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On the critical group of matrices

by
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Abstract

Given a graph G with a distinguished vertex s, the critical group of
(G, s) is the cokernel of their reduced Laplacian matrix L(G,s). In this
article we generalize the concept of the critical group to the cokernel of any
matrix with entries in a commutative ring with identity. In this article we
find diagonal matrices that are equivalent to some matrices that generalize
the reduced Laplacian matrix of the path, the cycle, and the complete
graph over an arbitrary commutative ring with identity. We are mainly
interested in those cases when the base ring is the ring of integers and
some subrings of matrices. Using these equivalent diagonal matrices we
calculate the critical group of the m-cones of the I-duplications of the path,
the cycle, and the complete graph. Also, as byproduct, we calculate the
critical group of another matrices, as the m-cones of the [-duplication of the
bipartite complete graph with m vertices in each partition and the bipartite
complete graph with 2m vertices minus a matching.
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graph, path, cycle.

2010 Mathematics Subject Classification: Primary 05C25, Se-
condary 05C50, 05E99. 32S15.

1 Introduction

Let G = (V, E) be a finite connected graph without loops, but with multiple edges
allowed. The adjacency matriz of G, denoted by A(G), is given by A(G)w,» = My v,
where m,, , is the number of the edges between v and v in G. The Laplacian
matriz of G is the matrix L(G) = D(G) — A(G) where

D(G)uy = dg(u) ifu=w,

0 otherwise,

*The first author was partially supported by CONACyT and the second author was partially
supported by SNI
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and dg(u) is the degree of the vertex u in G. If s is a vertex of G, the reduced
Laplacian matriz of (G, s), denoted by L(G, s), is the matrix obtained from L(G)
by removing the row and column s. The critical group of G, denoted by K(G), is
the cokernel of L(G,s). That is,

K(G) = 2" /Im L(G, s)",

where V =V \ s.

The critical group is an abelian group that is isomorphic to the sandpile group
introduced by Dhar in [10], which generalizes the case of a grid from [2]. The
critical group has been studied by several authors, see for instance [1, 3, 4, 5, 6,
7,12, 13, 14, 16, 17, 18, 19, 20].

The concept of critical group can be generalized easily to an arbitrary com-
mutative ring with identity A. More precisely, if M € M, x,(A), then the critical
module of M, denoted by K (M), is defined as:

K (M) := A" /M‘A™.

Given H < GL,(A) and H' < GL,,(A), we say that M, N € M,,«n(A) are
(H, H')-equivalent, denoted by N ~ (g rry M, if there exist P € H and Q € H'
such that N = PMQ. When H = SL,(A) and H = SL,,(A), then we simply
say that M and N are unitary equivalent and will be denoted by N ~, M. Also,
if H and H' are the subgroups generated by the elementary matrices, we simply
say that M and N are elementary equivalent and will be denoted by N ~. M.
Finally, if H = GL,(A) and H = GL,(A), then we simply say that M and N
are equivalent and will be denoted by N ~4 M or M ~ N if the ring A is clear
from the context.

Usually the critical group of a graph can be described in terms of a diagonal
matrix called the Smith Normal Form of L(G). Moreover, is not difficult to see
that if M and N are equivalent, then

K(M) = A"/M'A™ =~ A"/N'A™ = K(N).

When the base ring A is a Principal Ideal Domain (PID), another description of
the critical group of a matrix M is given by

V]
K(M) = @AAi(M)/Ai,l(M)a

i=1

where A;(M) is the greatest common divisor of all the ¢ x ¢ minors of M.

This article is divided in two sections: In the first section, we find diagonal
matrices over an arbitrary commutative ring with identity that are equivalent
to some matrices that generalize the Laplacian matrices of the path, the cycle,
and the complete graph. In the second section we apply the results obtained in
the first section in the case when the base ring is the ring of integers and some



On the critical group of matrices 215

subrings of matrices. In particular we are able to calculate the critical group of
the m-cones of the [-duplications of the path, the cycle, the complete graph, the
bipartite complete graph with m vertices in each partition, the bipartite complete
graph with 2m vertices minus a matching, etc.

In the following, every multigraph will be connected and will have a distin-
guished vertex sg € V(G), called the sink of G. Sometimes we will simply write
s instead of sg. In [11] it can be seen any unexplained term of graph theory.

2 The critical module of matrices

In this section we will find diagonal matrices that are equivalent to some matrices
that generalize the Laplacian matrices of the path, the cycle, and the complete
graphs. After that, we will apply these results to calculate the critical group for
several families of graphs.

For all n > 2 and a,b € A, let K,(a,b) = (a + b)I, + bA(K,,), Tn(a,b) =
al, +bA(Py), Cn(a,b) = al, + bA(C,), and

a+b b 0 ... 0
b a :
Pala,b) =1 o . . 00
: " - a b
0O -~ 0 b a+b

where I,, € M,,«,(A) is the identity matrix on order n.

Since the critical module of a matrix is invariant under equivalency classes,
then in order to determine the critical module of a matrix, it is enough to find
an equivalent diagonal matrix.

Theorem 2.1. Let a,b € A such that the equation ax 4+ by = 1 has solution in
A and fn(x,y) are polynomials in Alz,y] that satisfy the recurrence relation

ful@,y) = afu1(z,y) =y faa(2,y)
with initial values f_1(x,y) =0 and fo(x,y) = 1. Then
(i) Tn(a,b) ~, diag(l,...,1, f(a,b)) for alln > 2,
(ii) Pn(a,b) ~, diag(1,...,1,(a+2b)fn—-1(a,b)) for alln > 2,
(iii) K,(a,b) ~, diag(l,a,...,a,a(a + nb)) for alln > 2, and
(iv) Ch(a,b) ~y I,—2 ® C for allm > 4, where

20
. fq(a,b)<2ab a> ifn—2=2q,

(Farr(a,b) — bfy(a,b)) ( Lo

fn—2=2+1.
0 a+2b> ifm a
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Proof. (i) Foralll >2,n>2and 1 <k <Il—1, let

fe bfr—1 0,2
b

Zk,l(aab) = € MZ(A)a and Zn,l(aab) = (fn)a

0 Tl_l(a,b)

where f := fr(a,b) for all £ > —1 and 0 is the matrix with all the entries equal
to 0. Note that Z1 ,,(a,b) = T}, (a,b)
Now we will prove the following statement:

Claim 2.2. Foralll>2and 1 <k<[-1
Z(a,b) ~y It & Zyg1,-1(a,b).

Proof. Let z1,y1 € A be a solution of the equation ax + by = 1. Moreover, for
all k > 1, let

k
k irk—1—i, i, k—i
x), =} and ykzz(i)a’b’“ iy T - i (fi —a) /b,

i=1

that is, ry and y; are a solution of the equation frpxy + byr = 1.

Since
T Y 0 ; * / :
Yk 2
0 —bfi1 b 0
o 0 Zuiar)= | ° afi . fe—1 bfk
0 0 In—k—l 0 0 Tnfkfl(a’ﬂ b)

and det ( x;;) ?k ) = frxr+byr = 1, then Zy i(a,b) ~y It & Zgr1,-1(a,b). O
- k

Applying claim 2.2, we get that T),(a,b) = Z1 (a,b) ~y In—1 & Zy 1(a,b).
(#4) For all n >0, m > 1, let

fe+bf—1 b(fy—1+0f—2) O 0
b a b 0
0 b 0
Zii(a,b) = 0 0 Ti_s3(a,b) 0 € M(A)
: : b
0 0 0 b a+b

Also, let z}, =z and y), = yx — fr—12k, that is, z; and yj are a solution of
the equation (fx + bfx—1)z), + by, = 1. Since

* *

fry1 +0fg b(fr +bfp—1) o
b

oo o %

0 Ty_4(a,b)

- coor

m

’ !
Ty Y o
( b fptbfr_1 O )Zkvl(a,b) =
o o

o
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! !
for all I > 2 and det< f’}) i +yl;cfk_1 ) = (fx + bfx_1)xr + byr, = 1, then

Zi1(a,b) ~y 1 ® Zyt1,1-1(a,b) for all I > 2. Thus

— fn—l + bfn—2 b(fn—Q + bfn—S)
P(a,b) = Z1 n(a,b) ~y I, ® ( b a+b '

Therefore, P, y2(a,b) ~, diag(1,...,1,(a + 2b)f,—1(a,b)) because

@y vy 1 ( fn—1+bfn_2 b(fn_2+0bfn_3) ) _ (
—b frn—1+bfn_2 b a+
-

1 *

0 (a+2b)fn_1 )

1 0

0 (a+2b)fp_1(a,b) )

(#i1) We begin proving the following statement:

Claim 2.3. Ifn > 2, then K, (a,b) ~¢ ( a b ) @ al,_s.
na —a
Proof. It turns out because
b b b b a+b
a a a —(n—-1a
0 a —a O 0
PnKn(aab)Qn = 00 a —a Qn
0
0 0 0 a —a
- ( “ b ) ) aIn72;
—na a
where
0 0 0 1
1 1 1 1 —(n-1)
01 -1 0 0
Pa=1"9 o
0
0 0 0 1 -1
and
-n+1 1 -1 -2 -n+2
1 0 1 1 1
1 0 O 1
Qn =
1 0 0 0 1
: 1
1 0 O 0 0

are elementary matrices. O
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On the other hand, K, (a,b) ~, diag(1,a,...,a,a(a + ndb)) because

(—?m Z)(ii _ab):<>1k a(a?—nb))Ne<(1) a(a?—nb))

v b ) =axy +by; = 1.

and det < y
1
(iv) For all ] > 4 and k > 1, let

fr bfr—1 0,4 b fr—2 bfr—1
b

0
Zw(a, b) = TZ,Q(CL7 b) S MZ(A)
0 b
bfe—1 b*fr—2 04 bfr—1 Tk
and
frt1 b 0,4 —b3fr_o  —b%fr1
b 0
Z,’Cyl(a, b) := T,-2(a,b) € M;(A).
0 b
—fe —bfr—1 0,4 bfr—1 Tk
Also, let
Tk Yk 0
| b i 0
Pk',l(av b) T 0 0
0 —fr1 L2
and
Ii g bfk1 O
0 0
Qri(a,b) =1 @ 0 £ b
0 Yk o Tk
Since
1 * * * *
0 frt1 bfi 0,5 —b3fr_a  —b2fr_1
0 b 0
P;C)l(a,b) . ZkJ(a, b) = 0 Tlfg(a, b)
0 0 b
0 —fk —bfk—1 0,5 bfr—1 T
~u Il D lef,l—l(aa b)
for all I > 5,
fkl;{—l bfy 06 b2 fr—1 bfy Y
o
Qri(a,b) - (L ® Zjy_y(a,b)) =L | Timatmt) b
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for all I — 1 > 5, and det(Py (a,b)) = det(Qx(a,b)) = 1, then
Zm(a, b) ~y I @ Z}H_l,l_g(a, b) ® I; for all [ > 6.
Moreover, since Z; ,(a,b) = Cy(a,b), then

Zga(a,b) ifn—2=2q,

Cn ,b) ~y
(@) {Z;A(a,b) ifn—2=2+1.

Finally, using similar reductions we get that

fq bqul b2fq72 bqul

Zuwh) ~ | g5 .y
0 —fq 0 fq
1 0 0 0
~ 0 qurl bfq - b3fq72 _beqfl
“ 0 b a b
0 —fg 0 fq
1 0 0 0 1 0 0 0
N 0 af, 2bf, O 0 af, 2bf, 0
“ 0 b a b “1 0 2bf; afy O
0 —f, 0 fq 0 0 0 1

2b
Tu IzEqu< 2ab a >

and
fq+1 bfq + b2fq71 abqul - beq72 0
, b a b 0
0a(®0) ~u 0 b a b
*fq *bfq—l bfq—l fq
fq+1 bfq +b2fq—1 bfq 0
N b a b 0
“ bfq bfq Jrbeq—l fq+1 0
0 0 0 1
1 0 0 0
N 0 afgrr =0 fg =V fgo1 bfgrr —0%fy 0
“ 0 bfq + b2fq71 — afq fq+1 - bfq 0
0 0 0 1
2@

~y o o (qurl _bfq)( aj1b 11) )Nu I> @ (qurl _bfq) ( (1) af2b )

O
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Remark 2.4. In [8, pag. 44], a simpler proof of theorem 2.1 (iii) when A is a
principal ideal domain can be found .

The next Lemma give us some useful properties of the polynomials f,(z,y).

Lemma 2.5. Ifn > 1, then

() fule,y) = D050 (-1 ("7 am 2y,

(i) folz+y,—1) = faly, —1) =2 X755 flw+y,—1) faily, —1),

(ii)) fo(z,9) = fal@,y) fror(z,y) = ¥ fo-1(2,9) frr—1(z,y),

(iv) @* fule,y) = Xiso ()2 furr-ai(z,y).

Proof. Tt follows using induction on n. O

Remark 2.6. Note that, f,(z,0) = 2.

If A is a principal ideal domain and a,b € A, then the equation azx + by = 1
has a solution if and only if ged(a, b) = 1.

Corollary 2.7. Let A be a principal ideal domain, a,b € A with r = ged(a,b),
a=ra, and b=rb". Then

(1) Th(a,b) ~, diag(r,...,rrfa(a’, b)) for alln > 2,
(ii) P,(a,b) ~, diag(r,...,r, (a4 2b) fr_1(a’,V")) for alln > 2,
(iii) Kn(a,b) ~, diag(r,a,...,a,a’(a 4+ nb)) for alln > 2, and

(iv) Cp(a,b) ~y 1Ih_o ® C for alln > 4, where

fq(a’,b’)< ¢ 2b> ifn—2=2q,
2b a

C:
T 0

(fq+1(a’,b') —b’fq(a/7b/)) ( 0 a+2b

> ifn—2=2q+1.

Proof. Let X, (a,b) be either one of the matrices T}, (a,b), P,(a,b), K,(a,b), or
Cn(a,b), then X, (a,b) = rX,(a’,t’). On the other hand, since r = ged(a, b) if
and only if 1 = ged(a’,b’) if and only if the equation o’z + b’y = 1 has solution
in A. Then, we get the result applying theorem 2.1 to X,,(a’, ). O
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3 Some applications

In this section we will apply the equivalences of the matrices K, (a,b), Cy(a,b),
P, (a,b) and T, (a,b) obtained in the previous section to the cases when a and
b are in the ring of integers and in the subring K,,(A) of matrices of the form
K, (a,b) where a,b are in a commutative ring with identity A.

At this point we need to introduce some definitions. Given a simple graph
G and a natural number [ > 1, the I-duplication of G, denoted by G(I), is the
multigraph obtained from G when we replace every edge of G by [ parallel edges.
Note that L(G(l)) = IL(G) for any graph G.

V2 V1 V2 v1

Ca

V3 V4 U3 V4
Figure 1: The simple cycle C4 and its 2-duplication.

Given a graph G and a natural number k, the k-cone of G, denoted by ¢, (G),
is the multigraph obtained from G by adding a new vertex s and adding k parallel
edges between s and all the vertices of G. Note that L(cx(G), s) = L(G) +kljv gy
for any graph G.

V2 V1 V2 V1

U3 V4 U3 V4

Cy c1(Cs)
Figure 2: The cycle Cy and its 1-cone.

The most direct application of the results obtained in the first section is when
the base ring A is the ring of integers and the matrices are the reduced Laplacian
matrix of the n-cone of the thick path, the thick cycle and the thick complete
graph.

Corollary 3.1. For allm >0,1> 1, andn > 2, let ¢,,(P,(l)) be the m-cone of
the thick path with all the edges with multiplicities equal to l. Then

K(Cm(Pn(l))) = Z:}_l @ men,l(m—&-Zl,—l)/T"*lv

where r = ged(l,m).
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Proof. Since the reduced Laplacian matrix of ¢, (Pp (1)), L(cm(Pn(l)), ), is equal
to Pp,(m+2l,—1) and ged(m + 21, —1) = ged(l,m) = r, then by corollary 2.7 (%)
we get the result. O

Corollary 3.2. For allm >0,1>1, and n > 4, let ¢,,(Cn(1)) be the m-cone of

Un—2 eee U3

the thick cycle where all the edges has multiplicity equal to . Then
L2 @ Lrs, ® Lins, ifn—2=2q+1,
K(em(Ca(1)) = ZP 2 @ Zpy, & Lon(m+alyty)r if n—2 =2q and m/r is odd,
Z:}’z ® Zars, © Zm(m+4l)tq/2r if n—2 = 2q and m/r is even,
where v = ged(l,m), sq = (fgr1(m + 21, 1) + Ufy(m + 21, =1))/r9L, and t, =
folm+ 20, =1)/r1.
Proof. Since L(c,,,(Cr(1)),s) is equal to Cp(m + 21, —1) and ged(m + 21, 1) =
ged(l,m) = r, then by corollary 2.7 (iv), C,(m + 21, =) ~,, rI,_o @& C, where

m+2 =2 )

if n—2 = 2q,
-2l m+2]

fo(m+20,=1)/r? (
C =

(for1(m+ 20, =1) + Ufg(m + 21, =1)) /r7T! (S 0 ) if n—2=2q+1.
m

Finally,

T 0
if is odd,
( 0 (m? + dml) /r ) ifm/riso
m+2l —2]
-2l m+2 b

2r 0 . .
if m/r is even.
( 0 (m?*+4ml)/2r >
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O

Corollary 3.3. Forallm >0,1>1, andn > 4, let ¢,, (K, (1)) be the m-cone of
the thick complete graph where all the edges have multiplicity equal to . Then

K(em(Kn(l)) =Zr © yASaC Lan(mnly frs

m+nl
where r = ged(l,m).

Proof. Since the reduced Laplacian matrix, L(c,, (K, (1)), s), is equal to K, (m +
nl,—1) and ged(m + nl, 1) = ged(l,m) = r, then by corollary 2.7 (iii) we get
the result. O
3.1 The subring K, (A)

In this part we will turn our attention to the case when A is the subring of
matrices given by

K,(A) ={K,(a,b)|a,be A} C M,(A).
At first, we will prove that K,,(A) is a subalgebra of M, (A).
Lemma 3.4. Ifa,b,c,d,a € A, then
(i) a-Ky(a,b) = Ky(a-a,a-b),
(ii) Kn(a,b) + K,(c,d) = K,(a+¢,b+d),
(iif) K,(a,b) - Ky (c,d) = K, (ac, ad + be + nbd),
(iv) Kn(a,b)™ = Kn(a™, pm(a, b)),
where the polynomials pm n(x,y) € Alz,y| satisfy the recurrence relation

pp(z,y) = (z + ny)pp 1 (z,y) + ya™ !

with initial value p§(z,y) = 0.
Proof. The parts (i) and (ii) are straightforward. (iii) Since A(K,)? = (n—1)I,+
(n—2)A(K,,), then K,,(a,b)-K,(c,d) = ((a+b)L,,+bA(K,)) - ((c+d) I, +dA(K,)) =
(ac + ad + be + nbd) I, + (ad + be + nbd) A(K,,) = Ky (ac, ad + be 4+ nbd).

(iv) We will use induction on m. The result is clear for m = 1 because

pP(a,b) = (a + nb)p§(a,b) + ba’ = b. Assume that the result is true for all the
natural numbers less or equal to m — 1. Thus

K.(a,D)™ = Kup(a,b)™ ' K,(a,b) = Kn(am_l,p%_l(a,b)) - Kp(a,b)
K, (a™, (a4 nb)py, _(a,b) + bam_l) = K,(a™, pr (a,b)).
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Remark 3.5. Note that K,(A) is a commutative ring with identity because
K,(1,0) = I, for all n € N. On the other hand, since K,(0,1)K,(—n,1) =
0 = K,(0,0), then K,(A) is not a principal ideal domain because it has zero
divisors.

Remark 3.6. Using induction on n is not difficult to see that

m
n _ i—1 (Y m—i i
Also, since p?,(n,—1) = (n —n)pl_1(n,—1) — (n)™~ ! = —n™=1 then
K,(n,—1)™ =n""'K,(n,—1) for all m € N.

Now, we will apply theorem 2.1 (iii) when the base ring is the subring of
matrices with entries in K,,(A) to obtain a theorem that will be a powerful tool
to calculate the critical group of several graphs.

Given A = (a; ), B = (bi;) € M, (A) and m > 2, let

Km(a1,1,b1,1) -+ Km(ai,n,bin)
®,,(A, B) = : : € Mp(Kn(A)) € My (A).
Km(an,labn,l) Km(an,nybn,n)

As the next theorem will show, if a matrix has the block structure of ®,,,(A, B),
then we can get a simpler equivalent matrix.

Theorem 3.7. Let A= (a;;),B = (b; ;) € M, (A) and n > 2, then

@ A B
0 A+mB

Proof. Let P, and Q,, be as in claim 2.3, then I, ® Py, I, ® Q, € My (A) are
elementary matrices and

m—2

P A

i=1

(I)m(Aa B) ~e

Dm(al,l,bLl) Dm(a1,n,b1,n)
(Im®P,) ®,(4,B) (I,®Q,) = : :
Dm(an,lybn,l) Dm(an,nybn,n)
m—2
~ | DAle( ats )
~ 0 A+mB
where Dy, (a; j,bi ;) = i.j bis @ ai jlm—2 O
m 1,70 Y,] _ma%’] aLJ ) Tm—a
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In the last part of this paper, we will use theorem 3.7 in order to find the
critical group of some graphs whose Laplacian matrix is given by ®,,(A, B) for
some A,B € My,(A). The simplest case is when n = 2. If ®,,(A, B) is the
Laplacian matrix of a graph, then the vertex set of the graph can be partitioned
in two sets and the incidence structure between these sets is given by a matrix
in K,,(Z). In this sense, we will define the following families of graphs:

Let U = {u1,u2,...,um}, V = {v1,v2,...,0}, and &, . be the graph with

UUYV as vertex set and edge set equal to £, U E, U &, ., where
E = 0 if y =m,
Y \wguj for all i # 5 € {1,2,--- ,m} ify= M,

similarly for E,, and

ujuj for all 4,5 € {1,2,--- ,m} itxX =K,
Ey. = quiuj foralli#je{l,2,--- ,m} ifX=L

wu) for all i € {1,2,--- ,m} if X = M.

Note that Ky, 1, is the bipartite complete graph with m vertices in each parti-
tion and L, r, is the bipartite complete graph with 2m vertices minus a matching.
The Laplacian matrix of all these graphs can be represented by ®,,,(A, B) for some
two by two matrices A and B.

For instance, the graph My, is illustrated in figure 3.

The trivial graph

E.

Figure 3: The graph My m.

Before using theorem 3.7 in order to calculate the critical group of the n-cones
of graphs &, ., we will introduce a theorem that gives an equivalent matrix of
X,.~ when the base ring is a general commutative ring with identity.

Corollary 3.8. Let m > 2, a,b € A such that the equation ax + by = 1 has a
solution in A, and X, 4(a,b) = alsy, + bA(Xy,,). Then

mb a

() Ko (@) ~u To @ alpm_s) ® a ( a  mb )

(li) Lm,m(av b) ~y dm @ (a2 - b2)Im*2 ® < (m il22)ab CL2 (T(;l2—)alb)b2 >’
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a(a — 2b) ab 0
(lii) LM’A{((J,, b) ~y dp—1 D a(a — Qb)Im,Q D ( 0 a+2(m—-1b 0 >,
0 (m—1)b a

(iv) Maa(a,b) ~y Iy @ ala —20) 12 @ ( “(“8%) (;f((i‘:: (17)'2)—2 %)?7)2 )

Proof. (i) Since K, m(a,b) = ®,,(A, B) for A:( 8 2 ) and B:( 2 8 )7
then by theorem 3.7

) a 0 O b
"N a 0 0a b 0
Km,m(a; b) ~e |“_1 ( 0 a ) &) 0 0 a mb
- 0 0 mb a
Moreover, since
a 0 O b x 0 0 b 1 0 0 0
0 a b 0 01 0 O _ 0 a b 0
0 0 a mb 0 01 0 o mby 0 a mab
0 0 mb a y 0 0 a ay 0 mb a2
1 0 O 0
N 0 a b 0
€ 0 0 a madb
0 0 mb d?
and
a b 0 r —b 0 1 0 0
0 a mab y a O = ay a®> mab
0 mb a? 0 0 1 mby mab  a?
1 0 0
~e 0 a2 mab |,
0 mab a2
then
a 0 O b
0 a b 0 a mb
0 0 a mb N“IQ@a<mb a >
0 0 mb a
Hence

a mb
Km,m(av b) ~u 12 5>} aIQ(m—Q) D a ( mb a ) .
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(#1) Since Ly, m(a,b) = ®,,(A, B) for A = < —ab —b ) and B = ( 2 8 )7
then by theorem 3.7

, a —b 0 b
m- a —b -b a b 0

Lm,m(av b) ~e [@ ( —-b a ) @ 0 0 a (m - 1)b
i= 0 0 (m—1)b a

Moreover, since

a —b z b\ 1 0 N 1 0
-b a —y a ) \ —by—ay a®—0b? L0 a?2-0* )

a b 0 b a 0 0 b
b a b 0 N —b a b 0
0 O a (m—1)b ¢ 0 (m—1) a (m-1b |’
0 0 (m-—1) a 0 a (m—1)b a
a 0 0 b x 0 0 =b
—b a b 0 0 1 0 O B
0 (m-—1)b a (m—1)b 001 0 a
0 a (m—1)b a y 0 0 a
S SR ST A PO P S
~e It ® m — a m — 2)a ,
: (m ; b (m i b (m ;Zl)ab a (m—1)b a?® — (m—1)b?

a b 0 x —=b 0
(m—1) a (m — 2)ab y a 0 |=
( a (m—1)b az—(m—l)b2)(0 0 1)

1 0 0 ,
* a? m—2a ~e Iy a (m — 2)ab
( * (m—2)ab a2(_(m2_)1b)b2 ) ! @< (m—2)ab a®>— (m — 1)b? >

then

Franl:0) b (05 = P2 ( (m ilZ?)ab a2 (1”(;1226&2 ) .

i) Since Loy ar(a.b) = @, (A, B) for A= ¢~ 70 Yanap=(? 0}
' -b a-—-b b b
then by theorem 3.7

m—2

L v(a,b) ~c l@ ( a:bb a:bb )

a—1b —b b b
—b a—b b b
2] 0 0 a+ (m—1)b (m — 1)b .

0 0 (m — 1)b a+ (m — 1)b
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Moreover, since

z —(x+y) a—b —b (1 * 1 0
(b a—b )( —b ab>_<0 a(a2b)>~e<0 a(a?b))’

a—b —b b b
v —(@+y) 0 b a-b b b
8 aab IO 0 0 a+(m—1b (m—1)b
2 0 0 (m—1)b  a+(m—1)b
1 * * *
0 aa—2b) ab ab
0 0 a+(m—-1)b (m-—1)b ’
0 0 (m—=1b a4+ (m—1)b
and
a(a — 2b) ab ab a(a — 2b) ab 0
0 a+ (m—1)b (m—1)b ~e 0 a+2(m—-1)>b 0 |,
0 (m—1)b a+ (m—1)b 0 (m —1)b a

then the result is followed.

(tv) Since M a(a,b) = @,,(A,B) for A = ( a;b a§b> and B =

( 8 (b) ), then by theorem 3.7

m—2

Mg (a,5) ~ l@ (")

a—1b b b 0
b a—b 0 b
D 0 0 a+ (m—1)b b .
i1 0 0 b a+ (m — 1)b

Moreover, since

a—b b b 0
v ety 0 b oa-—b 0 b
Bb aab IO 0 0 a+(m—1)b b -
2 0 0 b a+(m—1)b
1 * * *
0 ala—2b) —b? (a—Db)b
0 0 a+(m—1)b b
0 0 b a+(m—1)b
and
a(a — 2b) —b? (a —b)b 1 0 0
( 0 a+ (m—1)b b )(O a+ (m—1) y(ml)x):
0 b a+ (m—1) 0 —b x
a(a—2b) —b*(2a+ (m —2)b)
0 (a+ (m—1)b)? — b2 ,
0 0 1

then the result is followed. O
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Remark 3.9. Note that Kys ar is the complete graph with 2m vertices and My, m,
is the disjoint union of m copies of Ks.

When a graph G is not regular, then there is not a straightforward way to
define their matrix G(a,b). Thus, we will define K, ar(a,b) as a(Iy, @ 21,) +
bA(K )y Lin,pa(a,b) as a(ly, @ 21,,) + DAL m), and My, a(a,d) as a(l, @
(m+ 1)I,,) + bA(M,, m). Now, we have the following equivalent matrices of
Kva(a, b), Lm7M(a, b), and Mm7M(a, b)

Corollary 3.10. Let m > 2, a,b € A such that the equation ax + by = 1 has a
solution in A, then

. 2a —(a—mb)b
(1) Km,M(aab) ~u 12 ©® aInL—Q ® 2a[m—2 D a < m ( %2, ) );

. U b
(11) Mm,M(a’a b) ~y dm © 'Ujm—Z S < 0 (a + b)(b _ (m 4 1)(1) >;
2a% — v? 0 ab + mb?
(ii1) Lyn.az(a,b) ~y L1 @ (202 = b2) Iy _o & ( 0 a (m —1)b > ,
0 (m—1)b 2a+mb

where u = (m + 1)a® — b*.

N o a 0 0 b
Proof. (i) Since K, a(a,b) = @,,(A, B) for A = ( 0 2 ) and B = ( b b ),
then by theorem 3.7

) a 0 0 b
N[ a 0 0 2 b b
Km.aa(a,b) ~e [@ ( 0 2 ) “lo o o« m
0 0 mb 2a+mb
Moreover,
a O 0 b z 0 0 —b 1 0 0 0
0 2a b b 0 1 0 O _ * 2a b ab
0 0 a mb 0 0 1 0 - * 0 a mab
0 0 mb 2a+mb y 0 0 a x 0 mb 2a®+mab
1 0 0 0
0 b 2a ab
€ 0 a 0 mab
0 0 —2ma 2d?
and
y x 0 b 2a ab 1 * *
—a b 0 a 0 mab = 0 —2a® mab®>—a%b
0 0 1 0 —2ma 2d° 0 —2ma 2a?

2 p—
~ I @( 2a*  ab(mb— a) )

2ma 2a?



230 Hugo Corrales and Carlos E. Valencia

.. . O 0
(i4) Since M,y (a,b) = B(A, B) for A= < b (m+Da ) b= ( 0 )
then by theorem 3.7

. a b0 0

a b b (m+1a 0 b

My asa,b) ~ l@ (5 ana )| 6 000
0 0 b (m+1)a+mb

Moreover,

and
a b 0 0 100 0
b (m+1)a 0 b x u 0 b
0 0 a b “ * 0 a b
0 0 b (m+1)a+mb * 0 b (m+1la+md
b (m+1a+mb 0
~e Il@ a b 0
0 b ]
~u 12@((a+b)(b;(m+1)a) 2)7

where u = (m + 1)a? — b?.
Lo Qs —b 0 b
(44¢) Since Ly, pr(a,b) = @, (A, B) for A:( jb %0 ) and B:( b b )7
then by theorem 3.7

) a —b 0 b
m—
a —b —-b 2a b b
0 0 (m—1)b 2a+md
Moreover,
z -y a —b\ (1 * 1 0
b a b 22 ) \ 0 2a%-0° c\ 0 2a%2-0> )’
a —b 0 b 1 0 0 0
-b 2a b b N 0 2a®-b° ab ab + v*
0 0 a (m—1)b “1 0 0 a (m-1) |’
0 0 (m—1)b 2a+mb 0 0 (m—-1b 2a+mb
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and
2a% — b? ab ab + b? 202 — b? 0 ab + mb?
0 a (m—1)b ~e 0 a (m—-1)b .
0 (m—-1)b 2a+mb 0 (m—1)b 2a+mb

O

The next corollaries calculate the critical group of the n-cone of the graphs
b2

Corollary 3.11. Let m > 2,1 > 1, and n > 0, then

K(Cnacmfm(l))) = Zg @ Zi(;:nn:lz) ® Z(nerl)s/r S5 Zn(n+ml)(n+2ml)/rsa
where r = ged(l,n) and s = ged(ml,n).
Proof. Since L(cy,(Kpmm(1)),8) = Kpmm(n + ml, =) and Ky, p(n + ml, =) =

K m((n + ml)/r,—1/r) with ged((n + ml)/r,—1l/r) = 1, then applying coro-
lary 3.10 (¢) to Ky m((n+ml)/r,—1/r) we get that

Kom(n4ml, =1) ~y rIo® (n4ml)I¢m—2) @ ((n+ml)/r) ( ntml —mi ) )

—-ml n+ml

On the other hand,

n+ml —ml N S 0
-ml  n+ml “\N0 nn+2ml)/s )’
where s = ged(ml,n) and we get the result. O

Remark 3.12. Note that K, ,, is the complete bipartite graph with m wvertices
in each partition. Lorenzini in [15] calculated that

K(Kmm) =222 © 7,5,

which agrees with the corollary 3.11 for | = 1 and n = 0. Also note that
K(cn(Km,m(1))) has 2m — 2 invariant factors different to 1.

Corollary 3.13. Let m > 3,1 > 1, andn > 0, then
K(Cn(ﬁm,m(l))) = Z:n S Z?Z;EIQ)/T’ S Zrt ® Zu/r?’ta

where r = ged(l,n), s = n+ (m— 1), t = ged(m — 1,n)/ged(l,m — 1,n), and
u=s%(n?+2n(m — 1)l + (m — 2)1?).
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Proof. In a similar way that in corollary 3.11, L(c, (Lm,m(1)),8) = L m(n+(m—
1)i, —1) and applying corollary 3.10 (i¢) to L., m(a/r,b/7) with a = n + (m — 1)I
and b = —I|

Loy m(n4(m—1)1, =) ~, rIm@(s2l2)/rIm_2@( o iz22/)2b/r (m —v??)ﬂab/r )7

where s =n + (m — 1)l and v = a? — (m — 1)b.
On the other hand, it is not difficult to see that

( a?/r (m —2)ab/r ) N ( rt 0 )
(m —2)ab/r (a® — (m —1)b)/r “\0 u/rdt )
where t = ged(m—1,n)/ged(l,m—1,n) and u = s%(n?+2n(m—1)l+(m—2)1%). O
Corollary 3.14. Let m > 2,1 > 1, andn > 0, then
K(en(Lama (1) =2 @ ZZ'/_TQ D L ® Ly ju D Lpst jro

where r = ged(l,n), s =n+2(m— 1), t = n+2ml, u = ged(n, (m — 1)I), and
v =ged(n,2(m — 1)I%/r).

Proof. Since L(cn(Larn(1)),8) = Larp(n+2(m—1)1, —1) and r = ged(n+2(m—
1)i, —1), then applying corollary 3.10 (¢i¢) to Las as(a/7,b/r) with a = n+2(m—1)]
and b = —[ we get that

st/r —sl/r 0
Ly (n+2(m—1)1, =) ~y 1Lyt & st/rl,_o & 0 n 01,
0 —(m-=1l s

where r = ged(l,n), s =n+ 2(m — 1), and t = n + 2ml.
On the other hand, it is not difficult to see that

st/r —sl/r 0
0 n 0 | ~yu®sv/u®nst/rv,
0 —-(m-1I s
where u = ged(n, (m — 1)I) and v = ged(n, 2(m — 1)12/r). O
Corollary 3.15. Let m >2,1> 1, andn > 0, then

K(Cn (MM7M(Z))) = Z:n+1 &) Zm_2 ©® Zu ® Zn(n+2l)w/u’r’27

w/r

where r = ged(l,n), u = ged(n(n + 21),lv(n + t))/r, v = ged(m,l/r), and w =
(n+ml)(n+ (m+2)I).
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Proof. Since L(c,(Mpra(1)),s) = Mara(n +ml, —1) and r = ged(n + ml, —1),
then applying corollary 3.10 (iii) to Mas ar(a/r,b/r) with a = n+ml and b = —I
we get that

2 2
MM,M(n—&—ml,—l) ~u 7"Im+1EBst/rIm2@< st/r F(n+t)/r )

0 n(n + 20)/r,

where r = ged(l,n), s =n+ml, and t = n + (m + 2)l.
On the other hand, it is not difficult to see that

(4 L0 ) st s

where u = ged(n(n + 20),lv(n +t))/r and v = ged(m, /7). O

Remark 3.16. Note that M (1) is the cartesian product of Ko(l) and K, (1).
A deep analysis of the cartesian product of matrices can be found in [9].

Corollary 3.17. Let m > 2,1 > 1, and n > 0, then
K(C’ﬂ(’cm,M(l))) = Zzljfn D Zg’bn;lin S Z72' S2) Zs(n+27nl)/r2 2] Zn(n+ml)(n+2ml)/sa

where r = ged(l,n) and s = ged(n?, mir).

. _ [ ml+n 0
Proof. Since L(cn(Kim (1)) = ®m(A, B) for A = ( 0 2ml +n > and

B = ( i)l :é ), then the result is followed by theorem 3.10 (iv) because

ml+n 0 0 —1
0 2ml +n -l -1 )
0 0 ml+n —ml ~u TIQ@(”+2ml)S/T @u/&
0 0 —-ml ml+n
where r = ged(l,n), s = ged(n?, mlr) and u = n(n + ml)(n + 2ml). 0

Remark 3.18. Note that K., ar is the graph Kom \KCr,. In general the expression
for K(cn(Kom,a (1)) given in corollary 3.17 does not give us the invariant factors
of K(cn(Kam(1))). Also note that K (¢, (Ko a(1))) has 2m —2 invariant factors
different to 1.

Corollary 3.19. Let m > 2,1 > 1, and n > 0, then
K (en(M,ar (1) = ZH @ 2 @ Lgosanysg o

where r = ged(l,n) and s = n? + ml? + nl(m + 2).
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I+n -1 d
- (m+1l+n an

B = ( 0 i)l )7 then the result is followed by theorem 3.10 (v) because

Proof. Since L(cn(Mm,m (1)) = @i (A, B) for A= <

0

l+n -l
< - (m+1)l+n ) s

and
l+n -1 0 0
- (m+1l+n 0 -l 3
0 0 l4n -l ~oy I3 @ n(n+ 20)s/r°,
0 0 - l+n
where r = ged(l,n) and s = n? + mi? + nl(m + 2). O

We conclude the article with the critical group of the graph L, ar.
Corollary 3.20. Let m > 2,1 > 1, and n > 0, then

K(Lm,M) - Z:«n S¥ ZZ;ZQ S Zt ® Zn(n+2(m71)l)s/tr27

where 7 = ged(l,n), s = n? + (3m — 2)nl + m(2m — 3)I2, and t = ged(n, 13(m —
1)(2m — 3)/r?).

Proof. Since L(cy (L m(1))) = @4,(A, B) for A = ( (m — })l+n (2m—ll)l+n )
and B = ( f)l :5 ), then the result is followed by theorem 3.10 (vi) because

( (m_})Hn (2m—l1)l—|—n ) ~r@s/r,

where r = ged(l,n), s = n? + (3m — 2)nl + m(2m — 3)I1?, and

(m—-1)l+4+n l 0 -1
! @2m—-1il+n -1 —1 )
0 0 (m—Dl+n —(m—1) ~y Iy ® O u/tr,
0 0 —(m—=1)1 (m—1l+n
where t = ged(n, I°(m — 1)(2m — 3)/r?) and u = n(n + 2(m — 1)1)s. O
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