Bull. Math. Soc. Sci. Math. Roumanie
Tome 54(102) No. 2, 2011, 147-152

The Beast and triangular Zeckendorf representations
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Abstract

The Zeckendorf representation of the number of the beast 666 is (almost)
Fis5 + Fio + F1, and the indices are all triangular numbers. Here, we show
that the beast is the largest base 10 repdigit which is a sum of distinct
Fibonacci numbers with triangular indices.
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1 Introduction

Let {F,}n>1 be the Fibonacci sequence given by F; = F, = 1 and F,,1o =
Foi1+ F,, for all n > 1. The Zeckendorf representation of the positive integer IV
is its representation of the form

N:Fm1+Fm2++ka7

where myq, ..., my are positive integers with m; —m; 1 > 2fori =1,..., k. When
i = k, the above inequality means that mj; > 2. We make a little amendment to
this representation and replace my = 2 (whenever this occurs) by mj = 1. The
observation that started this note is that with this convention, the beast satisfies

666 = Fy5 + Fio + I,

and all indices in the above Zeckendorf representation of 666 are triangular num-
bers. Recall that a triangular number is a number of the form m(m + 1)/2 for
some positive integer m. We denote this number by 7},. With this notation,
Ts = 15, Ty = 10 and 77 = 1. Douglas Tannucci asked if there are any larger
examples of repdigits in base 10; i.e., numbers whose base 10 representation is
a string dd- - - d consisting of the same base 10 digit d repeating m times, and

m times
whose Zeckendorf representation has only triangular indices. The answer is no.
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Theorem 1. The only solutions of the equation

10m —1

in positive integers m, my > -+- > my, d € {1,...,9} are
N € {1,2,3,8,9,11, 55, 66,6661

Problems of a similar flavor were studied in [2], [3], [5] and [6].

Note that technically, a representation of N of the form (1) may not be exactly
the Zeckendorf representation of IV, as in the examples 3 = F3 + F; and 11 =
Fs + F3 + Fy, which are not Zeckendorf representations. However, it is easy to
see that if the representation (1) is not a Zeckendorf representation, then k > 2,
its last two terms are F3 + Fy = Fy, and then N = FTml + e+ FTW?2 + Fy
is the Zeckendorf representation of N. Hence, the Zeckendorf representation of a
number N arising from (1) has at least k — 1 terms, and the first k¥ — 2 of them
are triangular.

2 The Proof

We started by performing a search in the range 1 < m < 500 which turned up
only the solution shown in the statement of Theorem 1. The way we searched
was the following. Let N be a base 10 repdigit in this range whose Zeckendorf
representation has at least four terms. We then checked whether the first two
leading ones have triangular indices. This gave no solution with m € [6,500]. If
on the other hand N has at most three terms in its Zeckendorf representation,
then m < 5 also by the main result from [5]. Hence, if m < 500, then m < 5, and
now the list of examples can be computed by hand.

Assume now that m > 501. Put n := T},,,. Then

10501SFn+Fn71+"'+F1:Fn+2_17

SO
n > 2393. (2)

Since n = T,,, is triangular, we get that m; > 69 and further
n— T, >mi(mi +1)/2 —=mi(m; —1)/2=m1 >/n (>49). (3)
Using the Binet formula

Fu:au_ﬂu
a—p

the equation (1) can be rewritten as

1 5 1—+/5
for w=1,2,..., with («,f) ::( +2f, 2\[>,

k

aiom  a” Tood

—_— ===t -4 Fr, . 4
9 \/5 \/g 9 ; TWL,, ()
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Taking absolute values, we get

<2+ ) F. (5)

’lem a”
i<Tom,

9 Vb

Using the fact that F}, < o#~! holds for all positive integers k as well as inequality
(3), we get that the right hand side in (5) is bounded as

Trmg

Tmy — 1 2 n—/n
2+ > Fi<2(1+) ot _2(1+a 21 )< a —  ©
i< Ty k=1 @~ @

Inserting the upper bound (6) into (5) and dividing both sides of the resulting
inequality by a™/v/5, we get

2v/5 1

a™"10™(dV5/9) — 1| < o Davr <~ (7)

We now use a result of Matveev (see [7] or Theorem 9.4 in [1]), which asserts
that if aq, as, a3 are positive real algebraic numbers in an algebraic number
field of degree D and by, bo, bg are integers, then

labrab?al® — 1| > exp (—1.4 x 30% x 3*°D?(1 + log D)(1 + log B)A; A2 A3) (8)
assuming that the left-hand side is nonzero, with B := max{|b1], |b2|, |bs|}, and
A; > max{Dh(«;),|log «;|,0.16}, 1=1,2,3,

where h(7) is the logarithmic height of the algebraic number v whose formula is

d
h(v) = % (logao +) log (max{lv(“la 1})> 7

i=1

with d being the degree of v over Q and

d
FX) = a0 [J(X =79 e Z[X]
i=1

being the minimal polynomial over the integers having + as a root. We shall apply

this to the left—hand side of (7). Note first that this is not zero. Indeed, if the left

hand side of (7) is zero, we then get o™ = 10™d\/5/9, so o®" € Q, which is false.

In (7), we take o := a, a9 := 10, ag := (dV/5)/9, by := —n, by :=m, bz := 1.

Since

10m -1
9

10’"—1<10’"—1+~-~+1<d< ><Fn+2<a"+1,
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we get

1
) m > 4.78m. (9)
a

So, since m > 101, we definitely have B = n. Clearly D = 2. We can choose
Ay == 0.5 > 2h(ay), Ay := 4.7 > 2logay and Az := 6.1 > (log 81 + 2log/5) >
2h(ag). We thus get that

exp (—1.4 x 30° x 3% x 22 x (1 +1log2)(1 +logn)0.5 x 4.7 x 6.1) < pove

giving
1
vn o< 5+ <1> x 1.4 x 30° x 3%° x 22 x (1 +1og2) x 0.5 x 4.7 x 6.1(1 + log n)
og o
< 29 x10" x (1+1logn),
which implies that n < 5 x 103°. To lower the bound, put
A :=mlog 10 — nlog o + log(dv/5/9).

The right—hand side of (4) is obviously positive since n is large, so that A > 0.
Using (7), we have A < e —1 < a~V™*5. So, we get that

0 < A =mlog10 —nloga + log(dv5/9) < ——,
aVn=>5

giving

log 10 log(dv/5/9 1 1
0 — | - .
<m ( log « ) nt log o < (log a)avn=5 < aVvn—T1

We put v := (log10)/(loga), p := (log(dv/5/9))/(loga). We also put M :=
5 x 1030, By the standard Baker-Davenport reduction lemma (see Lemma 5 in
[4]), it follows that

Ji<Ti log(q/e)

loga '

where ¢ > 2 x 103! > 6M is the denominator of a convergent to v and e :=
[l2ql] — M||vql| > 0. We took ¢ := ges to be the denominator of the sixty—eighth
convergent to 7y, where the continued fraction of ~ is

[a07a17a27a37a47 .- ] = [47 1737 1a 1a .- ']7

whose convergents are po/qo = [ao], p1/q1 = |ao,a1], .... Then ¢ > 8 x 10?3 >
6M, and € > 0.01 for all choices d € {1,...,9}, giving

log(100gss)
log «v

Vi< T+ < 179,
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so that n < 32000.

We now repeat the process with M := 32000. We take g := ¢13 = 3321060 to
be the denominator of the thirteenth convergent to v. We compute again € and
we find that it exceeds 0.006 in all cases. Thus,

log(1000q;3 /6
NP 0g(1000¢13/6)

< 49,
log v
so n < 2385, which contradicts (2).

3 Comments

The method of the proof is based on the fact that there are only finitely many
positive integers which are dominant in two multiplicatively independent bases
which are both algebraic integers. Namely, given nonzero algebraic numbers
A, B, C, D, with B and D multiplicatively independent, there exists a constant
k:= k(A, B,C, D) such that the equation

(o)) (o) o

has only finitely many positive solutions (m,n) which are all effectively com-
putable provided that min{ K, L} > k. The upper bound on max{m,n} depends,
of course, on A, B, C, D, and on the constants implied by the above O-symbols.
The rep—units whose Zeckendorf representation has only triangular indices treated
in this paper have the above property with A := d/9, where d € {1,2,...,9}, and
(B,C, D) := (10,1/v/5, (1 + +/5)/2), but the arguments can be applied to treat
other problems of a similar flavor.
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