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Abstract

In this paper, we prove the general invertibility theorem for non-local
pseudo-differential operators and using this, we establish the theorems of
analytic continuation and of existence of holomorphic solutions to non-
local differential equations. We also obtain a concrete method to construct
a holomorphic solutions to constant coefficient equations.
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1 Introduction

In their monumental work [18], Sato, Kawai and Kashiwara introduced the micro-
local analysis to establish the local theory of linear partial differential equations.
Especially, the notion of pseudo-differential operators as micro-localization of
diffrerential operators has allowed them to obtain quite general theorems on sys-
tem of partial differential equations. Ever since, local pseudo-differential equa-
tions have been studied by many authors (e.g. Aoki [3], Aoki, Kataoka and Ya-
mazaki [4], Kashiwara and Kawai [10], Kashiwara and Schapira [11] or Ishimura
[5] and so on).

As for the non-local equations which include the linear differential-difference
equations, mainely the convolution equations have been studied in the complex
domain (e.g. Malgrange [17], Korobeinik [13], Krivosheev [14], Kawai [12], Lelong
and Gruman [15], Sébbar [19] or Ishimura and Okada [9]).

In the prededing article [6], we proposed to introduce the non-local pseudo-
differential operators to be a natural generalization of both the (micro-local)
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pseudo-differential operators and the convolution operators and proved the in-
vertibility theorem for such operators under some conditions (see also [7] and
8).

In the present article, we employ the exponential calculus developped by Aoki
[1], [2] and applying it to the non-local situation, we generalize the invertivility
theorem. By using this theorem, we first prove the analytic continuation theorem
of solutions to such equations and then we establish an existence theorem for non-
local pseudo-differential equations in the complex domain.

2 Notations and recall

In this section, we recall some notations and definitions which we will need later.

Let S2n=1:= (C™\{0})/R be the sphere at infinity and D?*" := C"US2"~! be
the compactification by directions of C* ~ R?". For any ¢ € C"\ {0}, we denote
by (oo € S§2~1 the class defined by (: (oo := (the closure of R, - ¢ in D?") N
S2n=1 For any A C C", we set Aoo := {Coo € S2"~! | Ry - ¢ C A} and for any
Q C Cn x §2n=1 ~ §*C" (the co-sphere bundle of C"), we also write

Qoo :={(z,{)o0 1= (2,¢00) € S*C" | {z} x (R4 -({) C Q}.

In this paper, we take a fixed point p = (x0,&y) € T*C™. For any compact
convex set M C C", we use the following two supporting functions:

Hyr(C) := sup Re(z,¢), Inr(C) := inf Re(z,() (2.1)
zeEM ze€M

where (2, () := 377, 2;¢; with 2 = (21,22, ,2,) and ¢ = (C1, G2, + , Gn). For
any A, BCC",set A+ B:={a+blacAbeBlandA-—B:={a—b|ac
A,be B}.

For any 6 > 0, consider the cones

I's=T1:={2€C"|dlmz| < —Rez }, (2.2)
Ijs=T;:={2€C" ||z < |z} (2<j<n). (2.3)

For a compact convex set M C C™, we set
G=Gs=G(M):=np_1(Tr+M). (2.4)

An open set W C C" is said to be G-open if there exists a point a € C™ such
that W 4+ (G +a) C W. An open set D C C™ is said to be a G-round if there
exists a point a € C" s.t. {y € C" | (z,y) € G+ a,(y,2) € G+a,x € D,z €
D+M+M} C D+M (see [11]). We will denote by Oc¢r the sheaf of holomorphic
functions in C™.

Definition 2.1. Let M C C™ be a compact convex set. By a rotation, we may
assume & = (1,0,---,0). Let I';,T9,---, T, and G = G(M) be as in (2.2) -
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(2.4) for some § > 0 and M. We set Z := {(z,y) e C"xC" |y—z € G =
Ny_,(I'y + M)}. For any G-round open set D with z¢ € D, we set

£(G; D) := H3(D x (D + M), 08..),

here Oéo,iz)(cn is the sheaf of holomorphic (0,n)-forms on C™ x C™. We call any
P € £(G; D) with some § > 0 and D, a non-local pseudo-differential operator
defined near the point p, (or defined near the direction &), carried by the compact
convex set M. We set

— p

(D) 1= lim £(Gs: D). g

In [6], we established the compositon of two operators belonging to 55\4]11 ([e],
Proposition 3.5).

Let D be a convex open set. In the sequel, for the simplicity, we will often
write

D:=D+ M.
We take the following holomorphically convex domains:

Vii=DxD\{(z,y) | 2=y —xz e ([1+ M)}, (2.5)
V= Dx D\{(5,y) | 2=y -z € (T + M)} (2<j<n).

The family V := {Vi,Va,---,V,} is an open covering of D x D\ Z. Write
V=M1V and Vj := MiyV; for k = 1,2,--- ,n. We have V. = D x D\
Up_{(z,y) | z=y—x € (Tx + M)}. We easily see that
Hy(D x D08 ) ~ H" YD x D\ Z,087.)
0,n
Ot e (V)
n (0,m) :
> k=1 Ocrxen (Vi)

2.7)

So to any P € &£(G; D), a (0,n)-form K(z,z2)dy = K(xz,y)dy € O((C%Z)C"(V)

determined uniquely modulo the denominator Y, _, O(g?;’;{cn (V;,) corresponds.
We call K (z,y)dy the kernel of P. We define also the space of non-local differential
operators carried by M:

n(C™) = HX, (C™ x C™ 08 0).
Here we set Ay = {(z,y) e C" xC" |y —xz € M}.

Let © be a conic neighbourhood of p = (z,&,) € T*C™. For any r > 0, we
set Q(r) :=={(z,&) € Q| |¢] > r} and Q] :={(z,£) € Q| |¢| = r}.
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Definition 2.2. For a compact convex set M, set

SM@Q) = | {P,€) € 0Q(r) | ¥ € Q conic,Vr' > r,Ve > 0,3C. >0
>0
s.t.
[Pz, )] < Coe™ O ((2,6) € X))}, (28)
NM(Q) = U {P(x,€) € SM(Q) | P(x,&) € O((r)),VQ € Q conic, Vr' >,
r>0
deg > 0,3C > 0 s.t.
|P(,6)] < CeM Okl (v(z,£) € A'I])}. (2.9)

We call any P(x, &) € SM(Q) a symbolon Q with support M and P(z,¢) € NM(Q)
a nul symbol. In this paper, we set also

™ Q) = U {P(x,&) € SM(Q) | P(x,£) € O(Q(r)), VY € Q conic,
r>0
Vr' > 7 3ep > 0,3C > 0 s.t.
|P(z,&)| < Coel O+l (y(z, €) € A [r']) (2.10)

(instead of (2.8))}.

Definition 2.3. In the situation of Definition 2.3, let P(z,&) € SM () (resp.
P(z,¢) € TM(Q)) and suppose (2.8) (resp. suppose (2.10)). Any point p €
Q is said to be non M-characteristic or non M-characteristic with respect to
the corresponding non-local pseudo-differential operator P, or P is non M-
characteristic (abbreviatory non M-char) or non M-characteristic (abbreviatory
non M-char) at p, if there exist an open conic neighbourhood €' C Q of p and
r’ > r so that we have:

Ve > 0,3C. > 0 s.t. V(z,£) € Q'(r')
|P(z,8)| > CseHM(§)75|£|

or
|P(z,€)| > C.elm©—ell, (2.11)
We define
CarM(P) = {(z,£00) € Qoo | P is not non M-char at (z,&)},
Car™(P) = {(z,€00) € Qoo | P is not nonM-char at(z,€)}.  (2.12)

A point ¢ € Q is also said to be M-characteristic (resp. M-characteristic) with
respect to P if goo € Car (P) (resp. if goo € Car™ (P)).

In this article, we will set Zy := {v € Z | v > 0}. We have to consider also
the formal symbols:
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Definition 2.4. Let M C C" be a compact convex set and Q C T*C"™ a conic
open set.

SMQ) = {P(t;z €)= Zt” (z,€) | Ir >0 s.t.

P, (z,§) € (9( ((V +1)r)) (Vv e Zy),
v € Q conic,Id >r,0 < JA < 1: Ve > 0,3C. >0 (2.13)
|Py(x,6)] < CcAve™ TRl (vy € 2, V(x,€) € V[(v + 1)d))}

and
NM(Q) {P(t;2,6) = > #'Py(2,§) € SY(Q) | Ir > 0 s.t.
v=0

P, (z,€) € O(Q((v + 1)r)),
Vg = (y,n) € Q(r),3Q" € Q a conic neighbourhood of ¢,

dd>r,0<dA<1:

InA

0< pe=Hu(/Inl) = I (n/Inl) < —— (2.14)

Ve > 0,3C; > 0 s.t. (2.15)

| D Pule, &) < CeA™e M O+R (vin € 2y, ¥(x,€) € ©'[md])}.

We call any P(t;z,&) € SM(Q) a formal symbol and P(t;x,¢) € NM(Q) a formal
nul symbol. We set also

Q) = {P(t;z,€) € SM(Q) | Ir > 0 s.t.

P,(x,8) € OQ(v+ 1)r)) (Vv € Z4),V Q' € Q conic,
3d>r,0<3A<1:Ve>0,3C. >0, (2.16)
P, (2,€)] < CAYe™ O (v > 0,¥(,€) € Y[(v + 1)d])
(instead of (2.13))},

M) = {P(t;x,¢) = Zt” (,€) | Ir > 0 s.t.

P,(z,§) € 0( ((v +1)r)) (Vv € Zy),
v € Q conic,Vh > 0,3d > r : Ve > 0,3C. > 0, (2.17)
|P,(x,€)| < CohvelM@FelEl vy e 7, V(x, &) € V(v +1)d])},
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t™M@Q) = {P(tz,6) €M) | Ir>0s.t.
Pu(2,€) € OQ(v + 1)) (W € Z,),
vQ' € Q conic,Vh > 0,3d > r : Ve > 0,3C. > 0,
1P, 6)] < Ch?e™ O (v € 7, V(w,€) € Y[(v+ 1)d])
(instead of (2.17))}. (2.18)

In the preceding paper [6] (Propositions 4.2, 4.3, 6.5, 6.7 and 6.8), we have
proved the following:

Theorem 2.5. There is a natural isomorphism
SM(Q)/NM () = SM(Q) /N ().
And there is a natural isomorphism

o Ehneo = };_n; SM(Q)/NM(Q).
op

Remark 2.6. By the proof of Propositions 6.5, 6.7 and 6.8 [6], we can also prove
that if P(t;x,&) € TM(Q), there exists a symbol P(x, &) € T™(Q) corresponding
to P(t; x,€).

In this paper, we will give a generalization of the main theorem of [6]:

Theorem 2.7. Let M C C" be a compact convex set and 2 C T*C™ a conic open
set of the form C" x w with an open cone w with vertex at 0. Let P(z,&) € SM(Q)
(resp. P(x,€) € TM(Q)) be a symbol satisfying (2.5) for any ' C Q of the form
C"xw' withw' € w). Suppose that the corresponding non-local pseudo-differential
operator P carried by M is non M-characteristic (resp. non M -characteristic)
on ). Then there exists a non-local pseudo-differential operator, which we denote
by P~1, defined on Q; := C" x wy with an open cone w, € w, with a symbol in
T=M(Qy) (reap. in S~ (Q)) such that we have Po P~' = P~' o P = id. Here
id 1is the identity operator of the space of non-local pseudo-differential operators
carried by the compact conver set M — M.

We will see briefly the proof of this theorem by using the exponential calculus
developped by Aoki [2].

Remark 2.8. We remark also that in the theorem, the inverse operator P! has a
formal symbol P~ (t; 2, €) which, in fact, belongs to £~ (€;) (resp. to M (Q))
(see the proof).

3 Exponential calculus for non-local pseudo-differential operators

In this section, we review the exponential calculus for the formal symbols of non-
local pseudo-differential operators. The methods employed in this section are
those developed by Aoki [1], [2] for (micro-)local pseudo-differential operators
(see also Aoki, Kataoka and Yamazaki [4]).
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Definition 3.1. Suppose {2 = U X w with an open set U C C™ and an open cone
w C C™ with vertex at 0. A formal symbol p(t;z,&) = 372 t/p;(x,€) € S103(Q)
satisfying (2.13) with M = {0}, is said to be of type M (resp. M~) when we
have the following conditions:

for any conic set Q' € 2 and any 0 > 0, there exists d > r such that for any
€ > 0, there is C: > 0 so that we have

Re po(z,§) < Hym(§) +¢lé| + C-

(resp. Re po(z, &) < Im(§) +elé] + Ce), (3.1)
lpo(z,&)| < H - [§] +¢l¢] + C- on Q'[d], (3.2)
and

By a translation on C", we may asssume that Hp () > 0 on w. Then if we take
d > 0 smaller, the estimate (3.3) can be replaced by

(@, €)1 <& (Ha(€) +elé] + Ce) (3.4)

or rather by ‘
Ipj(x, )| < 67 (elg] + Ce) (3.5)
on Q[(j + 1)d] (Vi > 1).

Proposition 3.2. If p(t;x,§) € 5'{0}(9) is of type M* (resp. M), then
P(t;x,€) = ePBm8) which is calculated formally, belongs to sM(Q) (resp. to
™M(Q)).

Proof: We assume that p(t;z,§) = Z;io tipj(z, &) satisfies (3.1) — (3.3). For-
mally we have

eP(t,8)

K

p(t;z, )F Z thjxf
k=0 .jO

1 L .
E Z t]1+J2+~~+]kpjl (,T, g)pj2 (.%', f) N ((,C7 5)

177 jidz,edk=0

S
I
<

I
-
M ="

=
Il

And this must be formally equal to P(t;z,£) =Y o2 o t" P, (x, &), that is, for any
v € Z4, we have

1+Zkl ol €)F = e (v =0),
Py($,€): 9] klz
k=1 ]1+J2+ +je=v

By (3.1), for any € > 0, there exists C = C. > 0 such that we have |Py(z,§)
eRepo(@.8) < Celm@Felel (resp. |Py(z,&)| < Celm@+elEl) By (3.1) — (3.

| =
3),
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for any v > 1 and any (z,£) € Q[(v + 1)d], we have the following: Ve > 0,
3C" = CL > 0 s.t.

LY S el + )

1Py(z,8) <
W 1 (v+k-1 ok
=9 kZl,ﬁ.< 5 >(HM(€)+€€|+C). (3.6)

By a formula due to Aoki ([1], P.234), setting C := e, (3.6) is equal to

_ v—1)! Nl Har (€)+2l€]+C”
= Zl'l—l 0 F(Har(€) +elé] +C)'e

l
015VZ (l_1> ‘£'| (H (|£‘)+5+ C|)l HM(5)+5|5|

=1

There exists Cyp > 0 independent of € > 0 such that Hp( < () for

e S
any & with || > (v + 1)d. So taking € smaller than 1, this last is estimated as:

) e ColEl’ brrs(e)+elel v V=1\ 1\ Hy(e)+e(1+Co)e|
< ey (1) <oy (V7 )iy

=1 =1

= o1 4 Syt len@earonial ¢ o (s LTS © e coiel,
9 9

€
h
Therefore, for any h > 0, taking § > 0 so small that we have 0 < § < 1—_’_68, we
have | P, (x, €)| < Cyhvetm@+e(+C)lEl on O[(v+1)d]. Thus P(t;z,€) € M(Q).
The proof of the case of type M~ is similar. 0

By the similar way with Aoki [2], Théoréme 2.1, we have
Proposition 3.3. We assume @ = C" x w with an open cone w C C". Let
formal symbols p(t z,8),r(t; x,€) € SIOHQ) be respectively of type MT, {0} and
let q(t;x, &) € S19(Q). Suppose, in the situation of Definition 3.1, for any conic
set Q' € Q, there exist d’ > d such that p(t; x, &) and r(t; 2, ) satisfy the following:
Ve >0, 4C > 0 s.t.

Hu (€ )—€|€ |-
—elél -

on Q'[d']. Set P(t;z,§) := ep(t?w’g),Q(t;x,f) = eQ(t?m’g),R(t;x,f) = "% gnd

respectively, we denote by P,Q, R corresponding non-local pseudo-differential op-

erators. Suppose that we have o(PoQ) = o(R) formally, then q(t;xz,§) is of type

(=M)~.

By using these propositions, as Aoki [1], Théoréme 5.1, we have Theorem 2.7.

(3.7)

\\/ WV

Re po(z,§)
Re ro(z, &)
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4 Continuation of holomorphic solutions of non-local pseudo-differential
equations

First let M C C™ be a compact convex set and Q C C™ x C™ an open conic
set. In the sequel, we assume 2 = C" X w with an open cone w C C". We
recall without proof, a way to define concretely the action of non-local pseudo-
differential operators on holomorphic functions (see [6], section 4, in particular,
Proposition 4.3):

For 0" = (n2,m3, -+ ,nn) with [0/ < 1, set n:= (1,7') := (1,m2,m3, ;7).
For any small € > 0 and z with z; # 0 (2 < j < n), define the (n — 1)-chain

- € € €
=0, —] x [0, —] x---[0, —], 4.1

Bi= 0 S)x 0, Sk 0, 5 (a.1)

where we set [0,w] := {cw | 0 < ¢ < 1} for any w € C. Then there exist cones

I'15,025, -+ ,[pe of the form (2.2) and (2.3) with some § > 0 and a convex
G :=nNy_,(Tx,s + M)-round open set D such that we can associate to a symbol
P(z,¢), its kernel K(x,y), by the following formula: let £ := (1,7’) and take 8
for z:=y — . For any € U and p € C so that |p| > 1 and p§ € w, set

1 o0

K(z,y) == 7/@’/ e 7wl p(g 7€) dr (4.2)
(2mv=1)" Jj p

where the path of integration for dr is taken in the direction p. In the nota-

tions of (2.7), we can prove that K(z,y) is uniquely determined by P(z,¢) in

O e (V)

S OE en (Vi)
HY(D x (D+ M), (’)((CQ,[TXL)C,L) so that K (z,y) is a kernel of P. Thus any symbol
P(z,&) defines a non-local pseudo-differential operator P € £(G; D). Further-
more P is equal to 0 if the symbol P(z,¢) is contained in NM ().

Thanks of the G-roundness, D satisfies the following: let m; be the k-th
projection on C" to C. Set Ap := mp({z € C" | Re(z,&) = In(%)} N G),
By :=m(G) and C; := convA; (2 < j < n) (here convE being the convex-hull
of a set E C C). We remark that

and thus, by (2.7), determines an operator P € £(G; D) =

A ={z1 = w1tz | |Imwy| < —Rewy,x € M}N{z € C" | Re(z, &) = I (&0)}-
There exists an open set Uy C D, Uy # () such that we have
U0+[(8A1 ﬂaBl) x 0Cy X --- xaCn] Cc D+ M,

where OC' is the boundary set of a set C C C. Let define an integral path
~ in C™ such that for an open set U € Uy, U # 0, the set {(z,z 4+ 2) | = €
U, z € v} is included in the domain V' = N}_, Vi where K(z,y)dy is defined:
there are two points a,b € C near 9A; such that Re a,Re b < I (&) and
Im a < inf,ep Imzg,Im b > sup,cp, Imz;. Let take an oriented smooth Jordan
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path 1 C C having a; as the start point and b; as the terminal point so that

o= A{(z,x+ (21,22, ,2m)) |z €U, z1 €11,2, € C (2<j<n)} CV. For
z1 € y1and j > 2, let v; = v;(21) C C be an oriented smooth Jordan closed curve
with positive orientation in C so that 7; := {(z, 2+ (21,22, -+ ,2n)) |2 € U, 2; €

vj,2i € C (i # 1,4)} C Vj. (These are possible if we take U small enough). We
remark that ; may be taken independently of z;.

Let W,Wy C C™ be two G-open sets (G being defined in (2.4)) such that
W > Wy and W\ W, C D. We showed in the Corollary 3.7, [6] that we have the
operation

P:ODNWy)/ODNW)— ODNW,)/O(DNW).

Setting v := 71 X 72 X -++ X 7y, this action of P on a holomorphic function
f(z) € O(D N W), which is determined modulo O(D N W), is given by

Pf(z) = /K(x,m+z)f(3:+z)dz. (4.3)

We remark here, W and Wy being G-open, W + M =W, Wy + M = W,.

Theorem 4.1. Take p = (x0,&) with & = (1,0,---,0) and fiz it. Let M be
a compact convex set, Q = C" x w with an open cone w C C™ with £, € w and
P(z,¢&) € SM(Q) a symbol. As stated above, there are cones 'y 5,T25,-++ ,Tps as
in (2.2) - (2.3) and, setting G :=NY_(Tk,s + M), a non-local pseudo-differential
operator P € £(G;C"), carried by M, with the symbol P(x,£). Suppose that P
is non M -characteristic in Q. Let W, Wy C C" be two G-open sets such that
Wo C W and W\ Wy is relatively compact. If u(x) € O(Wy — M) satisfies to
the equation Pu(z) =0 mod O(W — M), then u(x) € O(W), that is, u(x) can
be analytically continued to WU (Wy — M).

Here we remark W C W — M.

Proof: By Theorem 2.7, there exists w’ C w such that P has the inverse P~! in
 := C" xw'. By Remark 2.7, taking € smaller, we may suppose that P~! has a
symbol Q(z, &) € T~M(Q). For any &, we set He ={2€C" | I_m(§) <Rez-&}

and we define
Y = U ( () Hi)° (4.4)

Im7|<éRer, 0<6'<6  |n/|<8’

where £ = (1,7) and A° means the interior of A. We may assume w = {£ | [Im & | <
d Re &1, [&5] < 6lé1] (2 < j < n)}. Then, in this case, we will prove K(z,y) de-
fined in (4.2) for Q(x, &) is analytically continued to the open set Z := {(z,y) €
C"xC" | z:=y—x €Y} as follows: in fact, for any z € Y, there exists 7 with
|Im7| < dRer and ¢’ with 0 < ¢’ < ¢ such that for any £ = (1,7') with |n'| < ¢,
we have I_ (7€) < Re 7€ - z. Then there exists € > 0 so small enough that we
have

I_y (7€) < Re 7€ - z + €|7¢] (4.5)
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for any £ = (1,7) with |n/| < ¢§'. For such 7 and &, we have 7€ = (1,7¢') € w.
Let consider the integral (4.2). By (2.10), for any ¢’ > 0 with ¢’ < ¢, there is
C > 0 such that

le” 7L Q(, TE)| C|r|n—teRe Tt (TE)+<I7¢|

<
< C|T|nflef(sfs')\'r§|.

This last is estimated by a constant independent of 7 and £. Therefore the integral
(4.2) is holomorphic for any (z,y) € C" x C" with z:=y —z €Y.
We remark that
Y 5 {z | Rez1 > I_p(&0)} (4.6)

where & := (1,0,---,0): in fact, let z be so that Rez;y > I_p(&). If 2/ = 0,
then we have clearly z € Y. So we assume 2z’ # 0. There exists ¢ > 0 such
that Rezy — I_p(&o) > 2¢|2/| and || max,e—n |w'| < €]2|. For any ¢’ > 0 with
§' < min(d,e) and any 7’ with |n'| < ¢, we have

Rez - & > Rezy — Rez’ -/ > I_p(&) + 2¢|2'| — Rez’ -0’ = I (&) + €2/
Then we have for £ = (1,7/),

I_ (&) = inf Rew;+Rew -7’ < inf Rew; + max |w'||n’]|
we—M we—M we—M

< infMRew1 +el2| = T_pm (&) +¢|2'| <Rez- €
we—

that means z € Y.

Let f(z) € O(W — M), and by (4.3) for —M and Q(z,&), we set g(x) :=
P~1f(z). Then g(z) is holomorphic on W (and this is also true for Wy instead
of W): in fact, for any « € W, thanks to (4.6), we may change, in (4.3) for —M
and Q(z, ), the integral path 7 to be in an arbitrary small neighbourhood of any
point —m € —M. Then for any z € vy, we have z + z € W — M and thus g(x) is
well-defined and holomorphic in the set W. The proof for Wy is similar.

Now set f(z) := Pu(z) which is, by the hypothesis, holomorphic in W —
M. Then the function v(z) defined by (4.3) for —M and Q(z,§) with f(z), is
holomorphic in W. Therefore we have

u(z) = P Pu(z) = P71 f(z) = v(z) € O(W)

mod O(W) and thus u(z) is continued analytically to W. O

Ezample 4.2. Let consider the difference operator P(D) = 1 + e on C and we
restrict ourselves at o = —1. In this case, it has the unique support M = [0, 1]
(because n = 1). The characteristic set of the corresponding operator 1 + eP
is, as easily proved, the imaginary axis directions {£v/—1co € SL}. For any
d > 0, set the closed cone T := {z | Rez > d|Imz|}. Let W, W, be two I' =
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(T + [0, 1])-open sets with W > Wy and so that W\ Wy is relatively compact and
k= [inf{Rez | z € W} —inf{Rez | z € Wy}], where [] is the Gauss’ notation. In
this case, P(D) has the inverse Q(D) = 1/(1 + eP). We remark here that there
exists C' > 0 such that for any &, we have
ol <
14ef
(c.f. Theorem 2.7). Fix any p > 0, recalling (4.2), we set

G(z) = /p T (47)

1+em

Ce —Ho,11(§) 061[71,0] (€3] < etli-1,0 & — CeH—M(ﬁ)

It is easy to see that we have for any [ € Z,

Gy = 0 e g1y (4s)

z z—1

thus G(z) is continued analytically to C \ Z; and has pole of ordre 1 at any
leZy.

Let f(z) be a holomorphic function on W — [0,1] = W + [—1,0] and u(z) a
holomorphic function on Wy — [0,1] so that (1 + eP)u(z) = u(z) + u(z + 1) =
f(z) on Wy. If we take a positively oriented Jordan closed path v including
0,1,2,--- ,k+ 1 inside, but not other point of Z, we have mod O(W)

o) = o5 f0) = 5o / G(2)
e pz ( 1)k+1 —p(z—k—1)

= + d -
271'\/ (z+z)dz 277\/ z—k—-1

k 2
(%\/i/a (2= k—2)f(x+2)dz
= f@) = fl@+)++ (D" fla+k+1)

but this last is holomorphic in W — [0, 1]. We remark also that this last satisfies
the equation u(x) + u(z +1) = f(z) mod OW — [0,k + 2]).

flx+ 2)dz

flx+ 2)dz

5 Existence of holomorphic solutions of some non-local
differential equations of infinite ordre

In this section, according to Aoki [3], we will give a sufficient condition for the
existence of holomorphic solutions to a non-local differential equation, which will
be the generalization of the Theorem 4.1.2 of [3] to our situation. Let P €
Dm] (C™) be a non-local differential operator carried by M. In this section, we
make use of the following assumption: there exists § > 0 with § < 1 such that
we have

CarM(P) c C" x {€o0 € S*"~1 | Re & > [Im & | or || > §|61]} (5.1)
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where £’ := (&2, -+ ,&,) when € = (&1, &9, -+ ,&,). Then by Propositions 2.8, The-
orem 2.9 and Remark 2.10, for any open conic set Q C C" x {£ € C" | Re & <
8|Im &,]¢'| < 8l&1|}, we have a non-local pseudo-differential operator @, in-
verse to P, carried by —M with a formal symbol Q(t;z, &) = Y07 t7Q.(x,§) €
t=M(Q) where each Q,(x,&) € O(Q((v + 1)r)) with r > 0 and satisfy the follow-
ing:

for any open conic set ' €  and any h > 0, there exists d > r such that for
any € > 0, there exists C; > 0 so that we have

1Qu(z,€)| < C.hvel-©OFelEl op Q[(v 4 1)d]. (5.2)

For any ¢’ > 0 with ¢’ < §, take §; > 0 with 0 < ¢’ < d; < ¢ and define the
path as follows: set r; := d,ry := dd and for any v € Z; and o € Z7}, set
Bkﬂ/,a = (V + |Oé| + 1)Tk (kj == 1,2)7

Mo = {6 €C|Re& ==x0Im &l > Biyal, (5.3)
)\1 v T {61 eC | Re 51 (51|II’I1 §1| |€1| = Bl ua} (54)

and A6 =AY, 4—)\”(l + Al And also for any i = 2,3,--- ,n, we set
)\i,u,a = {gz eC | |§7| = B2,u,a}- (55)
We set A\yo = Ao X Ao pa X -0 X Ap o and also )\37 = )\(1) v X A2 o X
X Ao and AL, = A;—“m X Aoy X -+ X Apya- Then we have ), o =

DO SR NNE D W

For any p > 0 and ¢ € C", we set the polydisk A(a;p) == {z € C"| |z; —¢;j| <
p (1 <j<n)} Nowlet UV C C" be open sets with V' @ U so small that
we have the following: there exist b € U, m € M and p > 0 such that, setting
a :=b—m, we have

V C A(b;In(dp)/v/nd) N [{z € C"| 6Re x1 < |Im x1],6|2'| < |z1|} + al,
Aa;p) CU+ M — M. (5.6)

Then for small € > 0 and x € V, we have

Re (x—a)- £+ T (&) +elsl = Re(z—0b)- &+ (T-m(§) —Re (=m) - &) +el¢]

< Re (z—0)-£+elg.

By (5.6), taking £ > 0 small enough, we have Re (z —b) - £ +¢l¢| < ln(dp) 2 €| and

on )\yia, we have Re (z —b) - £ +¢|¢] < 0. Now let f(x) € Ocn(U+M M) and
expand f(z) into the Taylor series at a: f(x) = Zaeﬁ ca(z —a)®. We define

1

u(z) := T

/ Qu(@.6) sy gaﬂ Ede  (5.7)

V€Z+ OLEZ"
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with 1:= (1,1,--- ,1) and we will prove the right-hand side converges for x € V
(x € V being arbitrary, this means u(z) € Ocn(V)): At first, by (5.6), we remark
that there exists ¢} > 0 such that |co| < C1p~ 12, Then by (5.2), we have

ol

D e—aye v p"al Re(z—a)-¢-+1- a1 (€)+el€]|
|CaQu(xa€)€a+le | < C1Cch [p(v+ |al + 1)d]|a\+ne " '

».«» the right-hand side is estimated as < C’Eh”m_% and on
A9 ., the right-hand side is estimated as < C1C.(hdp)”pd' ™. Thus, taking h > 0
small enough, (5.7) gives well-defined holomorphic function on V. We are ready

to prove:

On AE

Theorem 5.1. Let M C C™ be a comact convex set and P a non-local differential
operator carried by M. We suppose CarM (P) C C" x {¢éco € S~ | Re & >
S|Im &1 | or |€'] = 6|&1|}. Then for any open sets U C C", any point a € U and
fl@) e O(U+ M — M), we can find an open neighbourhood V. C U of a such that
we have a solution u(x) € O(V) of the equation Pu(z) = f(x) on V.

Proof: We continue to work in the above situation. Denote by P(z, ) the symbol
of P. Then we have

1 !
Pue) = ey, 2 /A g P(Qul, ) ) de
VEL4 ,a €LY v,e
- G o g S oo o
(2my/=T) V€L, a€LT Avoe gt B pre ’

S N ema)Ege — Ay =
(QW\ﬁ)”;CW/AM eH1¢ 3 ;Cv(m a)” = f(z).

Example 5.2. Let n = 1 and consider the operator P = e°*P with ¢ € C. We know
for any & > 0, its symbol P(z, £) = €°*¢ is contained in SB1€9 (B(0;6) x C). As
we can see easily that we have mﬂoﬂo\é) (e“*P) =, but supposing £ # 0,¢ # 0,
we have CarE(O;lcm(e“D) # . The equation e“*Pu(x) = u((c+1)x) = f(x) has
for any ¢ # —1, unique solution u(z) = f(z/(c+ 1)) and no solution for ¢ = —1
in general (the equation being u(0) = f(z) in this case). Thus for ¢ # —1,
the non-local operator e has the inverse operator e erieh having the symbol
e =517 ¢ §BOID (B(0; |+ 1]6) x C).

Remark 5.3. The proof of Theorem 5.1 is not true with the assumption of non
M -charactericity instead of the non M-charactericity. Above example is not
an application of Theorem 5.1 but we may conclude that the definition of non
M -charactericity is better than the non M-charactericity.
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6 Construction of entire holomorphic solutions to non-local differen-
tial equations with constant coefficients

In section 5, for a non-local differential equation Pu(x) = f(z), we gave a suf-
ficient condition - call it Aoki’s condition - for the existence of a holomorphic
solution. But in many case, in fact, this condition is not satisfied. For example,
we recall the following difference equation in one variable: u(z)+u(z+1) = f(x).
The characteristic set of the corresponding operator 1 + e” being the imaginary
axis directions C x {£v/—1oc € SL}, the Aoki’s condition (5.1) could not be
satisfied.

However, we will present another way to construct concretely a holomorphic
solution to non-local differential equations in the case of constant coeffocients.
We emphasize that in such method, we do not assume any non-characterisity
condition. This make us possible to calculate many examples, for example, we
will present an operational calculus for constant coefficients differential-differnce
equations. Let P ¢ Dm] (C™) be a non-local differential operator with constant
coefficient symbol P(¢) € SM(C™ x C") satisfying (2.8) with 7 = 0 (and in
particular P(£) € O(C™)), and we define the zero divisor of its symbol

Zp:={€€C" | P(€) =0} (6.1)

(Remark that in the differential operator case, the symbol is uniquely deter-

mined). So, in the above example, we have Z(; .0y = {(2k + 1)7v—1 | k € Z}.
Instead of the Aoki’s condition, we impose the following conditions:

(I) There exists a sequence (p,) with p, > 0 such that the following limit exists:

c:= lim 2 > 0. (6.2)

v—oo UV

(IT) There exist § > 0, b > 0 and positively oriented Jordan closed curves C7
(1 £ j < n)in C arround 0, depending continuously on x, such that, setting
C,:=CLxC%2x-.-xCn, for any v € Z,, we have

bp, < |€| < b_lpl/ (VE € CV)’ (6'3)
dist(Zp,C,) = 0. (6.4)
By a translation, we may assume that we have P(0) # 0. For any £ € C,, set
n:i= é| Recall H = max|¢|=1 Hys(¢). Then, setting K := max|¢|—se Har(¢)+2e,

there exists C' > 0 such that we have for any R > 0

In|P < C+H
|ffla2’§Rn‘ (Tn)] ITI@};R( + Hpr (1) + |m1])

< C+R max (I{]V[(ﬂ

™
—|) < C+ RK.
|T|=2eR R ) + ‘ R ) +
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By Levin [16], p.21 Theorem 11, for 0 < Ve < 3e/2, there exist aj,az,--- ,any €
B(0; R) and 71,79, -+ ,7n > 0 such that we have

ri+re+ - +ry <4eR, B(aj;r)N{T | P(tn) =0} #0 (1<j<N),
(B(0; R)\ ULy B(ajsr;)) N {7 | P(rn) = 0} =0

and that we have In|P(rn)| > —h(e)(C + RK) + (h(e) + 1)In|P(0)| for any
T € B(0;R) \ Ué\’:lB(aj;rj). Now for € € C,, take R :=b"1p, + 4§ and 7 := [¢]:
we have 7 < €| < R. Thereis j with dist(r, B(a;;7;)) = 131211\/ dist(t, B(ag;7k))-

So 31" € B(aj;ry) N{r"|P(""n) =0} s. t.

T —7'| = min |7 —7"].
7 €B(ayir; {7 | P(r/)=0}

Set ¢’ :=7'n, then ¢’ € Zp. By (6.4), we have § < |£=&'| = |7 —7'|-|n| = |7 —7].
Taking € > 0 so small that we have § > 16¢eR > 2r;, we have |7 — 7| > 2r;
and so 7 ¢ B(aj;7;). Then for any k, we have 7 ¢ B(ag;ry) i.e. 7€ B(0;R) \
U B(ag;7;). Thus we have

In|P(&)| > —h()(C+ (b~ py + 0)K) + (h(e) + 1) In |P(0)].

Therefore setting K. := b~ 2h(e) K and C, := e“ME+9K 4 (h(c) —1)In|P(0)], by
(6.3), we have on each C,,

|P2€)| < CLeffelel (6.5)
Now for any entire function f(z) = Z cax® € O(C"), we define
agzn
o€
W)= 3 o] prgal-0e (6.6)

Q€LY

(where the function ®, (&) is defined in [18]; for example, we refere to [6], (5.8)).
For any & > 0, there exists C’ > 0 such that |c,| < C’6l° for any a. By (II),
setting d := ¢/b (b, ¢ being in (6.2) and (6.3)), we have that u(z) converges and
then is a holomorphic function for any x € C™. We can easily verify that u(x) is
a solution of the equation Pu(xz) = f(xz). We have thus proved the following:

Theorem 6.1. Let P(&) be a constant coefficient symbol of a non-local differential
operator P. Suppose that P(&) satisfies the conditions (I) and (II). Then for any
f(x) € O(C™), the function u(x) defined by the above formula (6.6) is an entire
holomorphic function on C™ and is a special solution of the non-local differential
equation Pu(z) = f(x).
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7 Example: An operational calculus for differential-difference equa-
tions with constant coefficients

As the following Example shows, Theorem 6.1 leads to develop an operational
calculus for differential-difference equations with constant coefficients.
Ezample 7.1. u(z) + u(z + 1) = e**.

Recall Z(14.0y = C x {(2k + 1)mv/=1 | k € Z}; 36 > 0 small enough s.t, |A| —
d ¢ 2Zn. Take integral paths Cj := {£ | || = 2kn + 6} (k € Z4). Then
{£ € C| C x {€x} C Car(P), f is inside of Ck} = {(2j +my/=1| —k <

j < k—1}. Setting Fi(z) :=

k=0

d¢, we have a solution

eTé
27/ — ]{ 1+ef §’f+1

kle®s kle®s
Fk(ﬂ?) = R685:0 m Z Reb&- (2j+1)mv/—1 m

et k-1 e(2j+1)ﬂ'\/7 T

%~ 2 @y e

5 e(@+1)€ k=l @+ 1) mV/=T(z+1) .
Fi(z+1) = 0f (——=)j¢e=0 — =" — Fi(z).
ket 1) =0T ie=o e @+ DrymDE T k(@)
Thus we have
D S )\k o AFak Az
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