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Abstract

We compute the deformations, in the sense of generalized complex structures, of the
standard complex structure on a complex 2-torus. We get a smooth complete family
depending on six complex parameters and, in particular, we obtain the well-known smooth
complete family of complex deformations depending on four parameters.
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1 Introduction

Nigel Hitchin introduced in the paper [5] new geometrical structures which unify many classical struc-
tures. He defines a generalized complex structure to be a complex structure, not on the tangent bundle
T of a manifold, but on T'® T, unifying in this way the complex geometry and the symplectic geom-
etry in some sense. This new geometrical structure is also, in some sense, the complex analogue of the
Dirac structure introduced by Courant and Weinstein [2], [3], in order to unify Poisson geometry with
symplectic geometry. The study of generalized complex structures was continued by Gualtieri (see [4]).
In this paper we start with the (classical) complex structure on a 2-torus and we compute (as in
[1]) by using properties of the Lie algebroids, the family of deformations of this complex structure in
the sense of generalized complex structures (see [4]).
By solving the generalized Maurer-Cartan equation we get the main result of the paper, which shows
that obtained family of deformations is a smooth locally complete family depending on six complex
parameters. In particular, we get the family (depending on four complex parameters) of deformations
of (classical) complex structures on a 2-torus (see, for example [6]), as well as examples of generalized
complex structures of complex type, which are not (classical) complex structures on a 2-torus.
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2 Generalized complex structures on manifolds

A generalized complex structure on a manifold M (see [5], [4]) is defined to be a complex structure
J (J* = —1) not on the tangent bundle Tas, but on the sum Tas @ Tj; of the tangent and cotangent
bundles, which is required to be orthogonal with respect to the natural inner product on sections
X +0,Y +7€C®(Tm & Tyy) defined by

(X +0,Y +7) = %(U(Y) + 7 (X)),

This is only possible if dimg M = 2n, which we suppose. In addition, the (+%)-eigenbundle
Lc(TueTy)®C

of J is required to be involutive with respect to the Courant bracket, a skew bracket operation on
smooth sections of Ty @ Ty, defined by

X+0,Y+7=[X,Y]|+LxT—Lyo — %d(’ixT—iyo’),

where Lx and ix denote the Lie derivative and interior product operations on forms.

Since J is orthogonal with respect to (-, -), the (+4)-eigenbundle L is a maximal isotropic subbundle
of (Tnr ® Tiy) ® C of real index zero (i.e. LN L = {0}). In fact, a generalized complex structure on
M is completely determined by a maximal isotropic subbundle of (T @ T53;) ® C of real index zero,
which is Courant involutive (see [5], [4]).

For such a subbundle we have the decomposition

(Tu®Ti)C=L&L,
and we may use the inner product (-,-) to identify L = L*. Let
mr: (T ®@Ty)C - Ty ®C

be the projection and let E = 7r(L). Then, the type k € {0,1,...,n} of the generalized complex
structure at € M is defined as the codimension of E, C T, ® C.

To deform J we will vary L in the Grassmannian of maximal isotropic. Any maximal isotropic
having zero intersection with L (this is an open set containing L) can be uniquely described as the
graph of a homomorphism ¢ : L — L satisfying

(*) (e(X),Y)+(X,e(Y)) =0, VX,Y € C™(L)

or equivalently, ¢ € C®(A?L*). Therefore, the new isotropic is given by Le = (1 4+ ¢)L. As the
deformed J is to remain real, we must have L. = 1+ E_)L, The subbundle L. has zero intersection
with L. if and only if the endomorphism on L @ L*, described by

A5_<1 5‘)
e 1

is invertible; this is the case for € in an open set around zero (see [4]). So, providing ¢ is small enough,
J. = A.JAZ' is a new generalized almost complex structure. By [8], Je is integrable if and only if
€ € C*° (A’ L") satisfies the generalized Maurer-Cartan equation

(%%) dre + %[z—:,s] =0.
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3 Deformations of generalized complex structures on 2-tori

Let N = C?/A be a complex 2-torus, where C? denotes the space of two complex variables (z,w) and
A C C? is an integral lattice of rank 4.

We shall identify C* with R*, the space of four real variables (z,y,u,v) by z = = + iy, w = u + v.
From the point of view of differential structure, a complex 2-torus is a parallelizable manifold, i.e. the
tangent bundle Ty is globally generated by invariant vector fields {X,Y, U, V} with all Poisson brackets
zero. The complex structure endomorphism J is acting on T'x by

JX =Y, Jy=-X, JU=V, JV=-U

Let

T = é(xﬂ'y), W= %(UfiV).

Then, the tangent bundle T is globally generated by {T, W, T, W} and the cotangent bundle T3
is globally generated by the dual basis of 1-forms {w, p,®, p}.

We have

JT =T, JW =iW, JT =—iT, JW =—iW.

It follows that the subbundle Ty ;1 and 71, of the tangent bundle T are globally generated by
{T, W}, respectively {T, W} and the dual bundle T} is globally generated by {w, p}.

The standard complex structure on a 2-torus N can be seen as a generalized complex structure
given by the subbundle L C (Tn & Tx) ® C of the form

L= {Ta W7wap}~: (TO,I 52 Tl*,()) ® C7

which is maximal isotropic and Courant involutive (see [4]).
Using the inner product we can identify L with L* by the isomorphism:

0. LSL", OT) = +w, O(W)Z%p*, 0(@):%:?*, e(p)zéﬁ/*.

In the following we shall study the deformations of this generalized complex structure on a 2-torus
N.

In order to obtain the deformations of the generalized complex structure we must consider the
linear maps ¢ : L — L, which verify the condition (*) or, equivalently, we can consider the linear maps
E=0oec:L— L".

The map € is given by the following matrix:

0 tsa —t11  —to

~ 1 —t32 0 —t12 —t22
£= = , tij €C,
2 t11 t12 0 t14 “

tor  to2 —t1a 0

and € C®(A’L").
Now, as in [1], we shall solve the generalized Maurer-Cartan equation (**), where [£,£] is the
Schouten bracket and the derivative

dr, : C®(A’L*) — C®(APL™),
for a Lie algebroid is given in this case by the formula
dLé(Xo, Xl, XQ) = a(Xg)é(Xh Xz) — a(Xl)é(Xo, XQ) + a(Xg)é(Xo, Xl)—

_5([X07X1]7X2) + 5([X07X2]7X1) - 5([X17X2]7X0);
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the anchor map a : C*°(L) — C°°(T) is the projection on the tangent bundle Tv and Xo, X1, X2 €
C*(L).

We shall use the notation:
Xo =wu1T + uaW + usw + U4p,
X1 =a1T + asW + asw + Qap,
Xy =BT + B2W + Bsw + Bap,

where u;, i, 3; € C*°(N), Vi=1,2,3,4.
We have

&(X1,Xo) = %(51(1532&2 —tias — tarau) + Ba2(—tsgan — tizas — tooas)+
+0s(t11a1 + ti2az + tiaas) + Ba(taron + toae — t1aaiz)).

Since a(Xo) = uiT + u2W, by direct computation as in [1], we get:

Lemma 3.1

a(Xo)é(X1, X2) = 5 (tnur(T(a1)Bs + T(Bs)ar — T(es)Br — T(B2)es)+
iz (T(2) s + T(fs)az — T(as) B2 — T(B2)as)+
ttarun (T(1) B + T(Ba)ar = T(aa)By = T(Br)a)+
+toour (T(2)Ba + T(Ba)az — T(ea)B2 — T(B2)eua)+
v (T (o) Bs + T )oa = T(es) s — T(Ba)as)+
ttazur (T(a2)B1 + T(B1)az = T(a1)B2 = T(B2)ou )+
+tiua(W(a1)Bs + W(Bs)ar — W(az)Bi — W(B1)as)+
Ftizuz (W (az)fs + W (fs)az — W(as)Bz — W(B2)as)+
Ftorua(W(an)Bs + W(Ba)ar — W(aa)Br — W(B1)au)+
+taoua (W (az)Ba + W(Ba)az — W(au) B2 — W(B2)oua)+
Htiauz (W (aa)fs + W (Bs)as — W(as)Bs — W(Ba)as)+
+taaua(W(az)Br + W(B1)az — W(ar)B2 — W(B2)an)).

Analogous formulae can be written for the terms a(X1)&(Xo, X2) and a(X2)é(Xo, X1).

Lemma 3.2 For the Courant bracket we have:

[Xo, X1] = (X (1) = Y(ui)T' + (X(02) = Y (u2)) W+
+(X(a3) = Y (uz))w + (X (a) = Y (ua))p-
where Xo=X +o0, Xi =Y + T,

X = u1T—|— UQW, Y = OtlT + OzzW S COO(TN)
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and
0= usw +usp, T = azw + aup € C(Tx).

Proof: By direct computation we have
LxT=X(as)w+ X(aa)p, Lyo=Y(az)w+ Y (us)p,
and
ixT =0, 1yoc=0.
By using the definition of the Courant bracket the result follows.

We have analogous formulae for [Xo, X2] and [X1, X5]. O

Now, a tedious but direct computation gives:

Lemma 3.3
&([Xo, X2], X1) = 2 (t11(—a1urT(Bs) — cruaW (Bs) + a1 S1 T (us)+
+a1 W (us) + asui T(61)+
tasusW(B1) — asfrT (ur) — asfaW (ur)) + trz(—a2ur T(Bs) —
—azu2W(B3) + a1 T (us) + a2 BW (u3)+
+asui T(B2) + asuaW (B2) — asfiT(uz)—
—a3fBoW (u2)) + ta1(—a1urT(Bs) — aruaW (Bs) + a1 1T (ua)+
+a1 oW (us) + asur T(B1) + qauo W (B1) — aai T (ur)—
—aa oW (u1)) + toa(—aoui1T(B1) — aouaW (Bs) + a1 T (us)+
a2 B2 W (us) + s T(B2) + asua W (B2) — ca 1 T (u2)—
—asfB2W (uz)) + tia(esur T(Ba) + azuaW (Ba) — asfrT (ua)—
—a3 oW (us) — caun T(B3) — caua W (B3) + cva 51 T (uz)+
+aafoeW (us) + tsz2(cr1ur T(B2)+
+aruaW (B2) — a1 1T (uz) — a1 2 W (u2) — axur T(B1)—

_QQU/QW(,BI) + Oézﬂlf(ul) + 04252W(u1)))'

There are analogous formulae for the terms £([Xo, X1], X2) and &£([X1, X2], Xo). By using all the
above formulae, we get

Theorem 3.4 For the differential dr, we have:

(dré)(Xo, X1,X2) =0, V Xo, X1, X0 € C(L).
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As in [1], by similar computation we get:

Theorem 3.5 For the Schouten bracket we have:

€, = 0.

From the two theorems, we get the following:

Corollary 3.6 The solutions of the generalized Maurer-Cartan equation are given by
E=4(ts20 AP —t11@ AT —to1p AT — to1@ AW — taap AW + t1uT AW)

Now, we need the following result:

Lemma 3.7 The image of the differential
dp : C™(L*) — C®(A’L7)

s zero.
The proof is similar to the proof of Proposition 4.8 in [1].
By all the above results we get the main result:

Theorem 3.8 The deformations in the sense of generalized complex structures of the standard
complex structure on a 2-torus N are given by
E=t32W0 AP —t11iw AT —ti2p AT —torw AW —toap AW + 14T AW,
where (t327 tu, t12, tgl, tzz, t14) € CG.
In particular, taking the parameters t32 = 0 and t14 = 0 we get the classical deformations of

complex structures (see [6]).
We have the following:

Corollary 3.9 The family of deformations of generalized complex structures on a complexr 2-torus
N, given by

E=1l300 AP —tn@ AT —t12p AT —to1@ AW — toap AW + t1aT AW,

with (ts2,t11,t12,t21,t22,t14) € U C (CG, where U is an open neighborhood of 0 € (C6, is a smooth locally
complete family.

Proof: By Theorem 3.5 we have [£,£] = 0. From the definition of the obstruction map ¢ by Theorem
5.4, [4] (see also [7]) we get ¢ = 0. Then, applying again Theorem 5.4 in [4] it follows that the above
family of deformations is a smooth locally complete family in a open neighborhood U of 0 € CS. O
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We have the following result:
Proposition 3.10 Let N be a complex 2-torus. The type of the generalized complex structure given
by the subbundle L. = (1+¢)L C (In®TxN)Q®C is ke = 0 (symplectic type) or ke = 2 (complez type).

Proof: The type k. of a generalized complex structure is the codimension in any fibre of the projection
of L. on Ty ® C by the canonical map

T:(TNEBTK/)(X)(CHTN@C.

Since
L={T,W,w,p},
we get:
1+ 5)(T) =T Jr tiil + toaa W — taap
(L4 &) (W) =W + t1oT + tasW — tao@
(1 + 6)((4}) = —tiaW+w-—tio— ti2p
(1 + 5)( ) =t + p — tor1w — ta2p.

It follows that the projection of L. on Ty ® C is globally generated by
{T + it T 4t W, W + t12T + tos W, —t14W, t14T}.

If t14 # 0, then the type k. = 0 (symplectic type) and, if t14 = 0,then k. = 2 (complex type).
O

Remark If, in the case t14 = 0, we have also t32 = 0, we get classical deformations of complex
structures. If, in the case t14 = 0, we have t32 # 0, we get examples of generalized complex structures
of complex type, which are not classical complex structures.
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