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Abstract
We present the functor associated with a local algebra bundle and the

differential structure of the double fibre bundle it produces when applied
to a differential manifold.

Key Words: Local algebras, double bundles, jet bundle functors.
2000 Mathematics Subject Classification: Primary: 13H10, Se-
condary: 58A20.

1 Introduction and preliminaries.

Weil algebras and related functors [14] have been quite extensively studied by
a number of authors over the past decades ([2], [3], [4], [5], [7], [8], [12]). In
the present note we generalize the method of associating a functor with a single
local algebra. We start with a local algebra bundle oo : A — M on a differential
manifold M and define a functor which associates with a differential manifold P

a double fibre bundle
AP
Ytp
ap
1
p (1)
M

The elements of AP are called a-jets on P.

In the first part of the paper, using some of the main results proved in [1] and
[2], we give the proof of the differential structure of (1).

In the second part we present a straightforward proof of the connection be-
tween the jets of mappings of Ehresmann type ([6], [7], [9], [10], [11], [13]) and a
special class of a-jets.

A list of few basic definitions and conventions now follows.
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Differential manifolds will be assumed to be modelled on affine spaces and we
will refer to the differential calculus on affine spaces presented in [1].
Let M, P, Q and R be differential manifolds.

Definition 1. A double bundle with total space Q, bases M and P and standard

fibre R is a diagram
Q
-
o
P
M
such that

(i) 0:Q— M and 7:Q — P are surjective submersions;
(i1) for each x € M and p € P, there are a chart (U,£) around x, a chart
(W, n) around p and a diffeomorphism

X o HU)NTTHW) — EU) x (W) x R
such that the following double local trivialization diagram

/”\1 X A

>£(U)

s commutative.

A double bundle of the form
M x P xR

pr2
pri
P
M

is called a trivial double bundle.

Definition 2. A local algebra bundle (l.a.b.) is a (locally trivial) fibre bundle
A
lo
M

with a local algebra as its standard fibre.
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For each x € M, A, = a~1(z) is called the local algebra over z. If I 4, denotes
the only maximal ideal of A,, we identify IR with IR14_, so that A, =R+ I4,.
Furthermore we denote by 04, the only epimorphism from A, onto IR.

A local algebra bundle morphism is a bundle morphism which induces a local
algebra morphism on each fibre.

2 The functor associated with a local algebra bundle.

Let
A

loz (2)

M

be a local algebra bundle.
Let P be a differential manifold, and consider the set A, .)P of all IR-algebra
morphisms from C*°(P) to A, which preserve the identity. We set

AP = | J Au P
reM

The elements of AP are called a-jets on P.
We denote by
Oz?:; AP — M

the natural surjective mapping (source) such that for all z € M,

Let u € AP and z = a%(u). There is just one point p € P such that the
composition 04, o u is the evaluation mapping ev, at p (cf., e.g., [7], p.296). So
we have another surjective mapping (target)

ap: AP — P
such that for all p € P,
(agp)_l(p) = A(.’p)P = U {u S A(m,.)P . OAw ou = evp}. (3)
zeM
We set
A(I’p)P = A(L_)P N A(.,p)P.
Then

AeyP=JAenP + ApP=J AunP
peEP zeEM

It is easy to prove the following
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Proposition 3. (i) To al.a.b. a: A— M corresponds a covariant functor

A
C/ YI (4)
M

which associates with any differential manifold P the diagram

AP
: Xfp
i b 5)
M

and with any differentiable mapping ¢ : P — Q the diagram

A
AP L4 > AQ
ol ag
ot o
P > / > Q
M M
where, for all u € AP,
Ap(u) = uo e, (6)

i.e., for all f € C=(Q),
Ap(u)(f) = u(f o @).

(i4) To a l.a.b. morphism

A——r 5 p

| L

Mo——t
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corresponds the functor

which associates with a differential manifold P the diagram

AP,

" \\*P

where

kp(u) = Kou,

and with a differentiable mapping ¢ : P — Q the diagram

Ap




212 Margherita Barile, Fiorella Barone and Wlodzimierz M. Tulczyjew

In this section we will prove that diagram (5) is a double bundle.

To this end, we first consider the functor associated with a trivial l.a.b. over
an affine space and apply it to another affine space. The resulting trivial double
bundle will be the model for the structure we are looking for.

In the sequel, E will denote an affine space modelled on a vector space X and
G an affine space modelled on a vector space Z.

Lemma 4. Let o
Ex A
la = pry (7)
FE

be a trivial l.a.b. over the affine space E. The corresponding functor, when
applied to the affine space G, yields a trivial double bundle with an affine space
as its total space.

Proof: By definition, when we apply the functor associated with La.b. (7) to G,
we get

(E x A)G
ch
€6 . (8)

Then we have

(ExAe = () Ha)

zEE

= U (=} x 4G 9)

©€E
= Ex AG.
We have proved the following identification (cf. [2], Prop.9)
AG =G x (I ® Z), (10)
where I; is the maximal ideal of A. As a consequence we have
(ExA)G=ExGx (I;®Z), (11)

so that (E x A)G is an affine space and diagram (8) becomes the following trivial
double bundle
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/\

Let us notice that equalities (10) and (11) still hold if F and G are replaced
by open subsets owing to the local character of a-jets which we briefly recall.
Let W be an open subset of P. From the action of the functor (4) on the
inclusion mapping
tw W — P

we obtain the mapping
Ay : AW — AP

whose restriction to any fibre A )W of al,
Aptw 2 A )W — A p) P
is a bijection (cf. [2], Sec.4.2). As a consequence, owing to the identification
AW =Acp P,

we have that AW is a subset of AP (local character of a-jets) and that Aty is
the inclusion mapping t4yy. This is illustrated by the following diagram

AW—>- AP

wf K,/ N

P

The following step is to apply the functor associated with the l.a.b. morphism
given by a trivialization of (2) to a chart of differential manifold P. The result
will be a chart of AP.

In the sequel, M will denote a differential manifold modelled on the affine
space F and P a differential manifold modelled on the affine space G.

Let

e _
o — U x4
al - (12)
U > {(U)
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be a local trivialization of La.b. (2) with £ : i — &(U) an admissible chart on M
and A the standard fibre.

If we apply the functor corresponding to l.a.b. isomorphism (12) to an ad-
missible chart (n, W) on P, we obtain the diagram

Aen

P
\,/HXA \\HXA \€ K(}AQ\K

77\/

where, for the sake of simplicity, we have set H = £(Uf) and K = n(W).
From diagram (13) we can select the subdiagram

(677
/ \ / \n(vw
(14)
U —*f

A
Age,m = Eom) © Aen

where

is a bijection, which, owing to Lemma 4, is a chart of AP.

Proposition 5. AP is a differential manifold.

Proof: AP will be a differential manifold modelled on the affine space (E x A)G
provided that the charts A ,) are C"°°-compatible.Without loss of generality we
will consider charts ¢’ and 7" on M and P having the same domains & and W
as & and 7, respectively. It follows that A¢ = Az .We have to prove that the
composition

_ A _ _
Agay © Ay =8wow o Aen o (Aen)™ o (&) ™"
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= om0 e o) o (Edy)) 1 (EU) x A)n(W) —

— (£'U) x A)y' (W) (15)

is differentiable.
(i) Let us consider the transition function obtained from (12) and the anal-
ogous local trivialization of (2) corresponding to £’:

1A o
EU)x A ¢ ( O E'U) x A
pml pri (16)
U) > £'(U)
£( T W

It is a differentiable l.a.b. morphism. It follows that for all {(z) € {(U) the
induced mapping
A — A A — —&(x
&7, 0@, ) @) x A — (@) x A (&), a) = (€067 (E(2)), E5 ) (a))
determines a local algebra automorphism
=@ 4 4 (17)

and, moreover, that the mapping &(x) — Z¢(®) is differentiable. Owing to Propo-
sition 7 in [2], when we apply the functor corresponding to (17) to n'(W) we get
the following map:

Efi%)/v) CAn (W) — Af(W) : a4 25@ o, (18)
The above mapping is differentiable since, by Proposition 9 in [2], for any choice
of a Cartesian coordinate system (y!,...,y™) in G, it admits the following global
coordinate expression

W) x (Igx - x1Iz) — W) x Iz x---x1Ij)

ti ti
(' (D), (@) j=1...m) — (' (D), (Eg(”)(ﬂj))j—l..‘,m)’ (19)

where we have set @/ = u(y’) — u(n'(p)) for all j = 1.
(i) Now we can prove that the mapping (15) is dlfferentiable. It acts as
follows:

(S
v n(W) 5 (§A|A )—1 00
/ -1
A5(77A077 ) > §A‘A ovo(n’on_l)* (20)
o)

Y

&, 0 (€M) tovo (o)
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Owing to (9), we can use the following identification

1

() x An(W)

(&(=), )

(£@) x A)n(W)

1%

v
where © = pry o v. With the above identification, (20) becomes

§U) x ApwW)  — €' U) x Ay'(W)
(@), 0) — (€@),E P ovo( on))

= (€0e(6@), 5o (AW o ) (@)])

Owing to Proposition 10 in [2] and (i), we conclude that (15) is a differentiable
mapping. O

Up to now we have proved that AP is a differential manifold.The next step is
to show that both af and al, are surjective submersions.

Proposition 6. The diagram
AP

Joi
M

is a surjective submersion.

Proof: From diagram (14) we select the subdiagram

A _
ED 5 (e@) x A)n(W) = W) x An(W)

AW

S
aW S N
Snow) = P11

§

U ——EU)

It is the coordinate expression of a%, which is a projection, and hence a surjective
submersion. 0
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Proposition 7. The diagram
AP

b
P

is a surjective submersion.

Proof: From diagram (14) we select the subdiagram

A
€ £U) x Ap(W)

o pr2

AW (¢@) x (v

)
\fé% \itnww Wp

W —L (W)

It is the coordinate expression of al,, which is a projection, and hence a
surjective submersion. O

AP
ol
op
P
M

Proof: We only have to prove part (ii) of Definition 1.
Let (U, €) be a chart around a point = of M and (W, n) a chart around a point
p of P. We have

Theorem 8. Diagram

1s a double bundle.

°
huﬁn
1
s
=
Q
=
L
=
I

(U A<x='>P> N U AcnP

zeU pEW
- U UA4»? )N U U 4enP
x€U peP pEW €M
= U U 4enP=U U 4w
reU peW zeU peW
= UA(I,.)Wz(a—l(U))W
xel
= AW

Therefore diagram (14) is a double local trivialization of (o, ab). O
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2.1 «a-jets of mappings.

In this section we present the connection between the jets of mappings of Ehres-
mann type and a special class of a-jets. Let x € M. In the algebra C*°(M)
consider the maximal ideal Io(M, z) of all functions vanishing at x, and its pow-

ers k1
)

IM(M,z) = (I(M, > Vk € N.

We can use these ideals in two ways.

(i) Consider the space C*°(M|P) of all differentiable mappings from M to P
and introduce, in the Cartesian product C*°(M|P) x M, the following equivalence
relation:

(' a') ~ (p,7) <= 2’ =2 and goy' —gopeI"(M,z)  Vge C(P).

The equivalence class of (¢, z) is denoted by j*¢(z) and called the k-jet of ¢ at
x. The set of all k-jets is denoted by J*(M|P).

(ii) Consider the special case of P = IR. For each x € M, the set of k-jets of
functions on M at x, denoted by A¥(M), can be identified (cf. [7], Remark 12.7)
with the local algebra

AE(M) = R+ To(M,2)/1°(M, ),
and then we have the local algebra bundle

AR (M)
ok (21)

M

Now, if we apply the functor associated with (21) to differential manifold P,
we obtain the double bundle

AF(M)P

<>/ \<o;’“>fp
P
M

Constructions (i) and (ii) are, actually, closely related, as shown in the fol-
lowing theorem.

Theorem 9. The mapping

x : J¥(M|P) — A*(M)P
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defined by
X(7*e(x)) : g = (g0 9)(2)
is a bijection.
Proof: Note that x is well defined by definition of J*(M|P). We prove bijectivity
by showing that for every u € A*(M)P there is a unique j*¢(z) € J*(M|P) such
that
x(i*e(x)) = u.

Let p = (a*)%(u) and 1 be any chart on P around p. Given a Cartesian frame ¢
on the n-dimensional affine space G centred at n(p), put

C=¢on
and
(h=a"o,

where z" is the h-th natural coordinate function on IR™. For all indices h let
" € C°°(M) be such that

u(¢") = jhe" ().
Then, owing to (3),
" (@) = ¢"(p).

Up to replacing ¢ with another representative of the same jet, we may assume
that " is not constant. Since M is connected, it follows that the image of ¢ is
an interval in IR. As a consequence the image of

contains an open neighborhood of

((p) = ¢ ().
The composition (! o ¢¢ defines a mapping ¢ € C*(M|P) such that

" =("o .

We will prove that the mapping ¢ is a representative of the required jet in
JE(M|P).

Let g € C*(P), and let g- = go (~!. Owing to the local character of u, we
have

u(g) = u(ge © ¢)-
We will write, for g¢, the Taylor formula at {(p) = 0, of order k

g =PF(t,...,2") + RF
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with Lagrange remainder
RF =PFH

where P**1 is a homogeneous polynomial of degree k 4 1 at 0.
Then we have

Pr(zto(,...,a" o)+ RF o

gco(
PR, ..M + (PP H) o C.

As a consequence
u(g) = u(PE(C ., ¢M) + u(P o QuiH 0 ),
where
(P o Q) = u(PHHHC, 0 ¢M) = PR (), o u(€) =0 (22)
since u(¢h) € Io(M, z)/I%(M, z). Therefore
ulg) = PHu(c),...,u(c")

= P el ()., 5% (@)

= jk(Pk(gol,...,go"))(x)

= GNP (¢ op,... (o)) (x)

= GNP M) e 0)(a)
jk(Pk(Cl, ..,C")ocp)(x).

Due to the local character of jets, we have

u(g) FFPR(C, .. ¢ o) (@)
= j"(gcoCop—RFoloy)(x)
= " (gop)(x) - j*(RF o (o) (x)
7*(go)().

The last equality is justified by arguments similar to those used in (22).
The uniqueness of j*p(x) trivially follows by definition. O

References

[1] M. BARILE, F. BARONE AND W.M. TULCZYJEW, Polarizations and Dif-
ferential Calculus in Affine Spaces, Linear Multilinear Algebra. 55, 121-146
(2007).



Local algebra bundles and a-jets of mappings. 221

[2] M. BARILE, F. BARONE AND W.M. TuLczYJEW, The category of local
algebras and points proches, Bull. Math. Soc. Sci. Math. R. S. Roumanie
(N.S.), 50, 3-31 (2007).

[3] E. DuBuC, Sur les modeles de la géométrie différentielle synthétique, Cah.
Topol. Géom. Différ. Catég., XX, 234-278 (1979).

[4] E. DuBuUC AND J. ZILBER, Weil Prolongations of Banach Manifolds in an
Analytic Model of SDG, Cah. Topol. Géom. Différ. Catég., XLVI, 83-98
(2005).

[5) D.J. Eck, Product—Preserving Functors on Smooth Manifolds, J. Pure
Appl. Algebra, 42, 133-140 (1986).

[6) C. EHRESMANN, Les prolongements d’une variété différentiable, C.R. Acad.
Sci., 233, 598-600, 777-779 (1951).

[7] I. KoLAR, P.W. MICHOR AND J. SLOVAK, Natural Operations in Differ-
ential Geometry, Springer (1993).

[8] I. KOLAR, Bundle functors of the jet type, in: LKolar et al. (eds.), Dif-
ferential geometry and applications. Proceedings of the 7th international
conference, DGA 98, and satellite conference of ICM in Berlin, Brno, Czech
Republic, August 10-14, 1998. Brno: Masaryk University, 231-237 (1999).

[9] P. LIEBERMANN, Introduction to the theory of semi-holonomic jets, Arch.
Math. Brno, 33, 173-189 (1996).

[10] G. PmpELLO, W.M. TuLCZYJEW, Derivations of differential forms on jet
bundles, Ann. Mat. Pura Appl., IV. Ser., CXLVII, 249-352 (1987).

[11] J. PRADINES, Fibrés vectoriels doubles et calcul des jets mon holonomes,
Esquisses Math., 29, Amiens (1977).

[12] V.V. SHURYGIN, The structure of smooth mappings over Weil algebras and
the category of manifolds over algebras, Lobachevskii J. Math., 5, 29-55
(1999).

[13] W.M. TuLczyJEw, Evolution of Ehresmann’s jet theory. To appear in: Ba-
nach Center Publications, Institute of Mathematics, Polish Academy of Sci-
ences, Warszawa.

[14] A. WEIL, Théorie des points proches sur les variétés différentiables, Collo-
ques internat. Centre nat. Rech. Sci., 52, 111-117 (1953).

Received: 16.03.2007.



222

Margherita Barile, Fiorella Barone and Wlodzimierz M. Tulczyjew

!Dipartimento di Matematica,
Universita di Bari, Italy.
E-mail: barile@dm.uniba.it

2Dipartimento di Matematica,
Universita di Bari, Italy.
E-mail: barone@dm.uniba.it

3Dipartimento di Fisica,
Universita di Camerino, Italy.
E-mail: tulczy@libero.it



