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We study functions f : A — Qp, which preserve spheres with center 0, where A is an
open subset of Q, which contains 0.
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1 Introduction

Let A be an open subset of C,. A continuous one-to-one function f : A — C,, preserving
the distance between the points is an isometry (see [2], [3], [6] or [7] for terminology and classic
results). Bishop characterized in [1] the isometries f : Q, — @Q,. Thus he showed that, if
f(0) = 0, then f is an isometry if and only if, for each positive real number R, f permutes
the balls with center 0 and radius R. Brussel studied the fixed points of certain families of
isometries [ ], defined on the unit ball of C, (see [4]). The restriction of [], (called g-bracket)
to Zyp is an interpolation of the arithmetic function on the set of nonnegative integers given by

nly=14+q+..+q¢" "

Here ¢ is an element of the ball with center 1 and radius p_p%l.

In this paper we study the functions f : A — Q,, where A is an open subset of Q, and
0 € A, which preserve spheres with center 0. Every isometry f such that f(0) = 0 belongs to
the set of these functions. There are functions preserving all the spheres with center 0 which
are neither continuous nor one-to-one (see Section 2).

Theorem 1 from Section 2 characterizes the functions preserving spheres which are isome-
tries. Hence we obtain the Bishop’s result quoted above. Then in Theorem 2 we give a represen-
tation of continuous functions preserving a ball by means of Mahler series. Section 3 deals with
analytic functions preserving spheres (see Theorem 3). If f : Q, — Q, is an entire function,
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then f preserves all the spheres included in a fixed ball if and only if it preserves a finite number
of spheres (see Remark 2). A construction of an entire function preserving all the spheres is
given in Theorem 4. All counterexamples of Liouville’s Theorem are constructed by means of
entire functions having this property (see Remark 3).

2 Continuous functions preserving spheres

Let p be a fixed prime and consider | | the normalized p-adic absolute value defined on Q

(i.e. |p| = %) If Q, is the completion of Q with respect to | |, then every nonzero element

x € @, has the representation
T = Zampm, meZ, a €4{0,1,....,p—1},a, #0. (2.1)

We denote a,, = #(®) and m = v,(z), that is the p-adic valuation of x.
Let A be an open subset of Q, which contains 0 and let f : A — Q, be a function such that

|f(@)] = ||, (2.2)

for every x € A. If R is a positive real number, we denote by B(R) = {z € Q, : |z| < R}
and S(R) = {z € Q, : |z| = R} the ball with circumference and the sphere, with center 0 and
radius R, respectively. Then by (2.2) it follows that f(0) = 0 and f preserves every sphere,
with center 0, included in A. Moreover, for every xz € A, z different from 0, there exists a
unique p-adic unit u,, such that

f(z) = upz. (2.3)
We put Uy = {uy}zca-, where A* = A\{0}. Thus f is uniquely defined by the set of p-adic
units Uy.
We call Uy admissible, if, for every x,y € A* such that |x| = |y|, it follows that
|2 Op @ (uy —uy) + ul (@ = y)| = & — yl. (24)
Remark 1. Consider f : Q, — Q, an isometry (i.e. |f(z)— f(y)| = |x—yl, for every z,y € Q,)
with f(0) = 0. Then f is a continuous function which verifies (2.2), where A = Q,.

There exist functions verifying (2.2) which are not continuous functions. Thus, for example,
o0

we take p an odd prime, A = Q,, and for z = Y a;(z)p’, with m € Z, a;(z) € {0,1,...,p—1},
am(x) # 0, we define

bj(x)p’,

flz) = Z

J

where b;(z) = a;(x), for all j > m, and

by (2) = aj, (x), otherwise, with jo = mino {j:j>m}

a; (T

{ am (), if either a;(z) =0, Vj > m, ora;(z) #0, Vj > m,
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n .
It follows easily that f verifies (2.2) and if we take z, = 1+ > 2p/, n > 1, then f(x,) =
j=1

2+ Y 2p7. Since
j=1

T Znh_{I;inn:1+22p]

j=1
and

fla®)=a" # lim f(en) =2+ 207,

j=1
it follows that f is not a continuous function. It is easy to see that f is not one-to-one.

The following result shows which are the functions satisfying (2.2) which are isometries.

Theorem 1. Let f: Q, — Q, be a function such that f(0) =0. Then f is an isometry if and
only if f verifies (2.2) and Uy is admissible.

Proof: Suppose that f is an isometry. Then by (2.3) we obtain
|upz — uyy| =lz -yl
Since |uzx — uyy| = |x(ug — uy) +uy(z —y)| and |u,| = 1 it follows that |z(us —uy)| < |z —yl.

Hence we get (2.4) and Uy is admissible.
Conversely, we suppose that f verifies (2.2) and Uy is admissible. If |z| # |y|, then by (2.2)

[f(x) = f(y)| = max {|f(2)|,[f(y)[} = max {[z], |y[} = |z —y].
Consider |z| = |y|. By (2.3), it follows that
[f(@) = F)l = |2(ua — uy) +uy(z = y)|.
Since Uy is admissible, it follows that |20 pUs(®) (u, — u,)| < |z — y|. Hence
(@) = f)] = 2O (uy — uy) +ul? (@ - y)| = |z — y]
and f is an isometry. 0

Corollary 1. ([1], Theorem 1.2) Let f : Q, — Q, be a function such that f(0) = 0. Then f

is an isometry if and only if there exist permutations
o :{1,2,..,p—1} = {1,2,...p—1}, i € Z, (2.5)

and

7o :{0,1,.,p =1} = {0,1,..,p =1}, a € [ | Q,/p', (2.6)
€L
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such that f is given by

f(.’ﬂ) = Um(am)pm + Z Ta,,Lp"L+‘..+ai71pi_1(ai)piv (27)

1=m-+1
where x is given by (2.1).

Proof: Suppose f is an isometry. Then by Theorem 1 f satisfies (2.2) and U, is admissible.
Consider v, (z) = v,(y) = m and the canonical representations of the form (2.1)

Y=Y b’ ur =Y cip', uy = Zdzp fla Z aip', fy Z Bip'. (2.8)
i=m i=0

By (2.3) and (2.8), for every ¢ > m, we obtain

t i—m t
Z Cjai—j = Z a;p’ (mod p'h), (2.9)
i=m \ j=0 i=m
and
t i—m . t .
Z Z djbi—j pl = Z Bipz (HlOd thrl). (210)
i=m \ j=0 i=m

Suppose v, (x —y) = s > m. Then, for every i =m, ...,s — 1, a; = b;, as # bs and, by (2.4), this
is equivalent to

ci=di.fori=0,1,....8 —m—1, ap(cs—m — ds—m) + do(as — bs) Z 0(mod p). (2.11)

Thus by (2.9) and (2.10) this is equivalent to a; = §;, fori = m,m+1,...,s—1 and o, # Bs. We
define oy, (am) := Qm, Ta, pmt.. 4a; 1pi-1(ai) = @i, i =m,m+1,...,s — 1. Now, by induction
on s, it follows (2.7).

Conversely, suppose that f is given by (2.7). Then it follows that f satisfies (2.2). It is
enough to prove that Uy is admissible. Consider z,y € (@p such that v,(z) = vp(y) = m
and vp(r —y) = s > m. Then (2.8) holds, where a,,, = op(am), Bm = Om(bm), & =
Tamp™+.ta;_1pi-1(Ai), Bi = To, pmt. +bi_qpi- 1( i), for i > m + 1. Thus, for t = m,m+ 1,.
by (2.9) and (2.10) we find

i—m

€0 = Om(amy)(mod p), Z Cjli—j = Ta, pmt.. +a;_1pi—1(a;) (mod p) (2.12)
§=0

and

dobm = O (b ) (mod p), Z dibi—j =Ty, s by ypi-1 (bi) (mod p). (2.13)
=0
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Hence, for s > m, because 0., and 7,4, pm . tq, ,pi—1 are one-to-one, we get
do(as — bs) + am(Cs—m — ds—m) Z 0 (mod p). (2.14)
This implies (2.4) and, by Theorem 1, f is an isometry. |

Now we study functions preserving spheres which are continuous functions.

Theorem 2. Let f: B(p™) — B(p™) be a function such that f(0) = 0, where m is an integer.
Then f is a continuous function which verifies (2.2), for every x € B(p™), if and only if f has
the representation

flay=p™™ ax ( p:x > ai € Qp, (2.15)
k=1
where
klim lak| = 0, (2.16)
z\  xx—1)..(r—k+1)

the series in (2.15) converges uniformly on Z,, and, for every nonnegative integer n,
k

k=1

Proof: We denote C(B(p™)) the set of continuous functions f : B(p™) — B(p™). If m = 0,

B(1) = Z,, and by Mahler Theorem (see, for example, [5] or [6], p. 173), for every f € C(B(p™))

it follows that, (2.15), (2.16) hold and the series in (2.15) converges uniformly on Z,,.
Define @ : C(B(p™)) — C(Z,) by

= |n|. (2.18)

(f)(x) = p"f <pm)  fECBE™). v €T,
and ¥ : C(Z,) — C(B(p™)) by

U(g)(z):=p "g("x), g€ C(Zy), v € Bp™).

It follows easily that ¥ is the inverse function of ®. Hence ® is a bijective function and by
(2.15), (2.16) written for m = 0 we obtain (2.15), (2.16), for every m.

By (2.15) we obtain
ey —m n
flnp™™) =p ;( I >ak (2.19)

and by (2.2) we obtain (2.18).

Conversely, we suppose that (2.15), (2.16) and (2.18) are fulfilled. Because ¥ is a bijective
function, then by Mahler Theorem f is a continuous function and by (2.18) we obtain that (2.2)
holds for all nonnegative integers. Since the set of numbers np~"", where m,n are nonnegative
integers is a dense subset in B(p™) it follows the theorem. 0
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By Theorem 2 and (2.19) one has the following result.

Corollary 2. Let f : B(p™) — B(p™) be a function such that f(0) = 0. Then f is an isometry
if and only if (2.15), (2.16) hold and, for every positive integers k,l,

"k L
Z<S>as—2(t>at:|k—l|,k>l. (2.20)
s=1 t=1

3 Analytic functions preserving spheres
For a fixed integer ¢, let
f = ZCiXi, C; € Qp, (31)
i=0

be a convergent series on B(p~!). Since every coefficient ¢; # 0 has the form
ci = uip®D | u; € Qp, (i) € Z, (3.2)
where |u;| = 1, and the series converges for 2 = p® we obtain

lim (0(i) + t)i = cc. (3.3)

i—00
Because (3.1) can be written as

Z“zk( ““)X) iy | =1, (3.4)

k>0

we denote
Iy = {ix}r>0, O = {0(ik) u>o.
Define h; : Iy x ©y — N such that

hi(3,0(i)) = (6(3) + t)i. (3.5)
Since i0(i) € Z, by (3.3), there exists

my. = min {hy (ix, 0(i))}- (3.6)

From (3.3), (3.5) and (3.6) it follows that there exists Ny € Z U {oo} such that for all t > Ny,
my > t, and for all t < Ny, my <t
If my <t, for r =my,my + 1, ..., t, denote

t
V) = {ix € Iy - hy(in, 0Gir)) =7}, Vo= |J V7. (3.7)

r=ms
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By (3.3), it follows that Vt(r) is a finite set, for every r = my, ms + 1, ..., ¢.
Let K be a field and

d
P=> aXx* (3.8)
k=0

a polynomial with coefficients in K of degree equal to d. For j > 0, we denote
. d k ,
TI(P)=> ax < ; ) Xk, (3.9)

k=j J

Lemma 1. (Taylor’s formula) Let K be a field, « € K a fized element and P a polynomial
given by (3.8). Then, for every x € K,

d
P(z) =Y T/ (P)(a)(x — o) (3.10)
j=0

Now we prove the following result:

Lemma 2. Let f : B(p~) — B(p~!) be the function defined by the convergent series (3.4).
Then f satisfies (2.2), for everyx € S(p~"), if and only if, my < t, and for all a; € {0,1,2, ...,p—
1}7 ao 7& 0,

t—my t—mi—s .

1k 1 i _

SOY we X X e e esertty e
s=0 ikGVt(mtJrs) 7=0 J,€M(ix,Y)

where

M(’L,’Y) = {Jq = (jO; -"ajq) S Nq+1 :jO +]1 + ... +]q = ia jl +2]2 + ...+ q]q =7,
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qg=0,1,....,7}, (3.12)

( i ) i
Jo - Jg Joljl...jq!

are multinomial coefficients. Moreover (2.2) holds if for all o € {0,1,...,t — my}, all T €
{0,1,..,a}, 7 £t —my, and all ap € {1,2,....,p — 1},

and

> pHTT(Poy)(ag) € Bp~ ), (3.13)
s=0
and
T~ (Pot)(a0) € S(1), (3.14)
where
P, = Z uikxik.
ipev )

Proof: Because every x € S(p~!) can be represented as
x:Zaij'j, a; €{0,1,...,p — 1}, ag #0, (3.15)
3=0
by (3.4), it follows that (3.8) holds if and only if

¢ g
. D i%pe(ik)Hﬂ' = %, (3.16)
=0

r=ms ikEVt(r)

for all a; € {0,1,...,p — 1}, ag # 0. Since

ik ik
[eS) [eS)
. . he(ig,00ik)) | - 1
§ : 0(in)Ft+ _ 2 : 202Dy
ajp (k) J — a]p X < —
e — e — p

by (3.7) and (3.16) it follows that (3.8) holds if and only if

ik
t—my t—my
1

Z Z U, Z ajp%ﬂ =—. (3.17)
§=0

s=0 ix EVt(mt’ +s)

b

Then (3.17) is equivalent to

Uiy, j()...jt_mt ap ...atimt P = pt’ .

=0 4 ey (Mt otetdt—m, =ik
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where v = j1 + 2j2 + ... + (t — m¢)jt—m, depends on ji, jo, ..., jt—m,. Hence we get

t—my ]
Lk J Jt— s+
Z Z Wiy, E . aOU"'at—nZL:p v
s=0 (my¢+s) . K . Jo-+-Jt—my
zkEVt ]0+"'+jt—mt :Zk
y<t—my—s

1
pt—mt

)

for all a; € {0,1,....,p — 1}, ap # 0. Since s+ € {0,1,...,t — m;}, this implies that (2.2) is
equivalent to (3.11).
Now we suppose that (3.13) and (3.14) hold. Then, because

( § >_ - <ik>7—'+ +J
Jo J1 - Jq gt \ 7 ) J1+ e+ Jgs

we get
t—my t—mi—s .
i ) )
s+ k Jo
E E Us), E g P 7(3.0 j >a0 e
s=0 ey (Mt =0 J,eM(ir,y) 1
t—my—1t—my t—my—7T—7y1 .
(27 TS tp—T
2D P DD DI () Fact il
7=0 ~41=0 s=0 ikevt(mﬁra‘)

| .
Z . T', ajll...a{;?
_ ' L)
Nnt+..+tig=7
Jet o+ (g—1jg=m

‘ 7" t—my i —ttme
CY ( e )p it
ike‘/t(mt)
Since the expressions in the big parentheses are integers, by (3.13) with o =t — m; — 1, and
by by (3.14) it follows (3.11). Thus (2.2) holds, for every = € S(p™*). O

Remark 2. By Lemma 2 it follows that an analytic function f : B(p~™) — B(p~™) given by
(3.4) verifies (2.2) on S(p~*), where ¢ is a fixed integer greater than or equal to n if and only if
a finite number of coefficients u; verify (3.11). In fact if we denote

Prist = Z wg,, (pe(i’“)X) k, s=0,1,..,t —my, |u;, | =1,

ikevt(erS)
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t—my

Pt = E Pmt+s,ta
s=0

then the coefficients u;, of P; verify (3.11) and P, satisfies (2.2) on S(p~*). By (3.5) it follows
that, for every t,

Vi C Vi_q. (3.19)

Suppose that f satisfies (2.2) on S(p~*t), for every t > n. Because
hiy1(i,0(2)) = he(2,0(8)) + ¢ (3.20)

it follows that either ¢ + 1 — myy; <t —my or Viyy = Vi = {1}. Thus by (3.19) it follows that
it is enough to verify (2.2) only for a finite number of ¢ > n. This number is less than n — m,,.

Theorem 3. Let f: B(p™™) — B(p™™) be the function defined by the convergent series (3.4).
Then (2.2) holds for every x € B(p~"), if and only if, f(0) =0, Ny = oo, for all t > n, and
all a; € {0,1,2,...,p — 1}, ag # 0, (3.11) holds. Moreover (2.2) holds for every x € B(p™")
if Ny = o0, for allt > n, all « € {0,1,..,t —my}, all 7 € {0,1,..,a}, 7 #t —my, and all
ap € {1,2,....,p—1}, (3.13) and (3.14) are fulfilled.

Proof: Since B(p~™) ={0}U |J S(p~*), by using the definition of N, the theorem follows by
t>n
Lemma 2. 0

Because Q, = |J S(p'), from Theorem 3 we derive the following:
ez

Corollary 3. Let f : Q, — Q, be an entire function defined by (3.4). Then (2.2) holds for every
x € Qp, if and only if, f(0) =0, Ny = oo, and for allt € Z, and all a; € {0,1,2,...,p — 1},
agp # 0, (3.11) holds. Moreover (2.2) holds for every x € Q, if Ny = oo, for allt € Z, all
a€{0,1,...,t —my}, all T € {0,1,..,a}, T £t —my, and all ag € {1,2,...,p — 1}, (5.18) and
(3.14) are fulfilled.

Corollary 4. Let f : Q, — Q, be a polynomial function. Then (2.2) holds for every x from
Qp, if and only if, there exists an element u from Q,, such that, for every x € Q,,

f(@) =ux, |ul=1. (3.21)

Proof: If f has at least two terms, then for ¢ small enough, Vt(mt) contains only one term and
(3.11) does not hold. Hence f(z) = az* with a € Q,. If k > 1 or |a| # 1, then N; < oo and
the corollary follows by Corollary 3. 0

In order to construct entire functions f : Q, — Q, defined by (3.1), which are not polynomial
functions, and satisfy (3.13), (3.14), we need the following lemma:
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Lemma 3. (Hermite’s interpolation) Let F, be the field having p elements, r a nonnegative
integer and {f; ;,i =1,..,p—1,j = 1,...,r} arbitrary elements from F,. Then there exists a
unique polynomial P € F,[X], of degree less than or equal to d =rp+p —r — 2 given by (3.8)
such that, for every j =0,1,...,r,

Proof: Consider P € F,[X] given by (3.8), a fixed v € {1,2,...,p — 1} and r a nonnegative
integer. Suppose that, for all 7 =0,1,...;7,

d
TPy =3 (5 )+ =0 (3.23)

k=3

Then by (3.10) we get
P— (X —)HQ, (3.21)

where @ is a polynomial. Hence it follows that all polynomials of degree less than or equal to
(p—1)(r+1) —1=pr+p—r —2 which satisfy (3.22) for all 8;; = 0 can be written as

p—1
P=AJ[(X -y AcF,

y=1

Thus every polynomial of the form (3.8) of degree less than or equal to d which satisfies (3.22)
for all §;; = 0 vanishes identically. Hence it follows that the determinant of the matrix of the
coefficients of the system (3.22), with respect to the unknowns ag, is different from zero. This
completes the proof of the lemma. 0

d )
Consider P = X + ) ap X" € Zp[X]. Then P satisfies (2.2) for every € B(p™"), where
i=2

n is a nonnegative integer. Given a polynomial verifying (2.2) on B(p~"), in the proof of the
following lemma we construct a polynomial satisfying (2.2) on B(p~"*1).

Lemma 4. Let n be an integer and let P, = ugl) (pg(i)X)i be a polynomial, written in the
i€l
form (3.4), which verifies (2.2) on S(p~t), for all t > n. If M is a positive integer, then there

exists a polynomial Py = 3 ul(.z) (pe(i)X)i, written in the form (3.4), where Iy C I, such that:
i€ls

(i) for every i € I, M = P

(ii) for everyt > n — 1, Py verifies (3.13) and (8.14);
(iii) for every t > n, m; and Vt(r), r=0,1,....t —my, are the same for Py and Py;
(iv) for every i € I)\I1, i > M and, if n <0, then 6(i) > —251.

Proof: Denote by V,,(P1), the set V;, defined for Py,

anl(P1> = {’L el: hn,l(z,Q(z)) <n-— 1} .
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Then, by (3.20), it follows that V,,_1(P;) # 0, and we choose

My_1 < ~min {hn—l(lae(?’))}
i€Vy_1(P1)

By the definition of f/n,l(Pl) we get mp,_1 <nm—1. Forall k=0,1,....,n—1—m,_1, we put
k
re=n—1—my_1—k,dg=(r+1)(p—1)—1, Dy =d+ > d;, where d is the degree of P;.
i=0
We seek the polynomials

~ Dy +0p ) ‘
P ikmo1= Y wX€Z,[X),
i=Djy_1+0k

where D_; = d, |u§2)| € {0,1} and d; > 1 are integers satisfying

Dyp_1+6.=0 (mod (p — 1)), (325)
2Tnnfl
Ok >max{17M,n—mn1} (3.26)
n—

such that, for all y € {1,2,...,p — 1}

TPy )M =-T7 [ ¥ uat | (3) (mod p),

ie"};ﬁ":‘]nfl) (3'27)
7=0,..,n—1—my_1—1,
T e (P ) () =y =T e | ST et | (9) (mod p),  (3.28)
e,y
and forall k=1,2,...n—1—mp_1,7=0,1,...n—1—my,_1 — k,
~ k_l ~
PTI (P, ten—1) (1) = = 30" (T (P sin-1) ()

s=0

ST wa)() | =P Y wlVat | (4) (mod ptHY), (3.29)
ie(/(mn—1+s) iev(m{L—1+k)
n—1 n—

where f/n(Tl"’ﬁk) ={ie Vi1 hn—1(i,0(7)) = mp_1 + k}.
To find the polynomials Pmn,l-s-k,n—l let us consider the images R,,, ,+x,n—1 of the polyno-

mials Ry, ,+kn-1= X‘Dkfl_‘s’ﬂPmnfﬁk)n,l, in the residue field F,,. Thus, because for every
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nonzero y € F,, ¥¥~! =T and, by (3.25), p—1 divides —Dj,_1 — 0, (3.27), (3.28) are equivalent
to

T/ (R, _,m1)(7) = —y~P-17%77 uDai | (v) (mod p),
( 1 1)( ) ~§n71) ( )( ) (3_30)

iev,
71=0,....,n—1—my_1 —1,

Tn—1=mn_1 (m) (’Y)

=Pt gm0 ST uPai | (y) | (mod p), (331

i
o (Mn 1)

iev, "
By Lemma 3, for i € [D_1 + &g, Do + dp], we find ﬂl@) € F, such that (3.30) and (3.31) hold. If
HZ@) = B; with g; € {0,1,...,p — 1}, we choose u§2) = f;. Hence we find mel,n_l such that
(3.27) and (3.28) are fulfilled.
Similarly, by recurrence, for k = 1,...,n — 1 —m,,_1, because we can divide (3.29) by ", we
find Py, ,+kn—1 such that (3.29) holds.

We denote
V=t G € Doy + Ok, Dy + 0]t ug £ 0y U V= HR) (3.32)
n—1 ~
Vo= U V" L=1LUV,_,. Forevery i € V"; TR AT 1t8) o define
T=Mp—1
no1 + ke
o) = Tnt TR (3.33)
Now we take _ _
Pyi=y uP (p"OX), (3:34)
i€ly

where ugz) = ul(-l), for ¢ € I;. Hence (i) follows. By (3.27)-(3.29) and Lemma 2 it follows (ii).

Since, by (3.26), for i € I)\I1, i > n — m,_1, from (3.33), we obtain (iii). (iv) follows easily by

(3.26) because 0y, > 2:%{1 Thus P, satisfies (i)-(iv). d

Theorem 4. Let n be an integer and let P = > w; (pa(i)X)l, written in the form (3.4), such
i€lp
that m,,(P) < n and, for every integer t € [n,2n —m,|, P verifies (2.2) on S(p~"). Then there
exists an entire function f:Q, — Q, such that:
(1) f satisfies (2.2) for every x € Qp;
(i1) if [ is represented in the form (3.4), then for every i € Ip the corresponding terms of
P and f coincide.

Proof: By Remark 2 it follows that P satisfies (2.2) on S(p~t), for every ¢t > n. By applying
Lemma 4 to P, = P, M > d,, where d, is the degree of P, there exists a polynomial P, _;
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verifying the conditions (i)-(iv) of Lemma 4. Then by recurrence we find, for every s <n — 1,
a polynomial Ps such that it satisfies the conditions (i)-(iv) of Lemma 4.
We take

f= > wpE'Xx)". (3.35)

Then, by (ii) of Lemma 4 it follows that (3.13) and (3.14) hold for every ¢ < 0. Moreover, by
Lemma 4 (iv), we get, for every i € Vi\Vst1,
ms+k

0(i) = T =5 > —s/2. (3.36)

Hence it follows that lim 6(i) = oo and f defines an entire function. Finally the theorem
1—> 00
follows by (3.35) and Lemma 4. O

Remark 3. Suppose that f : Q, — Q,, with f(0) = 0, is an entire function which is bounded,
that is there exists a positive constant My and |f(z)| < My, for every o € Q,. Then, for every

C=lyl>Mp,yecQp,g(x)==c (1 + 5), is an entire function verifying (2.2) for every « € Q,.

Conversely, if g : Q, — Qp, with ¢g(0) = 0 is an entire function verifying (2.2) for every
x € Qp, it follows easily that g is differentiable at 0 and |¢/(0)| = 1. Then f : Q, — Q,, such

that, for = # 0, f(z) = @, and f(0) = ¢’(0) is a bounded entire function. Hence it follows
that all counterexamples of Liouville’s Theorem are constructed by means of entire functions

verifying (2.2).
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