a1 (t1 — t2) — ag)z? + (artits + ao(ts — t2))z + agtits

= —anz"+2 — k(tl — tg)ZnJrl + ((kl + Oén)(tl - t2) - Oén_l)Zn+1
+(C¥nt1t2 + an,l(tl — tg) — O[n,Q)Zn + ...
+(agtita + oy (t] —ta) — ag)2? + (aatite + ao(ts — t2))z + aotits
+i[((k2 + Bn)(t1 — t2) — Bn1)2" T + (Butita 4 Bui1(t1 — t2) — Br2)2" +
+(Batita + Bi(ts — t2) — Bo)z® + (Brtata + Bo(ts — ta2))z + Botita).

This gives

[F()] 2 Janll2] |z + 2] — [ (Ry + ) (b1 — t2) = a2
7|Oént1t2 + an—l(tl — tg) — Oén_2||2|n — ...
—|042t1t2 + Cvl(tl - tg) — O[0||Z|2 — |041t1t2 + Olo(tl — t2)|‘Z| — |C¥0t1t2|
—[l(k2 + Bn)(t1 — t2) — Bn-1||2]" Tt + |Butits + Bu-1(t1 — t2) — Bn_o||2|" +
+|Batite + Bi(t1 — t2) — Bol|z|> + |Bitata + Bo(ts — t2)|]2] + |Botital]

= e[|z + =D, | — (|(ky + ) (1 — t2) — 1]
+|(k2 + Bn)(t1 — t2) Bn-1]) = (Jantits + an_1(t1 —t2) — an_oa|
+|ﬂntlt2 + ﬂn_l(tl — t2) — ﬁn_2|)ﬁ _
—(Joatits + a1ty — t2) — oo + |Batata + Bu(ts — t2) — Bol) =
—(laatits + ao(ty = t2)| + |Bitatz + Bo(ts — t2)|) iz — (laotata| + |Botata|) mper }-

For |z| > t1, we have by using hypothesis

1F(2)] > |27z + 22l | — (1(ky + o) (t1 — t2) — an1]
(k2 4 Ba)(t1 — t2) = Bui]) = (lantits + an_1(ty — ta) — o]
+|Bntite + Bn_1(t1 — t2) — Bn72|)% —
—(Jastits + a1(ts — t2) — aol + [Batata + Bi(ts — t2) — ﬂol)t;ll

—(|artita + ao(ts — t2)| + |Bitita + Bo(ts — t2)|)% — (|ootata| + |50t1t2|)t711%} >0,
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if

2+ MU= 0, | > (ky + ag)(t — t2) + (k2 + Bu) (b — t2) + ainta + Bt
—m{%—&%—t%l—% (lontata+ao(tr—t2)|+|Bitata+Bo(ts —t2)]) g +laol 72 +1Bol 72
Therefore, for |z| > t1, |f(z)| > 0, if

|2+ =2 > (k) + (B + ko)l (0 — t2) + (an + Ba)tz — (a1 + B1) 2

lan| t?71

— (oo + 50)#1%1 + (Jartits + ooty — t2)| + |Bitita + Bo(th — t2)|)% + (lao| + 1Bo )%}

Hence all the zeros of f(z) whose modulus is greater than ¢; lie in the circle
2+ SO < g {{(an k) + (B + k)] (L — t2) + (0 + Ba)tz — (on + Br) it

— (a0 + Bo)ﬁ% + (Jartits + ao(ts — t2)| + |Bitita + Bo(th — t2)|)ﬁ + (|| + |ﬂ0|)%§}-

Since those zeros of f(z) whose modulus is less than ¢ already lie in this circle, we conclude
that all the zeros of f(z) and therefore P(z) lie in

|z + M| < ﬁ{[(an + k1) + (Bn + k2)](t1 — t2) + (an + Bn)ta — (o1 + 51);31

An

1
—(vo + 50),5%1 + (Jartita + ag(ts — t2)| + |Bitita + Bo(ts — t2)|)%71z + (|evo| + |50|)f7fz}~

This proves Theorem 1 completely.
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