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Abstract

In this paper, we consider some generalized Fibonomial sums formulae
and then prove them by using the Cauchy binomial theorem and g—Zeilberger
algorithm in Mathematica session.
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1 Introduction

For all real n and integer k with k > 0, the Gaussian g—binomial coefficients [Z}

q
is defined by

m (4 9)n

Kl " @@ 0)ns

and as zero otherwise, where
(2;q)n = (1 —2)(1 —2q)...(1 —x¢" ).

Thus far, the g—identities have taken the interest of many authors. For a
detailed information about the g—identities, we may refer to [1, 6, 7] and its to
the list of references.

We recall some well known identities related to the g—identities: firstly Gauss
identity is as follows :
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and the Cauchy binomial theorem is given by

n

A T

k=0

Define the non-degenerate second order linear sequences {U,} and {V,,} by,
forn >1

Us = pUp1+Up2, Ug=0, U =1,
Vn = an71+Vn727 V0:23 V1:p

The Binet formulas of {U,,} and {V,,} are
a™ — g"

a—pf
where o, 5 = (pi «/p2+4) /2.

For n > k > 1 and any positive integer m, define the generalized Fibonomial
coefficient by

{'I’L} - UmUQm ce Unm _ ﬁ Um(n—i-l—l)
k U;m (UmUQm oo Uk:m) (UmUQm . Um(nfk)) Uml

=1

U, = and V, =ao" + 5",

with {g}U;m = {Z}U;m =1.

When m = 1, we obtain the usual Fibonomial coefficient, denoted by {7} .
For more details about the Fibonomial and generalized Fibonomial coefficients,
see [2, 3, 4, 9].

The link between the generalized Fibonomial and Gaussian g—binomial coef-

ficients is
{n} = qmk(n=k) [n] with ¢ = —a~ 2.
k U;m k qm

By taking ¢ = 8/, the Binet formulae are reduced to the following forms:

an—l 1- qn

U, =

and V, =a"(1+q"),

where i = /=1 = a,/g. All the identities we will derive hold for general ¢, and
results about generalized Fibonacci and Lucas numbers come out as corollaries
for the special choice of q.

In the present study, we shall consider new generalized Fibonomial sums for-
mulae and prove them by using the Cauchy binomial theorem and the ¢g—Zeilberger
algorithm (for such computer algorithms, we may refer to [5]).
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2 Some Fibonomial Sums

In this section, we consider some generalized Fibonomial sums and compute them
by means of Gaussian g-binomial sums formulae.

Lemma 1. Forn >0,

2n+1 1—1i 2n+1
(i) Y i a(k) = —= ) a(k),
k=0 k=0
2n 2n
(ii) Y i ER (k) = i " iR b(k),
k=0 k=0
2n+1 . 2n+1
1£(—-1)"
(iii) Z ik(2n+1—k)ika(k,) — % Z a(k),
k=0 k=0

where the sequences a (k) and b (k) satisfy a(k) = a(2n+ 1 — k) and b(k) =

b(2n — k), respectively.

Proof: Consider

0

2n-+1 , 1 2n-+1 ) , 1 . 1 2n+1
() Y i*a(k) = 3 DA i@ Yg(k) = —— 2 alk).
k=0 k=0 k=0
(ii) Let Cpom (k) := i =k—imk* £k Then we have Chym (k)4 Chim (2n—k) = 0.

Therefore,

2n 2n
1
> Com(k)b(k) = 5 > (Com (k) + Cron (20 — k) b(k) = 0.
k=0 k=0
This result together with some manipulations proves (ii).
2n—+1
(iii) Z ik(2n+17k)+ka(k.)
k=0
1 2n+1
2 2
= ((_l)k(nJrl)ifk + (=1)@nH=R) (1) (20t 1-k) )a(k)

k=
1+ (=DM 2§1a(k‘).

2
k=0
By a similar think, it is seen that
2n+1 1— (—1)ni 2n+1
Z k@R —kg (k) = — Z a(k), which completes the proof.
k=0 k=0
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Lemma 2. For positive integers n and m,

Xn:(—l) mlc(2n2+1—k) qm,k‘,(k—22n—1) |:2n]:r 1:|
qm

k=0
_ (—1)(%1)61_7"(”;1)(—qu'q2m)n if m is odd,
qim(ngl (—q™;q™)2 if m is even.

Proof: If m is odd,

" mik—2n-1) [2n + 1
23 (-5 [P
o

k=0
= o BGE=2n-1) |21 + 1
= D (=) .
k:o q’"l
2n+1 .
= Z ik2qm(k-2s-1) (i7(2n+1)qu(n+1))k [Qn + 1]
k=0 ko |m
which, by (i) in Lemma 1, gives us
2n+1
2 (5 oo e o+ 1
k=0 o
2n+1
= (1 +1) H (1 + i—(2n+1)qm(k—n—1))
k=1

= (A+DA+iC) T +iCrtgm) (14 Crtbgmd)
j=1

n
_ 2in2 H i—(2n+1)<qmj + q—mj)
j=1

= a2 ) (g m,

Thus the proof is complete for the case m is odd.
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If m is even,

mk(k 2n n2n+1
D3 o
qm

Qf:l mk(k— 271 1) |:27’L —|— 1:|
= q
k qm

k=0
2n+1
_ Z qm k+1 e {271—}— 1}
kol
2n+1
= JJa+qg"* ) H1+q"” +q ™)
k=1 i=1
= 2[[e+q™ +q ) =2]]a ™ (1 +q™)?
j=1 j=1

= 27" (gmigme.

So we have the conclusion. O

Theorem 1. For positive integers n and m,

H Vomk  if m is odd,

" (2n+1 I e
Z{ }U;m &

k=0 H V2, if m is even.
k=1
Proof: The proof could be obtained from Lemma 2 by taking ¢ = 3/«. D

Lemma 3. For even m and any integer t,

2n n
Z(_l)(%_i_t)kqu(k272n) |:2::| _ H ((_1)%+tq_ m(212€*1) (1 + qm(?k—l)) + 2) .
qm

k=0 k=1
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Proof: Consider the RHS of the claimed identity, we write

My

(—1)(B+0k G2 [2”}
o

k=0 F
2n k+1 m m(2n+1) 2n

= U g
k=0 i
2n

m(2k—2n—1)

= TI0+ nErg s

m(2j—1)

k=1
= JIa+E0F ™0+ (CnEtg =)
= [I(0Ea =57 @0 + 1) + 2.

Thus the proof is complete. 0

Theorem 2. For even m and any integer t,
2n 2, n
tk
RS (CUREE)

As a consequence of Theorem 2, we have the following Corollary:

Corollary 1. For even m,

(Z)kzzo{zZ}U {H Vin(2k—1) + 2) H Vin(2rk— 1)+2)}

k=1 k=1

(”) Z {2]{5 ﬁ 1}[] {H m(2k 1) + 2 H m(2k 1) + 2)}
k=1

k=1 k=1
Lemma 4. For any positive integers n and m,
2n

Z 1k(2mn mk:i:l)qM |:2I:“:| _ in(mn:ﬁ:l)qf "”;2 (_qm; qu)n'
k=0 am

Proof: Consider the RHS of the claimed identity and by using (ii) in Lemma 1,
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we get

2n 9
§ ik(?mn—mkil)qw |: n
k
P qm

_ «—mk? m(kgl) 2mn+1 ,% kE[2n
= D i q 1 q .
k=0 qm

2n
k+1 , k2
2 m(2n+1) n
— j—mn § :qm( 2 ) (i2mni1q—f) [ L :|
k=0 qvn

2n
_ ifan H (1 + i2mni1q%>
k=1
n . .
— ifmn2 H (1 + i2mn:|:1qm(2£7l)> (1 + i2mn:ﬁ:1q7w)
j=1
n N
— ifmnr" H ian:ﬁ:lq7%(1 + qm(2j71))
j=1
_ imnzinq— m’;lz (_qm; q2m)n.

So we have the claimed identity.

Theorem 3. For any positive integers n and m,

2n n
2n
stk s+n
= V:rn —1)
E 1 { k }U. 1 I I (2k—1)
k=0 ym k=1

Using Theorem 3, the following corollary can be obtained:
Corollary 2. For any positive integers n and m,

e 2n nmw 1
COICIR b SEE LY | FAt
k=0 m

k=1
e 2n T o
(i1) Z(_l)k{ﬂz—l}u = —sm7HVm(2k_1).
k=0 m k=1

Lemma 5. For any positive integers n and m,

2n+1
m c—2n— 2 1
Z ik(m(k—Zn—l):I:l)qk“‘;U|: n]:‘ }
qm

k=0

(_1)(n-2&-1) qu(n-QH) (—qm;qm)% if m is odd,

n+1
qu( 2 )(f(fm;q?m)n if m is even.

57
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Proof: If m is odd, then we write

2n+1
Z i (2n+ 1)tk G2 [Qn + 1]
gm

k
k=0

2n+1
. _ . mk(k—2n—1) 2n+1
_ Z r2n 1Rtk w2l {
qm

k
k=0

which, by (iii) in Lemma 1, gives us

. 2n+1
1+ (-1)" m (5D e [20+ 1
— - 7 2
P ¢ A
k=0 q
. 2n+1
1+ (71)’”1 m(k—n—1)
= T I | (1+g¢ )

x>
Il
—

I

—_
H_
—~~

|
—_
~—
S
-

[\
—

(1+q™)(1+q ™)

[\

<.
Il
—

(24 ¢™ + ¢~ ™)

=

= (1£(-1)M)

<.
Il
-

<
3

= (10" [ [a™a+q™)?

<.
Il
-

= = rig () (g2
= a0t () (T ) (cgmigm2.

Thus the claim is seen for odd m.
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If m is even, then we similarly obtain by (1.1),

2n+1
Z imk(gn_;,_l_k)ikq% 2n+1
k q'nl

k=0

_ 2§11ik mk(k— 271, n(2n+1
= i .

k=0
Intl () k2n+1
) ey [
q’VTL
2n+1 n
= 1—[(1—&-1jEl mik=n=ly — (1 4§ 1_[1+1jEl (1 + i)
k=1 J=1
= Q) [[F +¢™) =@ £D)iT" [[a™ A+ ¢*™)
=1 =1

— (lﬂ: ):i:n —m(ngl) (_qu;q2m)n.

Theorem 4. For any positive integers n and m,

2n+1 H if m is odd,
3 iik{Q"H} = (1+0)it"
k Uym

k=0

Using Theorem 4, we have the following Corollary:

Corollary 3. For any positive integers n and m,
n

_— [1Vv2, ifmis odd,

(i) z { n+ } EPRNCOD =
Usm H Vomk  if m is even.

k=1

H V2, ifmis odd,

i on+1 n
(i) Z(—l)k{ } — @k

k=0 k41 vim H Vomk  if m is even.
k=1

Lemma 6. For positive integers n and m,

n
I I omk if m is even.

k=0 qm™ (q2m7 q2m)n

2n 2 m m m m
Z(_l)kqu(k—Qn) |:2n:| _ (_1)nq—mn2 (_q2 ; q2 )n(q2 ; q4 )n
i .

59
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Proof: We will show how to evaluate and prove such sums entirely mechanically.
We used Zeilberger’s own version [8], which is a Mathematica program. After
loading the package qZeil.m in Mathematica, define

SUM[n] := )  (—1)"q™—2® [2;1] . (2.2)
k=0 qr

If we run the RHS of (2.2) in the program, then we obtain following first order
recurrence relation:

qm—2mn(1 + q2mn)(1 _ q2m(2n—1))
1— q2m.n

SUM[n] = — SUMn — 1].

Clearly the right hand side of equation (2.1) satisfies the same recurrence
relation (and the both sides of (2.1) have the same initial conditions). Also, if we
solve this recurrence relation, we obtain

_ n—1 m—mn? _ Bm. on 3m, _om _ Am om
SUM[a) _ D)™ (=97 Z;:‘%fq 19 )aa (-4 a0y (2.3)
(@5 9%),

Thus, the right hand side of (2.1) and (2.3) are the same; it is no more necessary
to distinguish the parity of m. Consequently, the proof is complete. D

Theorem 5. For positive integers n and m,

2n 2
Z(_1)<m+1>k{2"} _ (—1)tm+Dn ﬁ VomkUzm(2k-1)
k .

k=0 Usm k=1 Uzmk
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