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A class of transversal polymatroids with Gorenstein base
ring
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Abstract

In this paper, the principal tool to describe transversal polymatroids
with Gorenstein base ring is polyhedral geometry, especially the Danilov-
Stanley theorem for the characterization of canonical module. Also, we
compute the a-invariant and the Hilbert series of base ring associated to
this class of transversal polymatroids.

Key Words: Base ring, transversal polymatroid, equations of a cone,
a-invariant, canonical module, Hilbert series.

2000 Mathematics Subject Classification: Primary 13A02, 13H10,
13D40, Secondary 15A39

1 Introduction

In this paper we determine the facets of the polyhedral cone generated by the
exponent set of the monomials defining the base ring associated to a transversal
polymatroid. The importance of knowing those facets comes from the fact that
the canonical module of the base ring can be expressed in terms of the relative
interior of the cone. This would allow one to compute the a-invariant of those
base rings. The results presented were discovered by extensive computer algebra
experiments performed with Normaliz [4].

2 Preliminaries

Let n e N, n>3,0€8,, o=(1,2,...,n) the cycle of length n, [n] :=

{1,2,...,n} and {e;}1<i<n be the canonical base of R™. For a vector z € R,
z = (x1,...,¢,), we will denote | z | := 1 + ... + x,. If 2% is a monomial in
Klz1,...,2,] we set log(x®) = a. Given a set A of monomials, the log set of A,

denoted log(A), consists of all log(z®) with z* € A.
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We consider the following set of integer vectors of N™:

| i column

Voo i=( —(n—i—1),—(n—i—1),...,—(n—i—1),(i+1),...,(i+1) ),

1 (2)™column 1 (i + 1) column

Vor o= ( (i+1),—(n—i—1),...,—(n—i—1),(i+1),...,(i+1) ),

1 (3)"4column 1 (i +2)"column

Vo = ( i+ 1),(i+1),—(n—i—1),...,—(n—i—1),(i+1),....,( i +1) ),

| (i —2)™column | (n — 2)"column

1/07172@] ::( ...,—(n—i—1),(i+1),...7(i+1),—(n—i—1)7—(n—i—1) ),

1 (i = 1)t column I (n —1)%tcolumn
Vgn—ap)i=( —(n—i—=1),...,—(n—i—1),(i+1),...,(i+1),—(n—i—1) ),
where o¥[i] := {o¥(1),...,0%(@)} forall 1<i<n—Tland 0 <k <n—1.

Remark: Vkjp_1) =1 ep\orn—1) for all 0 <k < n.

For example, if n = 4, ¢ = (1,2,3,4) € S4 then we have the following set of
integer vectors:

Vo'o[l] = V{l} = (_2727272)7 VUO[Q] = V{LQ} = (_17 _1a373)7
Vgi1] = V{2} = (2a _27272)a Voll2] = V{2,3} = (37 _1a _173)7
Vg2[1] = V{3} = (2a27 _272)a Vo2[2] = V{3,4} = (3737 _la _1)7
VO-S[I] = U{4} = (2,2,2, —2), VO-S[Q] = U{1’4} = (—1,3,3, 1).

Voolz) = V(12,33 = (0,0,0,4),
Voi[s] = Vi2,34) = (4,0,0,0),
Vor[3] = V{1,343 = (0,4,0,0),

1/03[3] == l/{172’4} 0, O7 4, 0).
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If 0 # a € R", then H, will denote the hyperplane of R™ through the origin
with normal vector a, that is,

H,={z eR" | (z,a) =0},

where (,) is the usual inner product in R™. The two closed halfspaces bounded
by H, are:

Hf ={x €¢R" | (z,a) >0} and H, = {z € R" | (z,a) < 0}.

We will denote by H,x[; the hyperplane of R through the origin with normal
vector vgk[;), that is,

Hl,akm ={z eR"| (T, Vrp) = 0},

foralll1<i<n—-land 0<k<n-—1.

An affine space in R™ is the translate of a linear subspace of R™. Let A C R™,
we denote by aff(A) the affine space generated by A. There is a unique linear
subspace V of R™ such that aff(A) = z¢ + V, for some zy € R™. The dimension
of aff(4) is dim(aff(A)) = dimg(V).

Recall that a polyhedral cone Q C R™ is the intersection of a finite number
of closed subspaces of the form H;. If Q = HS n...N HJ is a polyhedral
cone, then aff(Q) is the intersection of those hyperplanes H,, ,i =1,...,m, that
contain Q.(see [3, Proposition 1.2.]) The dimension of @ is the dimension of
offlQ), dim(Q) = dim(aff(Q).

If A= {v,..., %} is a finite set of points in R™ the cone generated by A,
denoted by R A, is defined as

RyA= {Zami | a; € Ry for all 1 <i<n}.
i=1
An important fact is that @ is a polyhedral cone in R" if and only if there

exists a finite set A C R™ such that @ = R4 A (see [3] or [10, Theorem 4.1.1.]).
Next we give some important definitions and results (see [1], [2], [3], [8], [9])-

Definition 2.1. A proper face of a polyhedral cone is a subset FF C @ such that
there is a supporting hyperplane H, satisfying:

1) F=QnNH, #0,

2) Q¢ H, and Q C Hf.

The dimension of a proper face F' of a polyhedral cone @ is: dim(F) =
dim(aff(F)).

Definition 2.2. A cone C is pointed if 0 is a face of C. FEquivalently we can
require that t € C and —z € C = x =0.

Definition 2.3. The I-dimensional faces of a pointed cone are called extremal rays.
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Definition 2.4. A proper face F of a polyhedral cone Q C R™ is called a facet
of Q if dim(F) = dim(Q) — 1.

Definition 2.5. If a polyhedral cone Q is written as
_ gt +
Q=H, Nn...NH

such that no H ; can be omitted, then we say that this is an irreducible represen-
tation of Q.

Theorem 2.6. Let Q@ C R", Q # R", be a polyhedral cone with dim(Q) = n.
Then the halfspaces H;rl,,H(;Ir i an irreducible representation QQ = Hjl N

..N Hlj‘m are uniquely determined. In fact, the sets F; = QN H,,, i=1,...,n,
are the facets of Q.

Proof: See [3, Theorem 1.6.] O

Definition 2.7. Let @Q be a polyhedral cone in R™ with dim @ = n and such
that @ # R™. Let
Q=H n..nHS

be the irreducible representation of Q. If a; = (a;1, ..., ain), then we call
H,,(z):=anx1+ ...+ ajppzy, =0, i€ [r],
the equations of the cone Q.

Definition 2.8. The relative interior ri(Q) of a polyhedral cone is the interior
of Q with respect to the embedding of Q into its affine space aff(Q), in which Q
is full-dimensional.

The following result gives us the description of the relative interior of a poly-
hedral cone when we know its irreducible representation.

Theorem 2.9. Let Q C R", @Q # R", be a polyhedral cone with dim(Q) = n
and let
(x) Q=Hj n...nH

be an irreducible representation of QQ with H;r17 . ,H;rn pairwise distinct, where
a; € R\ {0} for alli. Set F; = QN H,, fori¢€[r]. Then:

a) ri(Q)={x eR™ | (z,a1) >0,...,(x,a.) >0}, where ri(Q) is the relative
interior of QQ, which in this case is just the interior.

b) Fach facet F' of Q is of the form F = F; for some i.

¢) Fach F; s a facet of Q.

Proof: See [1, Theorems 8.2.15 and 3.2.1]. 0
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Theorem 2.10. (Danilov, Stanley) Let R = K[zy,...,x,] be a polynomial
ring over a field K and F a finite set of monomials in R. If K[F] is normal,
then the canonical module wi () of K[F], with respect to standard grading, can
be expressed as an ideal of K[F] generated by monomials

wriF) = ({2% a € NANTi(RLA)}),
where A =log(F) and ri(Ry A) denotes the relative interior of Ry A.

The formula above represents the canonical module of K[F] as an ideal of
K[F] generated by monomials. For a comprehensive treatment of the Danilov-
Stanley formula see [2], [8] or [9] .

3 Polymatroids

Let K be an infinite field, n and m be positive integers, [n] = {1,2,...,n}. A
nonempty finite set B of N" is the base set of a discrete polymatroid P if for
every u = (u1,ua,...,Up), v = (v1,v2,...,v,) € B one has u; +us + ... +u, =
vy +v2 + ...+ v, and for all 7 such that u; > v; there exists j such that u; < v;
and u + e; —e; € B, where e, denotes the k" vector of the standard basis
of N™. The notion of discrete polymatroid is a generalization of the classical
notion of matroid, see [5], [6], [7], [11]. Associated with the base B of a discrete
polymatroid P one has a K —algebra K[B], called the base ring of P, defined to be
the K —subalgebra of the polynomial ring in n indeterminates K[xq,2a,...,zy]
generated by the monomials z* with v € B. From [7] the algebra K[B] is known
to be normal and hence Cohen-Macaulay.

If A; are some nonempty subsets of [n] for 1 < i < m, A = {Ay,...,An},
then the set of the vectors ZZL:I e;, with 4, € Ay is the base of a polymatroid,
called the transversal polymatroid presented by A. The base ring of a transversal
polymatroid presented by A is the ring

KA = K[z, i, | i; € Aj,1 < j < m].

4 Cones of dimension n with n + 1 facets

Lemma 4.1. Let 1 <i<n—2, A:= {log(z;, ---x;,) | jx € Ak, for all 1 <
k < n} C N" the exponent set of generators of the K—algebra K[A], where
A={A =[n],...., A = [n],Aix1 = [n]\ [{],..., An—1 = [n] \ [{], An = [n]}.

Then the cone generated by A has the irreducible representation

RiA= () HS,
a€EN

where N = {vgo0(), Vgrfn—1) | 0 <k <n —1}.



72 Alin Stefan

i+ e+ (n—i—1)eq1, if 1<k<i
Proof: We denote J, = { ((i—i— 1)) . ((n—z'— 1))@}:: i h<n
J =mn e, Since A = [n] for any t € {1,...,i}U{n} and A, = [n]\ [{] for
any v € {i+1,...,n — 1}, it is easy to see that for any k& € {1,...,i} and
r € {i+2,...,n} the set of monomials z}" 277", 2! an="l 2N s a
subset of the generators of the K —algebra K[A]. Thus one has

and

{Jh...,JZ‘,Ji_;,_Q,...,Jn,J}CA.

If we denote by C the n x n—matrix whose rows are the entries of the vectors
J1, ooy iy Jiga, ooy Jn, J, then by a simple computation we get |det(C)| =n (i+
1)? (n —i — 1)1, Therefore the set

{Jl,...7(]1'7(]1;4'_2,.--,:]",:]}

is linearly independent and it follows that dimR ;A = n.
Since {J1,...,Ji, Jit2,. -, Jn} is linearly independent and lies on the hyperplane
Haom, we have that dim(HUO[i] NRyA)=n—-1.

Now we will prove that Ry A C H; for all a € N. It is enough to show that
for all vectors P € A, (P,a) > 0 for all a € N. Since Vyk[—1] = N €]\ ok[n—1];
where {e;}1<i<, is the canonical base of R™, we get that (P, v,r,—1)) > 0. Let
Pc A, P=log(x; - xjxj,, - j_,2; ) and let ¢ be the number of j,, such
that 1 <k, <i¢ and jg, € [i]. Thus 1 <t <i. Now we have only two cases to
consider:

1) If 4, € [i], then

(P,vgo) = —t(n—i—1)+(i—t)(i+1)+(n—i—1)(i+1)—(n—i—1) = n(i—t) > 0.
2) If j, € [n] \ [§], then
(P, vgops) = —t(n—i—1)+(i—t)(i+1)+(n—i—1)(i+1)+(i+1) = n(i—t+1) > 0.

Thus
RAC () Hy.
a€EN

To prove the converse inclusion, it is clearly enough to prove that all the
extremal rays of the cone ",y Hy are contained in Ry A. Any extremal ray of
the cone [,y H, + can be written as the intersection of n — 1 hyperplanes H,,
with a € N. There are two possibilities to obtain extremal rays by intersection of
n — 1 hyperplanes.

First case.

Let 1<i; <...<in_1 <n beasequence and {t} = [n]\ {é1,...,in—1}. The
Zil = 07 T

system of equations (x) < : admits the solutionx € Z}, x = ,

. — x
217171 - 0 n
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with | x | = n and zp = n - 0 for all 1 < k < n, where 0y is the Kronecker
symbol.
There are two possibilities:
1) If 1 <t <, then Hyop1(z) < 0 and therefore z ¢ (N, cn Hy -
2) Ifi+1<t<mn, then Hyop(x) > 0 and thus z € (,on HS
extremal ray.
Hence, there exist n—i sequences 1 <i; < ... < 1,1 <n such that the system
of equations (*) has a solution x € Z?} with | z | =n and Hyop;(x) > 0. The
extremal rays are: {nep | i+ 1<k <n}.
Second case.
Let 1<i; <...<ip_2 <n beasequence and {j, k} = [n]\ {i1,...,in—2},
with j < k, and

Zil = Oa

and is an

(%)
27;n72 = Oa
—n—i—-Dz1—...—(n—i—z+0GE+Dzig1+...+(+ 1)z, =0
be the system of linear equations associated to this sequence.
There are two possibilities:
1) If1<j<iandi+1<k<n, then the system of equations (**) admits the
L1
solution z = : €z, with |z |=nand x; = (i +1)6j + (n — i — 1)dp
Tn
forall 1 <t <n.
2)If1 <j,k<iori+1<jk<n,then there exist no solutions = € Z7} with
| z | = n for the system of equations (x*) because otherwise Hyop;(z) > 0 or
HUO[,L'] (SL’) < 0.
Thus, there exist i(n — i) sequences 1 < i3 < ... < ip_2 < n such that the
system of equations (¥*) has a solution z € Z" with | # | = n and the extremal
rays are: {(i+1)e;+(n—i—1)ep |1 <j<iandi+1<Ek<n}
In conclusion, there exist (i + 1)(n — i) extremal rays of the cone (), H;

R :={ney | i+1 <k <n}U{(i+1)ej+(n—i—1)ex |1 <j <i andi+1 <k <n}.

Since R C A we have Ry A =,y H

It is easy to see that the representation is irreducible because if we delete,
for some k, the hyperplane with the normal vgkp,_1), then a coordinate of a
log(xj, - - - xj,xj,,, - - -xj,_,x; ) would be negative, which is impossible; and if
we delete the hyperplane with the normal v o[, then the cone Ry A would be
generated by A = {log(z;, - - - x;,) | jr € [n], for all 1 <k < n}, which again is
impossible. Thus the representation Ry A = (), H; is irreducible. 0

a

Lemma 4.2. Let 1 <i<n—-2, 1<t<n-—1, A:={log(z;, - - x;,) | jorx) €
Agt(ry, 1 <k <n} CN" the exponent set of generators of K —algebra K[A], where
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A= {4z | Aoty = [n], for 1 <k <iand Agiy = [n]\ o'[i], fori+1<
k <n—1, Agimy = [n]}. Then the cone generated by A has the irreducible

representation
RiA= () H,
a€EN

where N = {vgt5), Vokpp—1] | 0 <k <n—1}.

Proof: The proof goes as that for Lemma 4.1. U

5 The a-invariant and the canonical module

Lemma 5.1. The K—algebra K[A], where A = {Agu) | Apt(r) = [n], for 1<
k<, and Agry = [n]\ o'[i], for i+ 1 <k <n—1, Ay = [n]}, is a
Gorenstein ring for all0 <t <n—1and1<i<n-—2.

Proof: Since the algebras from Lemmas 4.1 and 4.2 are isomorphic, it is enough
to prove the case t = 0.

We will show that the canonical module wx4) is generated by (x1-- -2, ) K[A].
Since K — algebra K[A] is normal, using the Danilov-Stanley theorem we get that
the canonical module w4) is

wiA] = 177 | a € NANTi(RLA)}

Let d = ged(n,i + 1) be the greatest common divisor of n and ¢ + 1, then the
equation of the facet Hy, ,, is

n—i—1) < i+ 1
Hopys ~ S s G S im0

The relative interior of the cone Ry A is

—i—1)
riRyA) = {z € R™ |25 > 0, ¥k € [n], - Z
k=1 k=i+1

xrE > 0}.

We will show that NANri(RyA) = (1,...,1) + (NANRLA).
It is clear that ri(RyA) D (1,...,1) + Ry A. If (o, 0,...,0) € NAN
ri(R4A), then af > 1 for all 1 <k <n and

—1—1 : 3 1 n n
_%Zak—‘r(l%d) Z g Zland ZakztnforsometZL
k=1 k=i+1 k=1
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We claim that there exists (81, B2, . . ., Bn) € NANR, A such that (a1, as, ..., q,) =
(Bi+1,8+1,...,80+1). Let B = ap — 1 for all 1 < k < n. It is clear that
Bx > 0 and

n—z—l Zﬁ+z+1 Zﬁ n—z—lz +z—|—1 Zak—%-

k=i+1 k=i+1
If
- f1 ) <
(n—i Z ag + ZJF kz+1ak:]W1th1<]<E—l

then we will get a contradiction. Indeed, since n divides >, _, ax, it follows that
5 divides j, which is false. So we have

n

Zﬂ ’L+1 Zﬁk:

k=i+1

n

(n—i-—
Z e+
k=i+1

Thus (01, B2, .., 0n) E NANRLA and (a1,a2,...,a,) € NANri(RyA).
Since NAN7i(RyA) = (1,...,1) + (NANR,A), we get that wra = (21---
xn) K[A]. 0

Let S be a standard graded K —algebra over a field K. Recall that the
a—invariant of S, denoted a(.9), is the degree as a rational function of the Hilbert
series of S, see for instance ([9, p. 99]). If S is Cohen-Macaulay and wg is the
canonical module of S, then

a(S) = —min{i | (ws): # 0},

see [2, p. 141] and [9, Proposition 4.2.3]. In our situation S = K[A] is normal
[7] and consequently Cohen-Macaulay, thus this formula applies. We have the
following consequence of Lemma 5.1.

Corollary 5.2. The a—invariant of K[A] is a(K[A]) = —1.

Proof: Let {z*,..., 2%} be generators of the K—algebra K[A]. Then K[A] is
a standard graded algebra with the grading

ZK aryer ... (g®)%, where |¢| =c1 + ... + ¢4
|e|=1

Since wra] = (21 -+ - 2,)K[A], it follows that min{i | (wx4)): # 0} = 1, thus
a(K[A]) = —1. 0
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6 FEhrhart function

We consider a fixed set of distinct monomials F' = {z®*,..., 2%} in a polynomial
ring R = K[z1,...,2,] over a field K. Let

P = conv(log(F))
be the convex hull of the set log(F') = {a,...,a,}. The normalized Ehrhart ring

of P is the graded algebra

o0

Ap = @P(Ap); C RIT),

j=0
where the j** component is given by
(Ap); = > K 2% T7.
a€Zlog(F)N P
The normalized Ehrhart function of P is defined as
Bp(j) = dim (Ap); = | Z log(F) N jP |.

From [9, Proposition 7.2.39 and Corollary 7.2.45] we have the following important
result.

Theorem 6.1. If K[F] is a standard graded subalgebra of R and h is the Hilbert
function of K[F), then:

a) h(j) < Ep(j) forallj>0, and

b) h(j) = Ep(j) for all j >0 if and only if K[F] is normal.

In this section we will compute the Hilbert function and the Hilbert series for
the K—algebra K[A], where A satisfies the hypothesis of Lemma 4.1.

Proposition 6.2. In the hypothesis of Lemma 4.1, the Hilbert function of the
K—algebra K[A] is

(i4+1)t . .
k+i—1\/nt—k+n—i—1
=3 ()T

k=0

Proof: From [7] we know that the K—algebra K[A] is normal. Therefore, to
compute the Hilbert function of K[A] is equivalent to compute the Ehrhart func-
tion of P, where P = conv(A).

It is clearly enough to show that P is the intersection of the cone R; A with the
hyperplane z1 + ... + z, = n, that is,

P={a€eR"|ap>0forany k € [n], 0 < a1+...4a; <i+land a;+...+a, =n},
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whence it follows that
tP={aecR"|ap>0,Vke[n], 0 <ai+...+a; < (i+1)tand a1 +...+a, = nt}.

Since for any 0 < k < (i + 1) ¢ the equation oy + ...+ a; = k has (kﬂifl)
nonnegative integer solutions and the equation o;41 + ... + @, = n t — k has

("t_iff;i_l) nonnegative integer solutions, we get that
(R (ki—1\ [nt—k+n—i—1
Ep(t):|ZAﬂtP|:Z< N )( o )
k=0

Corollary 6.3. The Hilbert series of the K—algebra K[A], where A satisfies the
hypothesis of Lemma 4.1, is

1+hi t+...4+hpq t" T
(1—-t)n ’

Hyra(t) =

where '
j
s . n
=30 - ()
s=0
and h(s) is the Hilbert function of K|[A|

Proof: Since the a—invariant of K[A] is a(K[A]) = —1, it follows that to com-
pute the Hilbert series of K[A] it is necessary to know the first n values of the
Hilbert function of K[A], k(i) for 0 <i < n — 1. Since dim(K[A]) = n, applying
n times the difference operator A (see [2]) on the Hilbert function of K[A] we
get the conclusion.

Let A%(h); := h(j) for any 0 < j < n—1. For k > 1 let A*(h)g := 1 and
Ak(R); == AF=Y(h); — A*=L(h),;_ for any 1 < j <n — 1. We claim that

AM(0); = Y (1R~ ()

s=0

for any £ > 1 and 0 < j <n — 1. We proceed by induction on k.
If K =1, then

AL(h); = A%(h); — A%h); - = h(j) — h(j — 1) = S (~1)°h(j — 5) (1)

forany 1 <j<n-1.
If £ > 1, then
AF(h); =AM (h); =AM (h) 0 =
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- h(j)+§<—1>8h(j—s> (1) (o) revman (o))
- h<j>+§<—1>5h(j—s> (Y rvrsm (i1 = Sevni-(t)

Thus, if k£ = n it follows that

forany 1 <j<n-—1.
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