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Abstract
In this paper we deal with the form of the solutions of some difference

systems on a rational form of second order with nonzero real number initial
conditions.
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1 Introduction

Difference equations appear naturally as discrete analogues and as numerical
solutions of differential and delay differential equations having applications in
biology, ecology, economy, physics, and so on. Although difference equations
are very simple in form, it is extremely difficult to understand thoroughly the
behaviors of their solution see [1]-[16] and the references cited therein. There are
many papers related to the difference equations system, see for example [5], [6],
[17]-[18].

Our aim in this paper is to get the form of the solutions of the following
rational difference systems

Yn Tp

x = e — = e —
s -Tn—l(:l:l + yn) Yn+l yn—l(:l:l + xn)

with nonzero real number initial conditions.

2 The System: z,1 = 796”’71"'{”1;%), Yn+1 = 7%71?{;%)

In this section, we study the solutions of the system of the difference equations
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with nonzero real initials conditions xg, ©_1, Yo, y—1 such that xg, z_1, yo, y—1 #
=1, (zo + y-120 + y-1) (Y0 + T-1y0 + 2—1) # 0.

Theorem 1. Let {x,,,y,}, >, be solutions of system (1). Then
1. Typys = Yny Ynts = Tn forn > —1.

2. {x, 1120 and {y,} > | are periodic with period ten i.e.,

LTn410 = Tny Yn+10 = Yn,

forn > —1.
3. We have
T =z Tign = T T —_ %
10n—1 -1 10n 0 10n+1 .’L‘,l(l + yO) )
1
10 2 = )
m To +Y-1To + Y-1
r_1
€T = X = xr =
10n+3 Y (1+33,1)’ 10n+4 = Y_4» 10n+5 = Y0,
T = o T = 1 T = y-1
10046 = ——7 1 L10n+7 = ) 10n+8 = ——77 )
Ty () T o+ aayo oy " (14 yo)
and
Yion—1 = Y-1, Yion = Yo, Yion+1 y71($o T 1),
1
Yion+2 = )
n+ Yo+ T-1Y +T-1
Y—1
= 77 7 = $7 b = x b
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Or equivalently
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Proof: 1. From Eq.(1) we see that

T o yn+4 y o Tn+4
n+5 — /4 .\ n+5 — - .\
Tn43(1 4 Ynta) Yn+3(1 + Tnya)
Tn43 Ynt3
2 o Ynt2(1+Tni3) y . Tnt2(14+Ynt3)
n+5 Tnt3 ) n+5 — Ynt3 )
l‘n+3(1 + yn+2(1+$n+3)) yn+3(1 + $n+2(1+yn+3))
1 1
Tn+s5 = sy Yn4s = 5
Tnt3(1 + Ynt2) + Ynt2 Ynt3(L+ Tpg2) + Tpyo
1 1
Tnts = (4 ynta) + v Ynas = Znga(Itny2) +x ’
Tnt1(14+Ynt2) Yn+2 Ynt1(1+Tni2) n+2
T o anrl y o ynJrl
n+5 — T /T, \» n+5 — — /1 .
yn+2<1 + anrl) mn+2<1 + yn+1>
. _ Tn+1 _ Yn+1
n+5 w'n+1(1+17n+1) ’ yn+5 y”+1(1+y”+1) '
Yn (1+Tn41) Tn (1+Ynt1)

Therefore
Tn+5 = Yns Yn+s5 = Tn-

2. From 1), we get
Tn4+10 = Yn+5 = Tn,
and
Yn+10 = Tn+5 = Yn-

3. For n = 0 the result holds. Now suppose that n > 0 and that our assump-
tion holds for n — 1. That is;

Yo
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_ 1
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y—1(1 + zo) Yo+ T 1Yo+ 1 zo(1+y-1)
and
J— J— J— IO
Y1on—11 = Y—1, Y10n—10 = Y0, Y10n—-9 = y71($0 T 1)7
_ 1
Yion=s = Yo+z_1+yo+a_y’
Yion—7 = ﬁ, Yion—-6 = T_y, Y1on—5 = 0,
_ Yo _ 1 N T_q
Yion—4 = mﬂl%% = oty 1T0+y 1 Yion—-2 = m-
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Now, it follows from Eq.(1) that

Tr—1
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" " (y0+9371y0+3371> (1 + yo(1+x,1))
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Z10n—2(1 + Y10n_1) ((14};%11)960) (14y_1)
y _ T10n—1 o T—1 =y
100 = = = Yo,
Y1on—2(1 + T10n-1) ((lﬁg%ll)yo) (1+z_q)
and
T Yion _ Yo
10n+1 =
nr T10n-1(1+y10n)  2-1(1+y0)’
y L10n _ Lo
10n+1 = .
i Yion—1(1+210n)  y—1(1 + 20)
Similarly one can prove the others relations. The proof is complete. 0

Example 1. In order to illustrate the results of this section and to support
our theoretical discussions, we consider interesting numerical example for the
difference system (1) with the initial conditions x_1 = —2, xo = 0.5, y_1 =
0.7 and yo = 0.6.(See Fig. 1).

The following cases can be proved similarly.

. — Yn — n
3 The System: z,1 = T = THgn) Ynt1 = ynfl(z_lﬂn)
In this section, we obtain the solutions of the following system of difference equa-

tions
Yn Tn

, Y = —, N
Tpo1(—1+yn) n yn—l(_1+xn)’
with nonzero real initials conditions xg, ©_1, Yo, y_1 such that zg, x_1, yo, y_1 #
L, (zo — y—120 + y-1)(Yo — T—190 + 1) # 0.

Tngr = =0,1,.., (2)

Theorem 2. Let {x,,yn} >, be solutions of system (2). Then

n=-—1
1. Typts = Yny Ynts = Tn, forn > —1.
2. {x, }12° | and {y,} > | are periodic with period ten i.e.,

n=

Tn+10 = Tny Yn+10 = Yn,
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plot of X(n+1)=Y(n)/X(n-1)(1+Y(n)),Y(n+1)=X(n)/Y (n-1)(1+X(n))

X(n)
Y(n)

X().y(n)

Figure 1: This figure shows the periodicity of the solutions of system (1) with
the initial conditions x_1 = —2, o = 0.5, y_1 = 0.7 and yo = 0.6.

forn > —1.
3. We have
Tion—1 = Z—1, Tion = X0, T10 1=¢$10 2 = !
" - " ’ nr 30—1(*1 =+ yo)7 n To — Y-1To + y—l’
Tr_1 o
€T = —_— = x = x = —_—,
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Example 2. For the initial conditions x_1 = 0.1, 9 = 0.6, y_1 = 0.5 and
yo = —0.3 when we take the system (2). (See Fig. 2).
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plot of X(n+1)=Y(n)/X(n-1)(-1+Y(n)),Y(n+1)=X(n)/Y (n-1)(-1+X(n))

X(),y(n)

Figure 2: This figure shows the periodicity of the solutions of system (2) with
the initial values z_; = 0.1, 9 = 0.6, y_1 = 0.5 and yo = —0.3.

Remark 1. Consider the systems

Yn T

xn ) n = b n = 07 1’ ) 3

1 xnfl(l +yn) Yt ynfl(_l +xn) ( )
Yn Tn

Tn ——— Y1 = ——,n=0,1,.., 4

i xn—l(_l + yn) Yl yn—l(l + xn) ( )

with nonzero real initials conditions xg, T_1, Yo, Y—_1.

o Let {gcmyn}n,71 be solutions of system (3) such that o, x_1 # 1, yo, y—1 #
1, (=xo —y-170 +y-1)(Yo — T_1y0o — v—1) # 0. Then

1 T_1
{{E } - T—1, To, x 1(1+y0)a :1:0+y To—y_1 yyo(l 1)’ —Y-1, Yo,
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o Let {:rn,yn}n, | be solutions of system (4) such that xo, x_1 # —1, yo, y—1 #
L, (zo —y-170 — y-1)(~Y0 — T—1y0 + ©_1) # 0. Then
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We see that the solutions of the systems (3), (4) are periodic with period ten.
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