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1 Introduction and preliminaries.

Weil algebras and related functors [14] have been quite extensively studied by
a number of authors over the past decades ([2], [3], [4], [5], [7], [8], [12]). In
the present note we generalize the method of associating a functor with a single
local algebra. We start with a local algebra bundle α : A → M on a differential
manifold M and define a functor which associates with a differential manifold P
a double fibre bundle

M

P

AP
................................................................................................................................................

αs
P

...................................................................................... ............
αt

P

(1)

The elements of AP are called α-jets on P .
In the first part of the paper, using some of the main results proved in [1] and

[2], we give the proof of the differential structure of (1).
In the second part we present a straightforward proof of the connection be-

tween the jets of mappings of Ehresmann type ([6], [7], [9], [10], [11], [13]) and a
special class of α-jets.

A list of few basic definitions and conventions now follows.
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Differential manifolds will be assumed to be modelled on affine spaces and we
will refer to the differential calculus on affine spaces presented in [1].

Let M , P , Q and R be differential manifolds.

Definition 1. A double bundle with total space Q, bases M and P and standard
fibre R is a diagram

M

P

Q
................................................................................................................................................

σ

...................................................................................... ............
τ

such that
(i) σ : Q → M and τ : Q → P are surjective submersions;
(ii) for each x ∈ M and p ∈ P , there are a chart (U , ξ) around x, a chart

(W, η) around p and a diffeomorphism

χ : σ−1(U) ∩ τ−1(W) −→ ξ(U) × η(W) × R

such that the following double local trivialization diagram

U ξ(U)

W η(W)

σ−1(U) ∩ τ−1(W) ξ(U) × η(W) × R................................................................................................................. ............
χ

................................................................................................................................................

σ

................................................................................................................................................

pr1

...................................................................................... ............
τ

...................................................................................... ............
pr2

............................................................................................................................................................................................................................................................... ............
ξ

........................................................................................................................................................................................................................................................ ............η

is commutative.

A double bundle of the form

M

P

M × P × R
................................................................................................................................................

pr1

...................................................................................... ............
pr2

is called a trivial double bundle.

Definition 2. A local algebra bundle (l.a.b.) is a (locally trivial) fibre bundle

M

A
........................................................................
α

with a local algebra as its standard fibre.
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For each x ∈ M , Ax = α−1(x) is called the local algebra over x. If IAx
denotes

the only maximal ideal of Ax, we identify IR with IR1Ax
, so that Ax = IR + IAx

.
Furthermore we denote by 0Ax

the only epimorphism from Ax onto IR.
A local algebra bundle morphism is a bundle morphism which induces a local

algebra morphism on each fibre.

2 The functor associated with a local algebra bundle.

Let

M

A
........................................................................
α (2)

be a local algebra bundle.
Let P be a differential manifold, and consider the set A(x,·)P of all IR-algebra

morphisms from C∞(P ) to Ax which preserve the identity. We set

AP =
⋃

x∈M

A(x,·)P.

The elements of AP are called α-jets on P .
We denote by

αs
P : AP −→ M

the natural surjective mapping (source) such that for all x ∈ M ,

(αs
P )

−1
(x) = A(x,·)P.

Let u ∈ AP and x = αs
P (u). There is just one point p ∈ P such that the

composition 0Ax
◦ u is the evaluation mapping evp at p (cf., e.g., [7], p.296). So

we have another surjective mapping (target)

αt
P : AP −→ P

such that for all p ∈ P ,

(αt
P )−1(p) = A(·,p)P =

⋃

x∈M

{u ∈ A(x,·)P : 0Ax
◦ u = evp}. (3)

We set
A(x,p)P = A(x,·)P ∩ A(·,p)P.

Then
A(x,·)P =

⋃

p∈P

A(x,p)P , A(·,p)P =
⋃

x∈M

A(x,p)P

It is easy to prove the following
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Proposition 3. (i) To a l.a.b. α : A → M corresponds a covariant functor

M

I

A
................................................................................................................................................

αs

...................................................................................... ............
αt

(4)

which associates with any differential manifold P the diagram

M

P

AP
................................................................................................................................................

αs
P

...................................................................................... ............
αt

P

(5)

and with any differentiable mapping ϕ : P → Q the diagram

M M

P Q

AP AQ....................................................................................................................................................................................................................................................................... ............
Aϕ

................................................................................................................................................

αs
P

................................................................................................................................................

αs
Q

...................................................................................... ............
αt

P

...................................................................................... ............

αt
Q

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

....................................................................................................................................................................................................................................................................... ............ϕ

where, for all u ∈ AP ,

Aϕ(u) = u ◦ ϕ∗, (6)

i.e., for all f ∈ C∞(Q),

Aϕ(u)(f) = u(f ◦ ϕ).

(ii) To a l.a.b. morphism

M N

A B.................................................................................................................................................................................... ............
κ

.................................................................................................................................................................................... ............
µ

.......................................................................................
α

.......................................................................................
β
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corresponds the functor

N

I

B

M

I

A...........................................................................................................................................................

αs

.............................................................................................................. ............
αt

...........................................................................................................................................................

βs

.............................................................................................................. ............
βt

.....................................................................................................................................................

µ

.....................................................................................................................................................

κ .............................................................................................................................

.............................................................................................................................

which associates with a differential manifold P the diagram

N

P

BP

M

P

AP...........................................................................................................................................................

αs
P

.............................................................................................................. ............
αt

P

...........................................................................................................................................................

βs
P

.............................................................................................................. ............
βt

P

.....................................................................................................................................................

µ

.....................................................................................................................................................

κP .............................................................................................................................

.............................................................................................................................

where

κP (u) = κ ◦ u,

and with a differentiable mapping ϕ : P → Q the diagram

N

P

BP

M

P

AP

N

Q

BQ
M

Q

AQ

κQ

...........................................................................................................................................................

αs
Q

.............................................................................................................. ............
αt

Q

...........................................................................................................................................................

βs
Q

.............................................................................................................. ............
βt

Q

.....................................................................................................................................................

µ

.....................................................................................................................................................

.............................................................................................................................

.............................................................................................................................

...........................................................................................................................................................

αs
P

.............................................................................................................. ............
αt

P

...........................................................................................................................................................

βs
P

.............................................................................................................. ............
βt

P

.....................................................................................................................................................

µ

............................................................................................................................................................

κP .............................................................................................................................

.............................................................................................................................

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................. ............
ϕ

................................................................................................................................................................................................................................................................................................................................................................................................. ............
Bϕ

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................. ............
ϕ

................................................................................................................................................................................................................................................................................................................................................................................................. ............
Aϕ
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In this section we will prove that diagram (5) is a double bundle.

To this end, we first consider the functor associated with a trivial l.a.b. over
an affine space and apply it to another affine space. The resulting trivial double
bundle will be the model for the structure we are looking for.

In the sequel, E will denote an affine space modelled on a vector space X and
G an affine space modelled on a vector space Z.

Lemma 4. Let

E

E × A
........................................................................
ε = pr1 (7)

be a trivial l.a.b. over the affine space E. The corresponding functor, when
applied to the affine space G, yields a trivial double bundle with an affine space
as its total space.

Proof: By definition, when we apply the functor associated with l.a.b. (7) to G,
we get

E

G

(E × A)G
................................................................................................................................................

εs
G

...................................................................................... ............
εt
G

(8)

Then we have

(E × Ā)G =
⋃

x∈E

(εs
G)−1{x}

=
⋃

x∈E

(
{x} × Ā

)
G (9)

= E × ĀG.

We have proved the following identification (cf. [2], Prop.9)

ĀG = G × (IĀ ⊗ Z), (10)

where IĀ is the maximal ideal of Ā. As a consequence we have

(E × Ā)G = E × G × (IĀ ⊗ Z), (11)

so that (E× Ā)G is an affine space and diagram (8) becomes the following trivial
double bundle
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E

G

E × G × (IA ⊗ Z)
................................................................................................................................................

pr1

...................................................................................... ............
pr2

Let us notice that equalities (10) and (11) still hold if E and G are replaced
by open subsets owing to the local character of α-jets which we briefly recall.

Let W be an open subset of P . From the action of the functor (4) on the
inclusion mapping

ιW : W → P

we obtain the mapping
AιW : AW −→ AP

whose restriction to any fibre A(·,p)W of αt
P

ApιW : A(·,p)W −→ A(·,p)P

is a bijection (cf. [2], Sec.4.2). As a consequence, owing to the identification

A(·,p)W = A(·,p)P,

we have that AW is a subset of AP (local character of α-jets) and that AιW is
the inclusion mapping ιAW . This is illustrated by the following diagram

M M

W P

AW AP............................................................................................................................................................................................ ............
ιAW

................................................................................................................................................

αs
W

................................................................................................................................................

αs
P

........................................................................................................... ............
αt
W

........................................................................................................... ............
αt

P

................................................................................................................................................................................................................................................................................................................................................................

............................................................................................................................................................................................ ............ιW

The following step is to apply the functor associated with the l.a.b. morphism
given by a trivialization of (2) to a chart of differential manifold P . The result
will be a chart of AP .

In the sequel, M will denote a differential manifold modelled on the affine
space E and P a differential manifold modelled on the affine space G.

Let

U ξ(U)

Aξ = α−1(U) ξ(U) × A....................................................................................................................................... ............
ξA

.................................................................................................................................................................................................................. ............
ξ

.......................................................................................
α

.......................................................................................
ε = pr1 (12)
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be a local trivialization of l.a.b. (2) with ξ : U → ξ(U) an admissible chart on M
and Ā the standard fibre.

If we apply the functor corresponding to l.a.b. isomorphism (12) to an ad-
missible chart (η,W) on P , we obtain the diagram

H

W

(H × A)W

U

W

AξW

H

K

(H × A)K

U

K

AξK

ξA
K

...........................................................................................................................................................

αs
K

.............................................................................................................. ............
αt

K

...........................................................................................................................................................

εs
K

.............................................................................................................. ............
εt
K

.....................................................................................................................................................

ξ

..........................................................................................................................................................

.............................................................................................................................

.............................................................................................................................

...........................................................................................................................................................

αs
W

.............................................................................................................. ............
αt
W

...........................................................................................................................................................

εs
W

.............................................................................................................. ............εt
W

.....................................................................................................................................................

ξ

..........................................................................................................................................................

ξA
W .............................................................................................................................

.............................................................................................................................

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................. ............η

........................................................................................................................................................................................................................................................................................................................... ............
(H × Ā)η

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

................................................................................................................................................................................................................................................................................................................................................................................................. ............η

..................................................................................................................................................................................................................................................................................................................................................................................... ............
Aξη

(13)

where, for the sake of simplicity, we have set H = ξ(U) and K = η(W).
From diagram (13) we can select the subdiagram

U ξ(U)

W η(W)

AξW
(
ξ(U) × A

)
η(W)

....................................................................................................................................

αs
W

.............................................................................................
αt
W

....................................................................................................................................

εs
η(W)

.............................................................................................

εt
η(W)

.............................................................................................................................................................. ............
ξ

......................................................................................................................................................... ............η

........................................................................................................................... ............
A(ξ,η)

(14)

where

A(ξ,η) := ξA
η(W) ◦ Aξη

is a bijection, which, owing to Lemma 4, is a chart of AP .

Proposition 5. AP is a differential manifold.

Proof: AP will be a differential manifold modelled on the affine space (E× Ā)G
provided that the charts A(ξ,η) are C∞-compatible.Without loss of generality we
will consider charts ξ′ and η′ on M and P having the same domains U and W
as ξ and η, respectively. It follows that Aξ = Aξ′ .We have to prove that the
composition

A(ξ′,η′) ◦ A−1
(ξ,η) = ξ′

A
η′(W) ◦ Aξ′η′ ◦ (Aξη)−1 ◦ (ξA

η(W))
−1



Local algebra bundles and α-jets of mappings. 215

= ξ′
A
η′(W) ◦ Aξ(η

′ ◦ η−1) ◦ (ξA
η(W))

−1 :
(
ξ(U) × Ā

)
η(W) −→

−→
(
ξ′(U) × Ā

)
η′(W) (15)

is differentiable.
(i) Let us consider the transition function obtained from (12) and the anal-

ogous local trivialization of (2) corresponding to ξ′:

ξ(U) ξ′(U)

ξ(U) × A ξ′(U) × A....................................................................................................................................... ............
ξ′A ◦ (ξA)−1

.................................................................................................................................................................................................................. ............
ξ′ ◦ ξ−1

.......................................................................................
pr1

.......................................................................................
pr1 (16)

It is a differentiable l.a.b. morphism. It follows that for all ξ(x) ∈ ξ(U) the
induced mapping

ξ′
A∣
∣
Ax

◦(ξA
∣
∣
Ax

)−1 : ξ(x)×Ā −→ ξ′(x)×Ā :
(
ξ(x), a

)
7→

(
ξ′◦ξ−1(ξ(x)),Ξξ(x)(a)

)

determines a local algebra automorphism

Ξξ(x) : Ā −→ Ā (17)

and, moreover, that the mapping ξ(x) 7→ Ξξ(x) is differentiable. Owing to Propo-
sition 7 in [2], when we apply the functor corresponding to (17) to η′(W) we get
the following map:

Ξ
ξ(x)
η′(W) : Āη′(W) −→ Āη′(W) : ū 7→ Ξξ(x) ◦ ū. (18)

The above mapping is differentiable since, by Proposition 9 in [2], for any choice
of a Cartesian coordinate system (y1, . . . , ym) in G, it admits the following global
coordinate expression

η′(W) × (IĀ × · · · × IĀ
︸ ︷︷ ︸

m times

) −→ η′(W) × (IĀ × · · · × IĀ
︸ ︷︷ ︸

m times

)

(
η′(p), (ūj)j=1...,m) 7→

(
η′(p), (Ξξ(x)(ūj))j=1...,m

)
, (19)

where we have set ūj = ū(yj) − ū(η′(p)) for all j = 1 . . . ,m.
(ii) Now we can prove that the mapping (15) is differentiable. It acts as

follows:

ξ′
A
∣
∣
Ax

◦ (ξA
∣
∣
Ax

)−1 ◦ v ◦ (η′ ◦ η−1)∗

(ξA
∣
∣
Ax

)−1 ◦ v ◦ (η′ ◦ η−1)∗

(ξA
∣
∣
Ax

)−1 ◦ vv .............................................................................................................................................................................................................................................. ............
(ξA

η(W))
−1

.............................................................................................................................................................................................................................................. ............
Aξ(η

′ ◦ η−1)

.............................................................................................................................................................................................................................................. ............
ξ′

A
η′(W)

(20)
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Owing to (9), we can use the following identification

(
ξ(U) × Ā

)
η(W) ∼= ξ(U) × Āη(W)

v ∼=
(
ξ(x), v̄

)

where v̄ = pr2 ◦ v. With the above identification, (20) becomes

ξ(U) × Āη(W) −→ ξ′(U) × Āη′(W)

(
ξ(x), v̄

)
−→

(
ξ′(x),Ξξ(x) ◦ v̄ ◦ (η′ ◦ η−1)∗

)

=
(

ξ′ ◦ ξ−1
(
ξ(x)

)
,Ξ

ξ(x)
η′(W)[Ā(η′ ◦ η−1)(v̄)]

)

Owing to Proposition 10 in [2] and (i), we conclude that (15) is a differentiable
mapping.

Up to now we have proved that AP is a differential manifold.The next step is
to show that both αs

P and αt
P are surjective submersions.

Proposition 6. The diagram

M

AP
........................................................................
αs

P

is a surjective submersion.

Proof: From diagram (14) we select the subdiagram

U ξ(U)

AξW
(
ξ(U) × A

)
η(W) = ξ(U) × Aη(W)

....................................................................................................................................

αs
W

....................................................................................................................................
εs
η(W) = pr1

.............................................................................................................................................................. ............
ξ

..................................................................................................................................... ............
A(ξ,η)

It is the coordinate expression of αs
P , which is a projection, and hence a surjective

submersion.
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Proposition 7. The diagram

P

AP
........................................................................
αt

P

is a surjective submersion.

Proof: From diagram (14) we select the subdiagram

W η(W)

AξW
(
ξ(U) × A

)
η(W) = ξ(U) × Aη(W)

....................................................................................
αt
W

....................................................................................
εt
η(W) = ᾱt

P ◦ pr2

......................................................................................................................................................... ............
η

............................................................................................................................................... ............
A(ξ,η)

It is the coordinate expression of αt
P , which is a projection, and hence a

surjective submersion.

Theorem 8. Diagram

M

P

AP
................................................................................................................................................

αs
P

...................................................................................... ............
αt

P

is a double bundle.

Proof: We only have to prove part (ii) of Definition 1.
Let (U , ξ) be a chart around a point x of M and (W, η) a chart around a point

p of P . We have

(αs
P )−1(U)

⋂

(αt
P )−1(W) =

(
⋃

x∈U

A(x,·)P

)
⋂




⋃

p∈W

A(·,p)P





=




⋃

x∈U

⋃

p∈P

A(x,p)P




⋂




⋃

p∈W

⋃

x∈M

A(x,p)P





=
⋃

x∈U

⋃

p∈W

A(x,p)P =
⋃

x∈U

⋃

p∈W

A(x,p)W

=
⋃

x∈U

A(x,·)W =
(
α−1(U)

)
W

= AξW.

Therefore diagram (14) is a double local trivialization of (αs
P , αt

P ).
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2.1 α-jets of mappings.

In this section we present the connection between the jets of mappings of Ehres-
mann type and a special class of α-jets. Let x ∈ M . In the algebra C∞(M)
consider the maximal ideal I0(M,x) of all functions vanishing at x, and its pow-
ers

Ik(M,x) =
(
I0(M,x)

)k+1
∀k ∈ N.

We can use these ideals in two ways.
(i) Consider the space C∞(M |P ) of all differentiable mappings from M to P

and introduce, in the Cartesian product C∞(M |P )×M , the following equivalence
relation:

(ϕ′, x′) ∼k (ϕ, x) ⇐⇒ x′ = x and g ◦ ϕ′ − g ◦ ϕ ∈ Ik(M,x) ∀g ∈ C∞(P ).

The equivalence class of (ϕ, x) is denoted by jkϕ(x) and called the k-jet of ϕ at
x. The set of all k-jets is denoted by Jk(M |P ).

(ii) Consider the special case of P = IR. For each x ∈ M , the set of k-jets of
functions on M at x, denoted by Ak

x(M), can be identified (cf. [7], Remark 12.7)
with the local algebra

Ak
x(M) = IR + I0(M,x)/Ik(M,x),

and then we have the local algebra bundle

M

Ak(M)
.............................................................................................................................

αk (21)

Now, if we apply the functor associated with (21) to differential manifold P ,
we obtain the double bundle

M

P

Ak(M)P
.........................................................................................................................................................

(αk)s
P

...................................................................................................................................

(αk)t
P

Constructions (i) and (ii) are, actually, closely related, as shown in the fol-
lowing theorem.

Theorem 9. The mapping

χ : Jk(M |P ) −→ Ak(M)P
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defined by

χ(jkϕ(x)) : g 7→ jk(g ◦ ϕ)(x)

is a bijection.

Proof: Note that χ is well defined by definition of Jk(M |P ). We prove bijectivity
by showing that for every u ∈ Ak(M)P there is a unique jkϕ(x) ∈ Jk(M |P ) such
that

χ
(
jkϕ(x)

)
= u.

Let p = (αk)t
P (u) and η be any chart on P around p. Given a Cartesian frame φ

on the n-dimensional affine space G centred at η(p), put

ζ = φ ◦ η

and

ζh = xh ◦ ζ,

where xh is the h-th natural coordinate function on IRn. For all indices h let
ϕh ∈ C∞(M) be such that

u(ζh) = jkϕh(x).

Then, owing to (3),

ϕh(x) = ζh(p).

Up to replacing ϕh with another representative of the same jet, we may assume
that ϕh is not constant. Since M is connected, it follows that the image of ϕh is
an interval in IR. As a consequence the image of

ϕζ = (ϕ1, . . . , ϕn)

contains an open neighborhood of

ζ(p) = ϕζ(x).

The composition ζ−1 ◦ ϕζ defines a mapping ϕ ∈ C∞(M |P ) such that

ϕh = ζh ◦ ϕ.

We will prove that the mapping ϕ is a representative of the required jet in
Jk(M |P ).

Let g ∈ C∞(P ), and let gζ = g ◦ ζ−1. Owing to the local character of u, we
have

u(g) = u(gζ ◦ ζ).

We will write, for gζ , the Taylor formula at ζ(p) = 0, of order k

gζ = Pk(x1, . . . , xn) + Rk
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with Lagrange remainder
Rk = Pk+1H,

where Pk+1 is a homogeneous polynomial of degree k + 1 at 0.
Then we have

gζ ◦ ζ = Pk(x1 ◦ ζ, . . . , xn ◦ ζ) + Rk ◦ ζ
= Pk(ζ1, . . . , ζn) + (Pk+1H) ◦ ζ.

As a consequence

u(g) = u
(
Pk(ζ1, . . . , ζn)

)
+ u(Pk+1 ◦ ζ)u(H ◦ ζ),

where

u(Pk+1 ◦ ζ) = u(Pk+1(ζ1, . . . , ζn)) = Pk+1(u(ζ1), . . . , u(ζn)) = 0 (22)

since u(ζh) ∈ I0(M,x)/Ik(M,x). Therefore

u(g) = Pk
(
u(ζ1), . . . , u(ζn)

)

= Pk
(
jkϕ1(x), . . . , jkϕn(x)

)

= jk
(
Pk

(
ϕ1, . . . , ϕn

))
(x)

= jk
(
Pk

(
ζ1 ◦ ϕ, . . . , ζn ◦ ϕ

))
(x)

= jk
(
Pk

(
ζ1, . . . , ζn

)
◦ ϕ

)
(x)

= jk
(
Pk

(
ζ1, . . . , ζn

)
◦ ϕ

)
(x).

Due to the local character of jets, we have

u(g) = jk
(
Pk

(
ζ1, . . . , ζn

)
◦ ϕ

)
(x)

= jk
(
gζ ◦ ζ ◦ ϕ − Rk ◦ ζ ◦ ϕ

)
(x)

= jk(g ◦ ϕ)(x) − jk(Rk ◦ ζ ◦ ϕ
)
(x)

= jk(g ◦ ϕ)(x).

The last equality is justified by arguments similar to those used in (22).
The uniqueness of jkϕ(x) trivially follows by definition.
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