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Abstract

Let D1 and D2 be coprime positive integers with min(D1, D2) > 1, and let p be
an odd prime with p /D1D». Further, let N(D1, D2,p) denote the number of positive
integer solutions (z,m,n) of the equation Diz? + D' = p". In this paper, we prove
that N(Di,Da,p) < 2 except for N(2,7,3) = N(10,3,13) = N(10,3,37) = N((3%*~! —
1)/a?,3,4-3%=1 — 1) = 3, where a,! are positive integers.
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1 Introduction

Let Z,N be the sets of all integers and positive integers respectively. Let Di, Dy be coprime
positive integers with Dy > 1, and let p be an odd prime with p fD;Ds. In this paper, we deal
with the number of solutions (z,m,n) of the equation

Dyz® + DY = p", z,m,n € N, (1.1)
which is an exponential extension of the Ramanujan-Nagell type equation. Let N (D1, Dy, p) de-
note the number of solutions of (1.1). For D; = 1, sum up the results of [5],[12] and [19], we have

Theorem A. N(1,D,p) < 2 except for N(1,2,3) =4 and N(1,2,5) = N(1,4,5) = 3.
Recently, P.-Z. Yuan and Y.-Z. Hu[20] proved that if 4D;+1 is a power of p, then N (Dq,3D;+

1,p) = 2 except for N(1,4,5) = N(2,7,3) = 3. In this paper, we prove a more general result
as follows.
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Theorem B.If Dy > 1, then N(D1,Dy,p) < 2 except for N(2,7,3) = N(10,3,13) =
N(10,3,37) = N((3%~! —1)/a?,3,4- 3%~ — 1) = 3, where a,l € N.

2 Preliminaries

For any nonnegative integer k, let F} and Lj denote the k-th Fibonacci number and Lucas
number respectively.

Lemma 2.1 ([16],pp.60-61).
(i) 2|FyLy if and only if 3|k.

) (1, if 3 [k,
(i) ged(F, L) _{ 2, if 3k

(iii) Fop = FyLy.
(iv) L? —5F? = (—1)*4.
(v) BEwvery solution (u,v) of the equation
u? — 50 =44, u,veN
can be expressed as (u,v) = (Lg, Fy), where k € N.
Lemma 2.2 ([7]). The equation
F,=2°k,z,seN,z>1,s>1
has only the solutions (k,z,s) = (6,2,3) and (12,12,2). The equation
Ly=2%k,z,seN,z>1,s>1
has only the solution (k,z,s) = (3,2, 2).
Lemma 2.3 ([6]). The equation
F,=2"2°k,z,r,s e N2 Jz,2>1,s>1
has only the solution (k,z,r,s) = (12,3,4,2) . The equation
Ly=2"2°k,z,r,se€N,2 Jz,2>1,s>1
has no solution (k,z,r,s).

Let d be a nonzero integer with d = 0 or 1 (mod 4), and let h(d) denote the class number
of binary quadratic primitive forms with discriminant d.
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Lemma 2.4 ([10],pp.321-322.Theorem 12.10.1). If d < 0, then

wy/|d]
2

h(d) = K(d),

where w = 2,4 or 6 according to d < —4,d = —4 or d = -3,
(o)
da\ 1
K(d) = - =
@) Z (n>k n’
where (x/x); denote the Kronecker symbol.

Lemma 2.5 ([10],pp.322.Theorem 12.11.1 and 12.11.2). Every discriminant d can be expressed
as d = fm?, where f is a fundamental discriminant, m is a positive integer. Then we have

sl (2).2)

where [] denote the product through distinct prime divisors p of m.
p|m

Lemma 2.6 ([10],pp.324.Theorem 12.12.2). If d < 0 is a fundamental discriminant, then

ld|-1

i =gim 3 (),

Lemma 2.7 ([8],Lemma 1). Let dy,ds be coprime positive integers with dids > 1, and let p be
an odd prime with p fdids. If The equation

di X2+ doyY?=p? XY, Z € Z,ged(X,Y)=1,Z >0 (2.1)

has solutions (X,Y,Z), then it has a unique positive integer solution (X1,Y1,7Z1) satisfying
Zy < Z, where Z through all solutions (X,Y,Z) of (2.1). Such (X1,Y1,Z1) is called the least
solution of (2.1). Then we have

N _ [ 0 (mod Zy), if di=1,
(i) h(—4didy) —{ 0 (mod 27y), if dy > 1.

(ii) Ewery solution (X,Y,Z) of (2.1) can be expressed as

Z = Zht, X\/dy + Y /—dy = M (X1V/dy + XoYi/—do)Y,

where ¢t > 1 is an integer, A\ € {—1,1}. If min(dy,d2) > 1, then ¢ is odd. If
didy # 3, and do > 1 or t is odd, then Ay € {—1,1}. If dyds = 3, then )\ €
{_1 1. —id 1+\2/?3 1—\2/T3 —1+2\/TB —1—2\/—*3}.

By (ii) of Lemma 2.7, we can obtain the following lemma immediately.



282 Yongzhong Hu and Maohua Le
Lemma 2.8 . If (X,Y, Z) and (X',Y', Z") are positive integer solutions of (2.1) with (X,Y, Z) #
(X",Y',Z"), then Z #+ Z'.
Lemma 2.9 ([8],Theorem 1). A necessary and sufficient condition that the equation

diy? +dy =p*,y,z €N (2.2)
has solutions (y, z) is that (2.1) has solutions (X,Y, Z) and its least solution (X1, Y1, Z1) satisfies
Y7 = 1. Moreover, if Y1 = 1, then (2.2) has only the solution (y,z) = (X1,Z1) except for
3d1 X2 —dy = N\, where X € {—1,1}, and (2.2) has exactly two solutions (y,z) = (X1,Z1) and
(X1(8d1XT — 3X),3Z1).

Lemma 2.10 Let dy = 1 and (X1,Y1, Z1) be the least solution of (2.1). If (y, z) is a solution
of the equation

1+ doy? = p*,y,z €N, (2.3)
then one of the following conditions must be satisfied.
(i) X1 =1,(y,2) = (Y1, 27).
(i) | X% — doY?| =1,(y,2) = (2X1Y1,27,).
(iil) da=6,p=7,X1=Y1 =21 =1,(y,2) = (20,4).
(iv) de=2,p=3,X1=Y1 =21 =1,(y,2) = (11, 5).

Proof: This lemma can be immediately inferred from ([14],Theorem) and
([8],Theorem 1) for dy = 2 and dy > 2, respectively. 0

Lemma 2.11 [15]. The equation
322 :y?’:I:l,:L‘,y eN
has no integer solution (x,y) .
Lemma 2.12 [11, 13]. The equation
22—y =\z,yneNn>1\ ==+l
has only the solution (x,y,n) = (3,2,3).
Lemma 2.13 [17]. The equation
2?2 +4=y" x,y,n € N,ged(z,y) = 1,n > 1

has only the integer solution (x,y,n) = (11,5, 3).
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Lemma 2.14 [3, 4]. The equation
22+ 3™ =9y" 2,y,m,n € N, ged(z,y) = 1,n > 1
has no integer solution (x,y, m,n) with 2 fm .

Lemma 2.15 The equation
3"+4=p°r,seNs>1 (2.4)

has no solution (r,s).

Proof: If s > 1, we infer from Lemma 2.13 that r is odd. Then, by Lemma 2.14, we know that
(2.4) has no solution (r,s). The lemma is proved. O

Lemma 2.16 The equation
4-3"+Ax=p° Ae{-1,1},r,seN;s>1 (2.5)
has no solution (r,s).

Proof: Since p* =4-3"+A=3 or 5 (mod 8), we get 2 fs. Then, we infer from Lemma 2.12
that 2 fr. Hence, by (2.5), we get

S — A
3-(2-30D/2)2 —4.3" =p* A= (p—)\) (p ) (2.6)

p—A
Notice that ged(p—A, 1;5__’\)|5 and 1;3__/\’\ isan odd. If ged(p—A, ’;S__/\’\) # 1, then 3|s and a solution
of the equation in Lemma 2.11 would be obtained, a contradiction. Hence, we get 7; S:)f‘ =3" or
1. If T;:;‘ = 3", then we get p — A = 4, which means p =3,\ = —1 or p = 5, \ = 1. By taking
modulo 3 on (2.6), we get 0 =p°* — A= —1 or 1 (mod 3), this is impossible. If ’;;—7;‘ =1, then
s =1, a contradiction to s > 1. Thus, the lemma is proved. 0

A Lehmer pair is a pair(a, 3) of algebraic integers such that (o + 3)? and af are non-zero
coprime rational integers and «/f is not a root of unity. For a given Lehmer pair (o, 3), one
defines the corresponding sequence of Lehmer numbers by

a?=B i 2 n
Up = up(a, B) = { a%:g" if 2|n

aZ—p2

(n=1,2,...). (2.7)

Let (c, 8)be a Lehmer pair. The prime number p is a primitive divisor of the Lehmer number
un(a, B) if p divides u,(a, 8) but does not divide (o — 82)%uy...up_1.

A Lehmer pair (a, 8) such that w, (e, 8) has no primitive divisors will be called n-defective
Lehmer pair. Further, a positive integer n is totally non-defective if no Lehmer pair is n-
defective.

Two Lehmer pair (aq,31) and (a9, B2) are equivalent if a1 /s = B1/B2 € {£1,+£v/—1}.
For equivalent Lehmer pairs, we have u, (a1, 1) = Fu,(asg, 82). Therefore, one of them is
n-defective if and only if the other is.
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Lemma 2.17 [1, 18].
Let n satisfy 7 <n <30 and 2 fn. Then, up to equivalence,all n-defective Lehmer pairs are

of the form (va — vb)/2, (va +V/b)/2), where n,a,b are given below:

(i) n=71, (a,b) = (1,-7), (1, —19), (3, —5), (5, =7), (13, —3), (14, —22);
(i) n =29, (a,b) = (5,-3),(7,—1), (7, -5);
(iii) n = 13,(a,b) = (1, =7);
(iv) n=15,(a,b) = (7,-1), (10, —2)

Lemma 2.18 ([2], Theorem 1.4) If n > 30, then n is totally non-defective.

3 The solutions of (1.1) with 2 fm

Let min(Dy, D3) > 1, and let (x,m,n) be a solution of (1.1) with 2 fm. Then (2.1) has the
solution

(XY, Z) = (, D" V"% m). (3.1)
Since min(Dq, D3) > 1, by (ii) of Lemma 2.7, we get from (3.1) that

n=Zit,t e N,2 Jt, (3.2)

ay/D1 + D" V2/ZDy = A1 (X1 D1 + A Yi/—Da)', A, Ao {1, 11, (3.3)

where (X1,Y7,Z7) is the least solution of (2.1).

Lemma 3.1 ¢ € {1,3} for (3.2).

Proof: Let
a:Xl\/D1+Y1\/ —DQ,B:Xl\/Dl—Yl\/ —DQ. (34)
Since
Di X7+ DaY? = p?, X1, Y1, Z1 € N,ged(D1 X7, DoY) =1, (3.5)

we see from (3.4) that a and 3 are roots of 2* — 2(D; X7 — DyY)2% + p?%t = 0, and hence,
they are algebraic integers. Notice that (o + 3)% = 4D X? and a3 = p%' are coprime positive
integers, /B = ((D1X? — DoY) +2X,Y1v/—D1D3)/p?* and it satisfies p?* (a/3)% —2(D X3 —
DoY) (a/B) + p?t = 0, where p?t > 1 and ged(p?t,2(D1X? — DoY) = 1, so a/f3 is not a
root of unity. Therefore, (c, 3) is a Lehmer pair with parameter (a,b) = (4D; X%, —4D,Y?).
Let up(a, 8)(n € N) be the corresponding Lehmer numbers defined as in (2.7). From (3.3) and
(3.4), we get

D" = Yilu(a, ). (3.6)

Since (a? — 4?)? = —16D1 D2 X?Y7?, we see from (3.6) that the Lehmer number u;(c, 3) has no
primitive divisor. Therefore, by Lemmas (2.17) and (2.18), we obtain ¢ < 5.
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We are now to remove the case t = 5. For this case, by (3.2) and (3.3) we have n = 577 and
DY Y2 = v [5(D1X2)2 — 10(D1 X2) (DoY) + (DoYE)?. (3.7)

If m = 1, then from (3.7) we get Y3 = 1. Hence, by (3.5), (2.2) has two solutions (y, z) =
(X1,71) and (x,57;). But, by Lemma 2.9, it is impossible.

If m > 1 and 5 [Da, since ged(D1 X7, DoY) = 1, then from (3.7) we get Y, = Dém_l)/Q
and

4D3™ — 5(Dy X7 — Dy')? = —1. (3.8)

Notice that Dy > 1 and L3 = 4, we infer from Lemma 2.1 that 4D5" = Lg;43 for some
positive integer [. Thus, we can simply exclude this case by applying Lemma 2.2 or 2.3 according
to whether D5 is a power of 2 or not.

If m > 1 and 5| D2, then we have Y; = %Démfl)m and

1
(D1 X7 — DoYP)? — 20(5D2Y12)2 =1. (3.9)
Notice that Dy > 1 and Fg = 8, we infer from Lemma 2.1 that
Apyv2e Lpm_peienN (3.10)
5 247 — 125 2 — 1'6l+6, ) .

then we have min(3 Fi4 3, 2 Lyi3) > 1. Using (ii) and (iii)of Lemma 2.1 on (3.10), we get either
F5143 =22 or Lyjp3 = 22" with some positive integer z > 1. We can also exclude this case
by applying Lemma 2.2 or 2.3 according to whether z is a power of 2 or not. Thus, we get t # 5
and t € {1,3}. The lemma is proved. |

Let N1(D1, D2,p) denote the number of solutions of (1.1) with 2 fm. Then we have

Lemma 3.2 Ni(Di, Da,p) <1 except for the following three cases:

v 3D1 X7 = DoY2+ A\ Yy =Dh e {-1,1},1 € Z,1>0, (3.11)
(x,m,n) € {(X1,2l +1,Z),(X1(8D1 X} — 3)),20 +1,32,)}.
(ii)
D1X2=3"4+1,D,=3Y,=1,p=3"+4,1€Z,1>0, (3.12)
(z,m,n) € {(X1,1,1),(X1]3" — 8,20 + 3,3)}.
(i)

D1X?=3"41,Dy,=3Y1=3,p=4-324+1,1€7,1>0, (3.13)
(z,m,n) € {(X1,20+1,1), (X1 (8- 3% —1),20 +3,3)}.
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Proof: By Lemmas 2.8 and 3.1, we have Ny(Dy, Dy, p) < 2. Moreover, by Lemma 3.1, if (1.1)
has two solutions (x1,m1,n1) and (z2, ma, ne) with n; < ng and 2 fmyms, then

a1 = X1, Y, =DM V2 = 7y (3.14)
and
2y = X113D1 X7 — DoY2|, D™V = Vi|3D1 X? — Do, ns = 371 (3.15)
By (3.14) and (3.15), we get
Dy IR = 3D X3 — Dy (3.16)

When mgy = my, by (3.14) ,(3.15) and (3.16), we obtain the case (i) immediately.
When mg > mq, we see from (3.16) that 3|Ds and

1 (mym 1
§D§ 2mm)/2 _ D X2 303 (3.17)

Further, since ged(D1 X7, DoY) = 1, we get from (3.17) that Dy = 3 and either m; = 1 or
meo = mq + 2.
If my = 1, then from (3.14) and (3.17) we obtain

DoY2=3D, X} =3 +1,1= %(mg—ml)—l. (3.18)

Substitute (3.18) into (3.5), we have
pZh =3+ 4. (3.19)
By applying Lemma 2.15 to (3.19), we get Z; = 1. Thus, by (3.18) and (3.19), we obtain the

case (ii).
If mo = my + 2, then from (3.14) and (3.17) we obtain

DyY2 =321 Dy X2 32 =\ 1= %(m1 —1), e {-1,1}. (3.20)

Substitute (3.20) into (3.5), we have
I (3.21)
Further, since p is an odd prime, if A = —1, then from (3.21) we get 2-3' + 1 = p%* and
2.3 —1=1. It implies that [ = 0 and p = 3, which contradicts the assumption p fD;Ds. So

we have A = 1. By applying Lemma 2.16 to (3.21), we get Z; = 1. Thus, we obtain the case
(iii). The lemma is proved. 0
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4 The solutions of (1.1) with 2|m
Let min(Dy, Ds) > 1, and let (z,m,n) be a solution of (1.1) with 2|m. Then the equation
DX+ D2Y"? =p? X'\Y',Z €Z,gcd(X,Y')=1,Z >0 (4.1)
has the solution
(X', Y, 2") = (&, D" P2 ). (4.2)
Since min(Dy, Dy) > 1, by applying Lemma 2.7 to (4.1) and (4.2), we have

n=2Zt't' e N, 2 ft, (4.3)

ay/Dy + D" D/2 [ —D2 = A\ (X[ /Dy + A Y{\/=D2)" A1, Ao{—1,1}, (4.4)

where (X1,Y{,Z]) is the least solution of (4.1). Using the same method as in the proof of
Lemma 3.1, we can prove a similar result as follows.

Lemma 4.1 ¢ € {1,3} for (4.3).
Let No(Dy, D, p) denote the number of solutions (x, m,n) of (1.1) with 2|m. Then we have
Lemma 4.2 Ny(D1, Da,p) <1 except for
Dy X7 =321 4 A Dy=3Y{=3"1p=4.32"14 N\ e {-1,1}, (4.5)
where 1 is a positive integer.

Proof: By Lemma 4.1, we have No(Dy, Da,p) < 2. Moreover, If (1.1) has two solutions
(x1,m1,n1) and (2, m2,n9) such that 2|my, 2|ms and ny < ng, then, from (4.4) we have

=X, Y] =Dy = 7 (4.6)
and
2y = X||D1X|% — 3D2Y}?|, D7 9/% = v{13D, X|? — D3Y{?|,ny = 37]. (4.7)
By (4.6) and (4.7), we get
Dy = (3D, X1 — Dy, (4.8)

When mg = my, since 2|my, by taking modulo 3 on two sides of (4.8), we obtain
3D, X|° =D — 1. (4.9)

Since D X|* + D2Y/* = D, X|* + DI" = pZ1, we get from (4.9) that 3p7i = 4DI" — 1 =
(2D5"/? +-1)(2D5/? — 1). Further, since ged(2Dy"/% +1,2D5"/* —1) = 1 and 2D5"/? 41 >
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2DT/? 1 > 3, we get 2D3"/? + 1 = pZi 2DI"/? — 1 = 3. It implies that DJ""/? = 2 and
Dy =1 by (4.9), a contradiction to Dy > 1.
When mg > mq, we see from (4.8) that Dy = 3, ma = m; + 2 and

DX =3m1 A e {-1,1}. (4.10)

Put I =m;y/2. By (4.6) and (4.10), we get the first three equalities of (4.5). Substituting them
into (4.1), we get 4-3%~1 4 X\ = p%1. By Lemma 2.16, we have Z, = 1, and the 4th equality of
(4.5) follows. Thus, the lemma is proved. 0

5 Further lemmas on the solutions of (1.1)
Lemma 5.1 If Dy, Dy and p satisfy (3.11) with A = 1, then No(D1, D2, p) = 0.
Proof: Under the assumption, we have 3D; X? = Dg”‘l + 1 and
p? =4D1 X7 - 1. (5.1)
By (5.1), we get p?t = 3 (mod 4), which implies that p = 3 (mod 4). We suppose that (1.1)

has a solution (z,m,n) with 2|m. Then we have (—D;/p) = 1, where (*/%) denotes the Jacobi
symbol. But, by (5.1) , we get

= (2) - (2)-(22) - (252) - ()

a contradiction. Thus, we have No(D1, D2, p) = 0. The lemma is proved. a

Lemma 5.2 ([19]). Let a € N. Ifda+ 1 is a power of p, then the equation
az® + (3a +1)" = (4a + 1)"
has no solution (x,m,n) with 2|m except for a =1 or 2.
Lemma 5.3 . The equation
6u’ + 1801%" = 7%, u,r,s € N (5.2)
has no solution (u,r,s).

Proof: We suppose that (5.2) has a solution (u,r, s). If 4|s, then we have 6u? = 7°—1801%" = 0
(mod 200). It implies that 10ju and therefore u = 10v, where v € N. Substitute it into (5.2) ,
we get 600v2 + 18012 = 7. But, since 4[s,1801 = 3-600 + 1 and 4 - 600 + 1 = 7%, by Lemma
5.2, it is impossible.

If 2||s, then we have u? = 6u? = 7% — 1801%" = 3 (mod 5). But, since (3/5) = —1, it is
impossible. Therefore, we obtain 2 /s.
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We see from (5.2) that the equation
X2 4+6Y? =77 X,Y,Z € Z,gcd(X,Y)=1,Z>0 (5.3)

has the solution (X,Y,Z) = (1801",u,s). Since the least solution of (5.3) is (X1,Y1,721) =
(1,1,1), by (ii) of Lemma 2.7, we have
1801" + uv/—6 = )\1(1 + AoV —6)8, A1, A € {—1, 1} (54)

Let  =1++/—6 and § = 1 — /—6. By (5.4), we get
o1 s
18017 = 210" + 6] (5.5)

Notice that 1]6° —5—53\ =17, 5|6° —|—§5| = 121,2 /s and 1801 is an odd prime. We find from
(5.5) that
ged(30,8) = 1. (5.6)

On the other hand, we see from (5.2) that the equation

622 4+ (1801%)™ = 7", 2,m,n € N (5.7)

has the solution (z,m,n) = (u,r,s). Therefore, since 3 /s, by Lemma 4.1, we have s = 7],
where (X7,Y7, Z1) is the least solution of (4.1) for (D, D2, p) = (6,1801,7). By (i) of Lemma
2.7, we get 2Z1|h(—4 - 6 - 1801%). But, by Lemmas 2.4 , 2.5 and 2.6, we can calculate that
h(—4-6-1801%) = 3600, a contradiction. Thus, the lemma is proved. |

Lemma 5.4 ([8],in the proof of Lemma 2). The equation
1+322=y", z,y,neN,n>2
has no solution (x,y,n).
Lemma 5.5 . If positive integers X, Z satisfy
14+ 12X2 = p?, (5.8)
then the equation
(9X2 4+ 1)™ 4 322 = p",x,m,n € N, 2|m (5.9)

has no solution (xz,m,n).

Proof: By (5.8) and Lemma 5.4, we get Z = 1 or 2. Let (z,m,n) be a solution of (5.9). If
(1,2X,Z) is the least solution of (2.1) for d; = 1,ds = 3, then Z|n. By (5.9), we have X|z.
From Lemma 5.2 applied for ¢ = 3X?, we know that m must be odd, a contradiction. Arguing
in the same way, we can prove that (5.9) has no solution with 2|n.
Now, we suppose that n is odd. If (1,2X, Z) is not the least solution of (2.1) for d; = 1,ds =
3, by Lemma 2.8 we have
1+ 12X? = p? (5.10)
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and there are two positive integers A and B such that (A, B, 1) is the least solution of (2.1) for
d1 = 17d2 = 3. Then
A? +3B? =p. (5.11)

If 2 /X. By (5.9) we get p = —1 (mod 8) and therefore p?> =1 (mod 8). By (5.10) we get
p? =5 (mod 8), a contradiction.

If 2|X. By (5.9) we get p =1 (mod 4). By (5.10) we get p?> = 1 (mod 16). Thus, p = 1
(mod 8) and therefore 4|B.

On using Lemma?2.7, we have

1+2XV-3 =), (A+vV-3B)? (5.12)

. (9X2 +1)"/2 4+ 2v/=3 =\ (A + V=3B)". (5.13)
Notice that 4|B and 2 fn, we can simple exclude N}, \," € {i, :i:liT‘/:a} So we have X, \}" €
{711\’1(1)\];\7.,W6 can deduce from (5.12) and (5.13)that

A|X,A? - 3B% = 41, (5.14)

and any prime factor of A is a factor of 9X2 4+ 1. So we get A = 1 and 3B2 = 0 or 2, a
contradiction. Thus, the lemma is proved. 0

Lemma 5.6 . Let Dy > 1. If Dy, Dy and p satisfy (3.11) with A = —1, then Na(Dq, D2,p) =0
except for (D1, D2, p) = (2,7,3).

Proof: Under the assumption, we have
3D, X2 =D2F' —1,1>0 (5.15)

and
4D X7 +1=p?. (5.16)

We see from (5.16) that the equation
A2+ DB*=p% A,B,C € Z,gcd(A,B) =1,C >0 (5.17)

has the solution (A, B,C) = (1,2X;, 7). Let (A1, B1,C1) be the least solution of (5.17), by
Lemma 2.10, one of the following three conditions must be satisfied:

(A1, B1,Ch) = (1,2X41, Z1); (5.18)

(|A? — Dy B}|,2A,B1,2C,) = (1,2X1, Z1); (5.19)
D1 == 6,p = 7, X1 == 10,21 = 4. (520)



On the generalized Ramanujan-Nagell equation 291

We now suppose that (1.1) has a solution (z,m,n) with 2|m. Then (5.17) has the solution
(A,B,C) = (D;n/Q,x,n). From (5.15) and (5.16) one can easily exclude D; = 3 for [ > 0 or
I =0 by Lemma 2.12 and Lemma 5.5. By applying (ii) of Lemma 2.7, we get

n=Cit,t €N, (5.21)
D2 4 23/=D1 = M (A1 + MaBivV/—D1)t AL, A € {—1,1}. (5.22)
For the case (5.18), (5.21) and (5.22) can be written as
n=Zit,t €N, (5.23)
D2 4 ay/=Dy = M (1420 X1V/=D1)f AL, A € {—1,1} (5.24)

respectively. By (5.24), we get 2X1|z. So we have z = 2Xyy with y € N. Substituting it into
(1.1), we get
(D1 X3)(2y)* + Dy = p". (5.25)

Hence, by (5.16), (5.23) and (5.25), we obtain

D=1 (mod Dy X?}). (5.26)

Let m = (20 4+ 1)q + §, where ¢, € Z with 0 < § < 2l + 1. Since D2 =1 (mod D; X?) by
(5.15), we see from (5.26) that
D=1 (mod D, X?). (5.27)

If § > 0, since Dy > 1 and 6 < 21, then from (5.15) and (5.27) we get D3' —1> D —1 >
D1 X? = (D3 — 1). Tt implies that D2(3 — Dy) > 2 and D, = 2. However, it is impossible
by taking modulo 3 on (5.15).

If 6 = 0, then we have 2] + 1|m. Hence, by (5.25), the equation

(D1X2)2" + (DFHY™ ="' om0 €N
has the solution (z/,m’,n') = (2y,m/(2l + 1),n) with 2|m’ and Z;|n’. But, since D! =
3D1X? + 1, from (5.16) and Lemma 5.2 applied for a = D;X?, it is impossible except for
(D1 X2, D3+ p) = (2,7,3). Thus, the lemma holds for the case (5.18).
For the case (5.19), we have

A3 - DB} =X, N € {-1,1} (5.28)
and 1
A1B; = X1,C, = §Z1. (5.29)
From (5.21) and (5.29), we get
n— %t,t N (5.30)

If 2 ft, then from (5.22) we get A1|D;"'/2. Further, since ged(D; X3, DoY) = 1, by (5.29),
we obtain A; =1 and By = X;. By (5.28), we have D; =2 and X; = 1. Hence, by (5.15) and
(5.16), we get (D1, Do, p) = (2,7,3).
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If 2¢, since (A; + B1v/—D1)? = X +2X1v/—Dy, then (5.22) can be written as

t
D2 4 2y/=Dy = M (N + 20 X1/—D1)"/2, 53 ENAL AN € (-1, (5.31)

whence we get 2X|z and x = 2X;y with y € N. Therefore, by (1.1), the solution (z,m,n) also
satisfies (5.25). Further, by (5.16), (5.25) and (5.30), we obtain (5.26) again. Thus, using the
same method as in the proof of the case (5.18), we can deduce that the lemma is true for the
case.

For the case (5.20), by (5.15) and (5.16), we have Dy = 1801. Then, by Lemma 5.3, (1.1)
has no solution (x,m,n) with 2|m. Thus, the lemma is proved. 0

Using the same method as in the proof of Lemma 5.6, we can prove the following two
lemmas.

Lemma 5.7 ([9],(ii) of Theorem 3.3.2). If D1, Dy and p satisfy (3.12) or (3.13), then No(D1, Do, p) =
0 except for N5(10,3,13) = N5(10,3,37) = 1.

Lemma 5.8 ([9],(i) of Theorem 3.3.2). If D1, Dy and p satisfy (4.5), then
Ni(D1,Ds,p) =0 for A=1, and N1(D1,D2,p) =1, (z,m,n) = (2X1,1,1) for A = —1.

6 Proof of Theorem B

Notice that the conditions (3.11),(3.12),(3.13) and (4.5) are independent from each other. Since
N(D1, Dy,p) = N1(D1, Do, p)+ No(D1, Da, p), by Lemma 3.2 and 4.2, we have N (D1, Do, p) <
3. Further, by Lemmas 5.1, 5.6, 5.7 and 5.8, all the pairs (D1, D2, p) of N(Dy, Da,p) = 3 are
determined. Thus, the theorem is proved.
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