Bull. Math. Soc. Sci. Math. Roumanie
Tome 55(103) No. 3, 2012, 327-335

On Douglas Surfaces
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Abstract

In this paper, we consider one of open problems in Finsler geometry which presented
by Chen-Shen on Douglas surfaces. First, we prove that a Finsler surface has isotropic
Berwald curvature if and only if it is of isotropic mean Berwald and relatively isotropic
Landsberg curvature. Then we solve the open problem and show that on Douglas surfaces,
a Finsler metric has isotropic mean Berwald curvature if and only if it has relatively
isotropic Landsberg curvature
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1 Introduction

The geodesic curves of a Finsler metric F = F(x,y) on a smooth manifold M, are determined
by the system of second order differential equations

d*z’ ey dr, 0

az " (= dt) -
where the local functions G* = G%(z,y) are called the spray coefficients, and given by G* =
19"M{[F?) sk y® — [F?];}. A Finsler metric F is called a Berwald metric, if G* are quadratic
iny € T, M for any x € M or equivalently the Berwald curvature B*;;, := [G*] ik, vanishes.
There is an extension of Berwald metrics which introduced by Chen-Shen and called isotropic
Berwald metrics [7]. A Finsler metric F' is said to be isotropic Berwald metric if its Berwald
curvature is in the following form

Bijkl = C{ijyktsil + Fyk-,yz(sij + Fyzyjtsik =+ ijykylyi}, (1)

where ¢ = ¢(x) is a scalar function on M. Funk metrics are non-trivial isotropic Berwald metrics
[13][18].

Other than isotropic Berwald curvature, there are many forms of curvatures in Finsler
geometry. Let (M, F) be a Finsler manifold. The third order derivatives of %Fgf at y € T, My is
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the symmetric trilinear forms C,on T, M, which called the Cartan torsion. The rate of change
of C, along geodesics is the Landsberg curvature L, on T, M. F' is called of relatively isotropic
Landsberg curvature if it satisfies L + ¢F'C = 0, where ¢ = ¢(z) is a scalar function on M.
Every isotropic Berwald metric is of relatively isotropic Landsberg curvature.

Every Finsler metric of isotropic Berwald curvature is of isotropic mean Berwald curvature
and relatively isotropic Landsberg curvature. In this paper, we show that for every Finsler
surfaces the converse of this fact is true. More precisely, we prove the following.

Theorem 1.1. Let (M, F) be a Finsler surface. Then the following are equivalent:
(a) F has isotropic Berwald curvature;

(b) F has isotropic mean Berwald and relatively isotropic Landsberg curvature.

On the other hand, the Douglas metrics are another extension of Berwald metrics, which
introduced by Douglas as a projective invariant in Finsler geometry [8]. A Finsler metric is called
a Douglas metric if G* = %F;k(x)yjyk + P(z,y)y'. The study shows that the above mentioned
quantities are closely related to the Douglas metrics, namely Bacs6-Matsumoto proved that
every Douglas metric with vanishing Landsberg curvature is a Berwald metric [2].

In [7], Chen-Shen proved that on a Douglas manifold with dimension n > 3, a Finsler
metric has isotropic mean Berwald curvature if and only if it has relatively isotropic Landsberg
curvature. But this fact is unsolved for the case of two-dimensional Finsler manifolds, yet. In
this paper, we prove the following.

Theorem 1.2. Let (M, F) be a Douglas surface. Then the following are equivalent:
(a) F has isotropic mean Berwald curvature;

(b) F has relatively isotropic Landsberg curvature.

There are many connections in Finsler geometry [5][6] [11][12]. In this paper, we use the
Berwald connection and the h- and v- covariant derivatives of a Finsler tensor field are denoted
by “|” and “ ” respectively.

2 Preliminaries

Let M be a n-dimensional C°° manifold. Denote by T, M the tangent space at x € M, by
TM = UzemT, M the tangent bundle of M, and by TMy = TM \ {0} the slit tangent bundle
on M. A Finsler metric on M is a function F : TM — [0, 00) which has the following properties:
(i) F is C*° on T Moy;

(ii) F is positively 1-homogeneous on the fibers of tangent bundle T'M;

(iii) for each y € T,; M, the following quadratic form g, on T, M is positive definite,

19
gy(u,v) == 3 35t [F2(y + su+tv)] |s,0=0, u,v € T, M.
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Let * € M and F, := F|p,m. To measure the non-Euclidean feature of F,, define C, :
T MT,MRT, M — R by

Ld
2dt
The family C := {C,}yern, is called the Cartan torsion. It is well known that C = 0 if and
only if F' is Riemannian [10].

Cy(u,v,w) == [&y+tw (W, V)] |1=0, u,v,w € T M.

The horizontal covariant derivatives of C along geodesics give rise to the Landsberg curvature
L,: T,M®T,M®T,M — R defined by Ly (u,v,w) := Lj;(y)u'vwk, where L;;; := Cijk|sy®,
u=ul2: » and w = w' 52 |,. The family L := {L,},er, is called the Landsberg
curvature. A Finsler metric is called a Landsberg metric if L=0 [15]. Thus the quotient L/C is
regarded as the relative rate of change of C along Finslerian geodesics. F' is said to be relatively
isotropic Landsberg metric if L + ¢F'C = 0, where ¢ = ¢(z) is a scalar function on M.

_ i 0
z, V=0V 53

Given a Finsler manifold (M, F), then a global vector field G is induced by F on T My,
which in a standard coordinate (¢, ") for T My is given by

4 0
- 2G’L(£7y)87yla

where G := g {[F?] k¥ — [F?]0}, y € T,M. G is called the spray associated to (M, F).
In local coordinates, a curve c(t) is a geodesic if and only if its coordinates (c'(t)) satisfy
&+ 2Gi(e) = 0.

.0
G :ylaxi

For a tangent vector y € T,; My, define By, : T, M T, M @ T,M — T, M and E, : T, M ®
T.M — R by By(u,v,w) := Bijkl(y)ujvkwl 9| and E, (u,v) := Eji(y)u/v* where

Ox?
. PG (-
B gkl = Oy dy* oyt Ej, = o jkm:

The B and E are called the Berwald curvature and mean Berwald curvature, respectively.
Then F' is called a Berwald metric and weakly Berwald metric if B = 0 and E = 0, respectively
[10][16].
A Finsler metric F is said to be isotropic Berwald metric and isotropic mean Berwald metric
if its Berwald curvature and mean Berwald curvature is in the following form, respectively
Bijkl = C{ijyk(sil + Fykyzéij + Fylyjfsik + ijykylyi}, (2)
1
E;; = 5(n + 1)eF ™ hy; (3)

where ¢ = ¢(z) is a scalar function on M and h;; is the angular metric [14].

Define Dy : T,M ® T,M @ T, M — T, M by Dy(u,v,w) := D'}, (y)u'viwk 52

» where

) ) 2 ) ) ) )
Dljkl = szkl — m{E]kéz + Ejlé,zc + Ekl(S; + Ejk7lyz}.



330 A. Tayebi and E. Peyghan

We call D := {D,},ernm, the Douglas curvature. A Finsler metric with D = 0 is called
a Douglas metric. The notion of Douglas metrics was proposed by Bdcsé-Matsumoto as a
generalization of Berwald metrics [3]. The Douglas tensor D is a projective invariant, namely,
if two Finsler metrics F' and F' are projectively equivalent, G* = G* + Py’, where P = P(z,y)
is positively y-homogeneous of degree one, then the Douglas tensor of F is same as that of .

3 Proof of Theorem 1.1

The special and useful Berwald frame was introduced and developed by Berwald [4]. Let (M, F)
be a two-dimensional Finsler manifold. We study two dimensional Finsler space and define a
local field of orthonormal frame (£, m?) called the Berwald frame, where £ = y'/F(y), m® is
the unit vector with ¢;m* =0, ¢; = gijfi and g;; is defined by g;; = €;4; +mym;.

Lemma 3.1. Let (M, F) be a Finsler surface. Then F is of isotropic Berwald curvature
By = c{ s hi + highji + hihji + 2C5y'} (4)
if an only if the main scalar of F satisfies
Iin+cI=0 and I»=3c (5)
where ¢ = ¢(x) is a scalar function on M.
Proof: The Berwald curvature of Finsler surfaces is given by
Bijkl = F~H(=2110" + Iam")m;mymy, (6)

where I is 0-homogeneous function called the main scalar of Finsler metric and Iy = I + I 1)2
(see page 689 in [1]). On the other hand, the Cartan tensor of F is in the following form

Oijk = Fﬁlfmimjmk. (7)
By (6) and (7), we have

; 21 | . . _
Bl = == Comal’ + g {hjehi + hiah§ + hujhi}, (8)

Then for a Finsler surface, the Berwald curvature can be written as follows

B i1y = pClml" + Ak + highji + hihjy), (9)
where p := —25‘1 and A := ;sz are homogeneous functions on T'M of degrees 0 and -1 with

respect to y, respectively. Thus if we put g = 2c and A = ¢F~ !, where ¢ = c¢(x) is a scalar
function on M, then F' reduces to a isotropic Berwald metric. Indeed, F is of isotropic Berwald
curvature if and only if I; + ¢I = 0 and Iy = 3¢, where ¢ = ¢(x) is a scalar function on M.
0
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Lemma 3.2. Let (M, F) be a Finsler surface. Then F is of isotropic mean Berwald curvature
if an only if the main scalar of F satisfies Iy = 3¢, where ¢ = ¢(x) is a scalar function on M.

Proof: Taking a trace of (9) yields
3
Eji = SAhjg. (10)

Thus F' has isotropic mean Berwald curvature E;; = %cF _1hij if and only if Iy = 3¢, where
¢ = ¢(x) is a scalar function on M. d

Lemma 3.3. Let (M, F) be a Finsler surface. Then F is of relatively isotropic Landsberg
curvature if an only if the main scalar of F' satisfies I1 + cI = 0, where ¢ = ¢(x) is a scalar
function on M.

Proof: Contracting (9) with y; implies that

Lyt + 5FCy = 0. (11)
Thus F has relatively isotropic Landsberg curvature Lz +cFCj = 0 if and only if 1 +cl = 0,
where ¢ = ¢(x) is a scalar function on M. 0
Proof of the Theorem 1.1: By Lemmas 3.1, 3.2 and 3.3, we get the proof. 0

Corollary 3.1. ([10]) Let (M, F) be a Finsler surface. Then B =0 if an only if E =0 and
L =0.

4 Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2. First we find the necessary and sufficient
condition for a Finsler surface to be a Douglas surface. More precisely, we prove the following.

Lemma 4.1. Let (M, F) be a Finsler surface. Then F is a Douglas metric if and only if it
satisfies
L+ F2\C =0. (12)

The equation (12) is equal to 11, — 311 = 0.
Proof: By assumption, we have
B i1y = pClml" + Mk + highji + hihj), (13)
By (10) we get
, 9 , , .
Bljkl = /.LCjkl” + g(Eﬂkh; + Eklh; + Eﬂhi) (].4)
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Taking (11) in (14), yields

Bl = —2F 'Ll + %H(Ejkh;' + Eph! + Ejihy,). (15)
On the other hand, we have
hijk = 2Ci0 — F72(yhir + yihjk), (16)
which implies that
281 = 3\ hyk + 3A{20jkl — F2(yhj + yjhkl)}. (17)
The Douglas tensor is given by
D'y =B — g{Eﬂc‘Siz + B’ + E;jo'y, + Ejray'} (18)
Putting (10), (15) and (17) in (18) yields
D'y = =2{F?Ljj + ACjr}y' — (A F 2 + X )hjiy'. (19)
Since Dijkl = Dijlk, then
M F~2 4+ =0. (20)
From (19) and (20), we deduce that
D'y = —=2{F 2 Ljm + ACiu }y'". (21)

Therefore F' is a Douglas metric if and only if it satisfies Ljz; + F2/\Cjkg = 0. By considering
(11), F is a Douglas metric if and only if it satisfies 1o — 311 = 0. This completes the proof.
0

Lemma 4.2. Let (M, F) be a non-Riemannian Douglas surface. Suppose that F has isotropic
mean Berwald curvature. Then F has relatively isotropic Landsberg curvature.

Proof: By Lemma 3.2, F;;, = %/\hjk. By assumption, F has isotropic mean Berwald curvature
Ejr = 3¢F~'hjy, thus A = ¢F 1. Since F is a Douglas metric then by Lemma 4.1, we have
Lj = *FQ)\Cjkz- It conclude that F' has isotropic Landsberg curvature L;; + cF'Cjr = 0.
0

Lemma 4.3. Let (M, F) be a non-Riemannian Douglas surface. Suppose that F has isotropic
relatively Landsberg curvature. Then F has isotropic mean Berwald curvature.
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Proof: F has relatively isotropic Landsberg curvature L;x; + cFACjy; = 0. By Lemma 4.1, we
have Ljj = —F2\Cjp. Then we have A = ¢F~1. By (10), we get Ej;, = 2Ahj;. Therefore F
has isotropic mean Berwald curvature Ej, = %chlhjk. O

Proof of the Theorem 1.2: By Lemmas 4.2 and 4.3, we get the proof. 0

Finally, we can prove the following.
Corollary 4.1. Let (M, F) be a Finsler surface. The following are equivalent.
(a) F is of isotropic Berwald curvature;
(b) F is a Douglas metric with isotropic mean Berwald curvature;

(c) F is a Douglas metric with relatively isotropic Landsberg curvature.

Proof: Every isotropic Berwald metric is a Douglas metric with isotropic mean Berwald curva-
ture and relatively isotropic Landsberg curvature. By Theorem 1.2, (a) and (b) are equivalent.
Thus it is sufficient to prove (¢) = (a). Let F is a Douglas metric with relatively isotropic Lands-
berg curvature L + cFC = 0. Since F is a Douglas metric, then by Lemma 4.1, L + F2\C = 0,
which implies that A = ¢cF~!. By Lemma 3.3, we have L + £FC = 0. This deduce that p = 2c.
Thus by the Lemma 3.1, we conclude that F' is of isotropic Berwald curvature. 0

Corollary 4.2. ([2]) Let (M, F) be a Douglas surface. Suppose that L = 0. Then F is a
Berwald metric.
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