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Abstract

We study conservative numerical methods for the Euler-Lagrange equa-
tions when the lagrangian is Lag=L (y, v,y ..y<k)) dx

Key Words: jet space, Cartan form, lagrangian, conservative nu-
merical scheme.
2000 Mathematics Subject Classification: Primary 65P10.

1 Preliminaries

Let consider the fibration of mxy : Y — X where X is the real field and the
fibers are diffeomorphic to a given finite dimensional manifold Q. A k jet over
x € X is a class of equivalence of sections of Y defined in a neighborhood of x such
that two sections are equivalent iff their Taylor development agree up to order
k. The jet corresponding to section s will be denoted by j*s (z). The definition
is independent of the local coordinates on X or Q. If x is a local coordinate
on X and (yl, y2, ..yN) are local coordinates on Q, then on J*Y we use the

coordinates (x7yA,ylA)A=1“A i1 Where for the jet of a section s : X — Y,

s(z) = (z,s" (), s (z),..s"V () we have y* = s (z), y! = d‘iii 54 (x). In the
following y(‘f‘ is identical to y*. The correspondence = — j¥s (x) is a section of
J*Y and is denoted by j*s. By truncation of a k development to a 1 development

(I<k) we get a projection 7 iy sry : JFY — JY.

Using local coordinates we define the total derivative D, = a% + yf‘ay% +
y?a‘%‘ + ..+ y,‘fay% + y,ﬁl% as a function from J**1Y to the tangent space
1 kE—1 k
TJ*Y and we define also the differential forms 05 = 64 = dy? — y{dz, 9;-4 =
dyffyfﬂdx, for j > 1. For any section s we have j*s* (9;‘) =0, and GJA (D) =

0. By lagrangian on J*Y we understand a differential form of degree 1 which
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to any jet v € J*Y takes value in 7% ., (A'X). Using local coordinates, a
lagrangian is a differential form

Lag=L (z,y"*, i, .yi) da (1)

Any function f : J¥Y — R can be considered as a function denoted abusively

f also, defined on any J"Y (n>k) by the composition J"Y Ty gky IR
Analogously any form w € AJ*Y gives a form on J"Y (n>k) by the formula
ijY,J"Yw' For such functions D, f is well defined on an open set of JEHY . We
define D, , = D, 0 Dy o ..D, (p times) which gives for f : J*¥Y — R, a function
Dypf + JEPY — R, by the formula D, ,f = D,D, (..D, (f)). For p=0 we
define D, o =identity. For a section s of Y we have

% (f <x, s (x), dszx(x) v dkz::’fx) ))

SA T kSA T k+1SA T
:(sz) <1'78A(5L')7d dqg )’d dxk( )’d dxk+1( )) (D f)( k+1 ( ))

We have the following result:

Proposition 1. Let Lag a lagrangian defined on J*Y . Then the following form

1

J

N k
oL
Oag=Ldz+ > > > (- ”‘aA 0 (2)
A=1j=1 m=0
N k—1k—b—1 (9L
=Ldr+ ) > o=y DzvmaAi'el? (3)
A=1b=0 m=0 Ym+b+1

is well defined on J?*=1Y (independent of the coordinate system,).

For a proof see [15].
O
Now let s a C'* family of sections s° : [a(g), b(¢)] — Y defined for ¢ in a
neighborhood of 0, let j*¥s° the k jet of s° and let ¢ = d%|5:036. We shall denote

s? simply s. An integration by parts gives

d b(e) : oL .
cTI/ LU dw—ZZ/ ) Deigr (% (@) ¢ @) do

(e A=1j=0
+ L (j%s (b)) ¥ (0) — L (5*s(a)) a’ (0)
b
N k j-—1 i —m—1,A
OL | of_ &’ ¢
+ 'rmi (jzk ls(x)) T i—m—1
L2 2 N Py T
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and for s a solution of the Euler-Lagrange equations

k

; L
Z (—1)? Dwd;ﬁ (7%%s(z)) =0 for A=1,2,.N (4)
j=0 Yj
we have
d

b(e)
o | ) DU @) A= 00y (P () T~ 020g (P (0) Vo )

k-1 di¢A :
where V, = d%|6:0a () % + CA|x:a(o)ayLA + 25211 gmj("”) ‘x:a(o)% is a vector
tangent to J2*71Y at j2*~1s(a (0)). V, is defined analogously, tangent to J2*~1Y
at 5215 (b(0)).

We will prove that a trajectory of the Euler-Lagrange system for a nondegen-
erate lagrangian is defined by

(7.7 0),..¢*V () e T"7Q

(@)@ (m),.a*D () eT"Q

The lagrangian is called nondegenerate if the system (4) can be solved for the
derivatives of higher order, that is the Nk x Nk matrix (ay‘fﬁ) is nonsingular.
i 0Y;

More precisely we have

Proposition 2. Let ¢ (t) a solution of the Euler-Lagrange equations for the non-
degenerate lagrangeian L (q7 q, ..q(k)) dt. Then there exists hog > 0 and the neigh-
borhoods Vy and Vi of (q 0),¢ (0),...q%* =V (O)) respectively (q (ho),q’ (ho), ...

g1 (ho)) and a neighborhood Vy, of hg such that for any gy = (qo, v, Ve, ..vgfl)
e Vo, 1 = (ql,v},vf, ..vf_l) € V1 and h € V}, there exists an unique solution

U(go.q) (t) of the Euler-Lagrange equations such that

k-1 f—
q(lfo,th) (O) = QO7 qqu,q—l) (0) - ’Ué...ngmql)) (O) = 'UO 1

k—1 —
Gy (M) =01, g gy (h) = vloql D (h) = v}~

Proof: We denote q(g,,4,) (t) shortly by ¢ (). We have the Taylor expantion

q©), 700, §%V0) 5y
t £+ .. t
T IR Ty

q(t)=q(0)+ +

2R R (q (0),4 (0),..3%*Y (0) ,t)
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It is enough to prove that
D (4(0),d (0),.-.g¢%"1(0),G(h).q (h)..g"*~ (h)) 40

A:
at

for enough small h.
We have

A B
A:det(c D)

where A, B, C, D are kN x kN matrices, A = idrwn , B = 0.

(5 +r*o)id (g5 +prom)id .. (L +h*to)id
(E=m+rto)id (B +r*t0W)id .. ({5 +h* 0 1) id
D
(%+h"';i0(1)) id (%—&-hk;.lo(l)) i (ur +hk'+"1o(1)> id

Here id is the N x N identity matrix. It follows D = F ® id and

k—1
& +hrFO (1) Wwﬁou) . hwﬁou)
1 k h k nk—1 k
det (B) = hiF2+tk o | TR TR ow  gmthOM® ey TATO M)
L4 hF0O (1) hypko() . Rl RRO (1)
whence
1 1 1
Al E+1)! 2k—1)!
] ( L) ( h )
) (k—1)! k! (2k—2)!
det (E) = h* | det + hO (1)
1 1 1
1l 21 Kl

To see that the last determinant is non zero consider the polynomial p (x)
of degree 2k-1 having 0 as root of order k and with prescribed values for p (1),
P’ (1),..p%*=1 (1). Such a polynomial exists and is unique [18]. It can be writ-

ten p(z) = ak% + ak+1% + o+ agk,l(;ki:l)!. Assigning values for p (1),
P’ (1),.p%=1 (1) we get a linear system for ay, ..asx_; with the matrix
1

1 1

1 ! . —1)!

K (kil). @k
(E—1)1 kI 2k—2)1

=
S
e
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whence det(F) # 0 and it follows det (E) # 0 for enough small h and det (A) =
det (D) =det (E®1id) #0 .
O

This theorem shows that the exact trajectory of the Euler-Lagrange equations
is completely determined by two points and the derivatves up to orders k-1 at
these points.

2 Conservative numerical schemes

For discretization of the Euler-Lagrange equations, will take T~1Q as space of
points for discrete trajectory. If locally @ = RN then T#~'Q = R*" and a point
of TF1Qis g = (g, v*,v?,..,v"" 1) € R*N where g € Q and v', v?, ..,v"~! are the
derivatives of orders 1,2,..k-1of a trajectory passing through q. Given two points
do = (qo7vé7..v§71) € TF1'Q and ¢, = (ql,v},..vffl) € T*1Q enough close
then according to (2) the trajectory is uniquely defined. We define the discrete
action by

Sq(Go,q1,h) = Lan (L (%,1 (t),q0,1 (), --‘J(()ﬁ_l) (t)))

where I, j, is a formula of approximate computation for foh L(qo1(t),q0, (),

...qéﬁ_l) (t))dt, and go.1 (t) is the polynomial of degree 2k-1 such that ¢o10) = qo,

q(()f)l (0) = vf, i=1.k-1 and, g1 (h) = q1, q((f)l (h) = vi, i=1.k-1.
We call discrete trajectory a sequence of points Gais = (Go,q1,--Gn), @ €
T*=1Q. For every discrete trajectory we define its discrete action by

Sd (qdis) - Sd (607 617 h) + Sd (gla QQa h) + "Sd (gnfh (j’na h)

To minimize the action for variations of points q1,..G,—1, (endpoints Gy si gn,
are fixed) it needs

3Sd GSd aScl

— =0 —/— =0 .. =0 6

oq G2 0Gn—1 ©)
If for threee points o, 1, g2 the equations (6) are

D384 (G0, G1,h) + D1Sa (q1, G2, h) =0 (7)
or

0 o _

7(‘811 (q07QIah’)+Sd (qlanah’)) =0 (8)

oq
where D, is the derivative with respect to first argument and Ds is the derivative
with respect to the second argument. These equations are called discrete Euler-

Lagrange equations. Solving (8) by respect to @ (if possible) then we get an
application Fj, : D C TF1Q x TF1Q — TF1Q x T*~1Q by the formula
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F (qo,@1) = (@1, G2)

D is the open set of points (o, G1) such that exists an continuous trajectory
q (t) of the Euler-Lagrange equations as in proposition (2). By iteration we get
succesively (q1,2) = Fh (G0, q1)s(Gn—1,3n) = F}' (q0,q1). The discrete trajec-
tory (Go, 1, --Gn) fullfils the relations (6).

We have

d(Sd (QOa 517 h) + F}’;Sd (QOa QIa h)) = de (607617 h) + de (Q1a 627 h) (9)
= D154 (qo, @1, ) dgo + D2Sa (G1, G2, h) e

because of (7).
We define as in [10]

©7, (@, @1, h) = D254 (Go, 41, h) dia
©r, (2:q1,h) = =D1S4 (G0, 31, h) dgo

It follows
S, =0} —er, (10)
We define the €2y, form by
Qp, =dO} =dor,

The equation (9) may be written

d(Sq(q0, 0, h) + F;Sq (q0, 31, b)) = (Fy©F ) (20, @1, h) — O, (G0, @1, h)
The exterior derivative of this formula gives

Proposition 3. Under the above conditions the two form Qr, is invariated by
Fy, that is

F;:QLd = QLd
a
Using local coordinates, the r,, is expressed by
9°S4 (Go, @1, h)
Qp =0 das Adg 11
L 90,00, 4o g (11)

or in more detail
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0254 (qo, q1, h) . ; ;
g = 4 ndb (q,o %1 )dq(’) A dgl +
9950q

82‘S’d (gOa qla h)
9440 (v3)’

9%S4 (G0, q1. h)

a(vp)' 0 (v5)’

9%S4 (G0, @1, h)
0 (vh)" dq]

Qr d(vp)' Ad(v5)

dgy A d (v])” + dwp)' ngl  (12)

The indexes i, j run between 1 and N and the indexes r, s run between 1 and k-
1. Remember that qo = (g8, 43, ...q)") € RY and v§ = ((US)1 NO . (US’)N) €

RY in a local representation gy = (qo7 vg, ..vlocfl) for a point in TF~1Q.

The accuracy of approximation of the exact trajectory of the Euler-Lagrange
equations by the discrete trajectory is measured using a special discrete action
(see [10]). Let ¢ (t) the unique solution of the Euler-Lagrange equations deter-
mined by gy and ¢ as in the proposition (2). Then let

h
SE@an) = [ L(260).40).4"0).-4% ) d (13)

We have the following result:

Proposition 4. If the discrete action is given by (13) and the discrete Euler-
Lagrange equations (8) are solvable in o, then the points of the discrete trajectory
generated by (o, q1) belong to the exact trajectory ¢ (t) of the Euler-Lagrange
equations for which ¢ (0) = Go, ¢ (h) = ¢1.

Proof: We shall prove that on the exact trajectory ¢(¢) the discrete Euler-
Lagrange equations are satisfied at the points §; = ¢ (¢h). The proof is performed
for i=1. For other points the proof is analogous. Let ¢. a variation of ¢ with ¢ (0)
and G (2h) fixed. From (5) it follows

0

0 ~ _ ko1~
Se1e-0SE @(0),2) = 10y (#17(0) i 5

a) a9
e=0
The same formula for other two points gives

9 — k1~ o)
S| sF@aenm =0, (* 2 0) s (5

e=0

qs) (15)

e=0

From (14 — 15) it follows

0

£ (ST (@0, @1, k) + S7 (@1,G2,h)) =0

that is the discrete Euler-Lagrange equations hold.



176 Viorel Petrehus

This proposition implies as in [10] that in case HMH > Ah and

0q2
B -
H %{%‘Dvh) H > Ah for a positive constant A and

ST (@0, @1, h) = Sa (qo, @1, h)| < Ch™+?

then
\F7 (@0, @) — Fn (G0, @1)| < CLa" .

For long times that means|(Ff)n (%0,31) — (Fu)" (q0,@1)| < C2h™, n &~ + and
the method is of order r. Here F}F is the map associated to the special action

ST F, is the map associated to Sy and (qo,q1) € D. For long times that means

n n /- — T 1
(FF)" (@0, @) = ()" (@0, @1)| < Cah”om = —

and the method is of order r. This means that the solutions of the discrete Euler-
Lagrange equations are close to that of the exact solution if the discrete action is
enough close to the special action.

For practical applications we need interpolations on [0, k] with prescribed
values at 0 and h. The third order polynomial with prescribed values p (0) = qo,

P (0) =vo, p(h) =q1, p' (k) = w1 is

p (t) = qo o (t’ h) + v Ry (t, h) +q P (t, h) +v1 Ry (t, h) (16)

where

(2t + 1) (t — h)*

Py (t,h) = -
Ry (t,h) = t(t};h)z
SN LILEIES)
Ry (t,h) = M

h2

The integrals foh P; (t,h) P; (¢, h)dt, foh P; (t,h) R; (t,h) dt etc. are in the fo-
llowing table

B Ry Py Ry

P 13h 11h° 9h _ 13h°

35 210 270 210

R 11h°2 h 13h° _hS

0 210 105 420 140

P 9h 13k 13h __11h°

1 70 420 35 210
R, — 13p2  h* 11A? i
1 420 140 210 105
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The integrals [ P! (t,h) P! (t,h)dt, [} P/ (t,h) R, (t,h)dt, etc are in the fo-
llowing

/ / / /
PO 0 Pl 1
pp & 1 6 1
5h 1 5h 1
A G S (. 3
0
O R L
1 5h ];9 5h }LO
R L _h i 2k
1 10 30 10 15

The integrals foh P/’ (t,h) P (t, h)dt, foh P/’ (t,h) R} (t,h)dt, etc are in the
following table

pro12 6 _12 6
0 3 2 3 2
A
0 h2 h %2 h
pr 12 % 1 e
1 3 2 3 2
A G S T
1 h2 h h? h

In the sequel we give an example of such a conservatve scheme.

Example 5. Let
1
E :§q//tAq// _V(q) (17)

with A symmetric nonsingular matriz. We define the discrete action using the
polynomial (16) (denoted here by qo1 (t)) by

h
o) = [ (54650 Aat 0V ans 0) )

Using the preceeding tables it follows
"1
| 5o 0 Adi (e =

1 ( h2v1 Avy + h2vgAvy — 3hqi Avi + 3hqoAvi + h2vgAvg )

s —3hq1 Avg + 3hqoAvg + 31 Aq1 + 3q0Aqo — 6qoAq:

The integral foh (—=V (go,1 (t))) dt is approzimated by —hV (qo). We get
Sa (o, q1,h)

_ i hQUlA’Ul + h2’U0AU1 — 3hq1 Avy + 3hqoAvy + h2U0AU0 _ hV( ) (18)
~ h3 —3hgq1 Avg + 3hgoAvo + 3q1 Aq1 + 3qoAgo — 6goAq: 1

Analogously
Sa(q1,q2,h) =
_ 1 h2v9 Avs + h2v1 Av2 — 3hge Ave + 3hqi Avy + h2vi Avy C RV ()
A3 —3hga Av1 + 3hq1Av1 + 3¢q2Ag2 + 3q1 Aq1 — 6q1 Agz «
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The discrete Euler-Lagrange equations (8) are

6
—A(—2q0 — hvg + 4q1 — 2g2 + hve) — hVV (1) =0

h3
2
2 (3o + hvo + 4hvy — 3qa + hv) =0
whence
h4
g2 = 5qo + 2hvg + 4hvy — 4q1 + KA*VV (q1) (19)
1
v =or (24q0 — 24¢1 + 10hvg + 16hvy + h*A™'VV (1)) (20)

The Qg form according to (11) or (12) is

1

Qd:ﬁ

(hQAi,jdvé A dv] + 3hA; jdgl A dvi — 3hA; jdviy A dgl — 6A; jdgi A dgl )
The Euler-Lagrange equations are not allways solvable with respect to gs. If
we should use in the preceeding example

h
~ ~ ~ _ V1 — U
So@0ai 1) = [ GO 0.8 0)de~ S (@na 1) = 1L (0,00, 250
0

then the discrete Euler-Lagrange equations can’t be solved for g = (g2, v2) and
the same things happens if Sy (o, q1,h)=hL (qo, Dode v ),

To find the order of convergency of Fj, given by (19 — 20) we compare g, =
(g2,v2) with (¢ (2h), ¢ (2h)) from the exact solution of the Euler-Lagrange equa-~

tion passing trough o and §;. For the lagrangeian(17) the equations are

¢V =AT'VV (q) (21)

The exact solution is

q(t)=q(0)+q (0)t+ 2 + 3+
The conditions
q~(0> = qo, Cj/ (0) = o, q(h) =4q1, Cj/ (h) =01

and (21) imply

7(0) ,  §"(0) ,  AT'VV
G(t) = qo + vot + L 2(, Jp 4 4 3$ )5 4 o Wy poa) (22
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where
» —24hvy — 48hvg + T2q1 — 72q0 + h*A=IVV (q0) + AP0 (1)
q(0) = 1212
" —24q; + 24qo + 12hvg + 12hvy — R*ATIVV (go) + AP0 (1)

Finally we get from (22)

h4
G (2h) = 5qo + 2hvg + 4hvy — 4q; + FA—lvv (qo) +h°0 (1)

1
q (2h) = — (24q0 — 24¢; + 10hvg + 16hvy + K*A7'VV (o)) + h*O (1)

2h
whence
4
§(20) a2 = " A7 (VV () = VV (@) + O (1)
=h°0(1)
and
hB
q'(2h) = v2 = = (VV (@) = VV (@) + h*o (1)
=hr*0(1)

These formulas show that the scheme (19 — 20) is of order 3.

3 Numerical experiments

Let the lagrangianl £ =% ¢" 2—&—%(1’ 2. The next computations were carried out using
Mathcad Professional and the results are taken directly from it. The approximate
solution determined by go = (g0, v0), @1 = (g1, v1) according to (16) is

q(t.q0.+0 ,ql.v1.h) == q0 - pO(t.h) + +0 - f(t. h) + ql - p1{t. b) + vl - rl(t.h)

The discret action Sd (qo, q1, h) is

rh ~h

!," . *-».IJ !,* . *-».IJ
d- iooa L od |
-q(t.q0.v0.ql,v1.h) | -;dt+ | —a(t.q0.v0.ql.vL.h) | -
g £ | dt

 dt J J

vl ot
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which expands to

(2ovt?bnt = 60 vl a-hl—vl-b-xJ-D-h4—3-v1-h3-b-q1 \
+3-vl-Hb-ql+60-vi-a-vD-bE-180-vl-h-a-gl ..

+180-vl-h-a-qd+2-v0*-b-h' —3-h -b-vD-ql+3-h -b-qd-+vD .. |

+60-B - a-v0f+ 180t b g0t + 1800 b-q1*-36 B b-g0-gql-180 -h-a-v0-ql ..

1 \+180-h-a-q0-v0+180-a-ql°+180-a-q0* —360-a-q0-ql J

0

(%)

h3

95d(do,d1,h)
oq1

98d(q1,42,h)
9q1

The equation + = 0 becomes

(6 b-v0+24-h*-b-ql-12-h'-b-q0—60-h-a-v0+240-a-ql—120-a-q0 .. )
I l+v2-0 b+60-v2-h-a-12-H -b-q2-120-a-q2 }

= A
10 "
: 05d(go,q1,h) | 95d(q1,q2,h) _
and the equation S0 + I =0is
1 s 3 3 a 32 A
-1 8-vI-h-b+240-vl-h-a-h -b-v0+3-h"-b-ql.. =0

30w \+60-h-a-v0+180-a-q0—v2-H -b+60-v2-h-a—-3-b"-b-q2—180-a-q2 )

The solution of these two equations is

[7200-m-2% w0 -2 n' b* q0.. )
+24-0% bt gl-2- K bYW - 14400- 2 - gl
+18000- 2" g0 - 1200-b* - b-a-ql + 960- 1 - b-a-q0 ..

1\ +14400-v1-h-a +8-v1 B -5+ 720-v1-h - b-
Q2q0.+0,ql.v1,h.a,b) = — - - s Tey M a_J

13 b* b —16-b* b-a+240-2%)
(6000 h-a> w0 + 9600 vl - h- & — 14400 a>- q1 + 14400- 2> - q0 ...
| +320-b° - b-a-+0 .. |
+1680- 85 -b-a-g0—1680-h°-b-a-ql+ 1280-vl- B -b-a..
+32-v1 Wb 3K bW
VA0, ql vl b8, bye L . MF24: n' b g0 -24-1 b2 gl _ )
3

-t v = 1602 b.a+240. 22
For a=1 and b=-1 the exact solution is

C1 4+ Cot+ Cgcost + Cysint

A bounded solution is
1+ cost+sint
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We shall approximate this solution with the values given by the conservative
method (23) and with the values given by the classical Runge-Kutta four step
method, with the step h=0,5.

For small values of t, the values obtained with the conservative method and
the Runge-Kutta method practically coincide with the exact values. As t grows,
the values obtained with the Runge-Kutta method tend to 1. The values obtained
with the conservative method are little translated from the exact solution.

Exacta. RE4. Conservtiva

N A Ay

I
o ? W h
— 0438, \/F \\j v

“Tooo 5005 5010 5015 5020

[

i

S0 oo _5.02=107_

The exact and aproximate solution after 10000 steps of numerical integration

Exacta, REE4 Conservtiva

10 /% ;
VAN AN
N b [\ 1 / Y YN -
. ] \ I / / \ L / /! \ | / /
N N N
s Yo W /

-o.5

—0.547_

-1
2 405 10" 2 406 10" 2 4065 107 2 407 10%
e

2.4ps5=10 ' - e 2.4apT=10%
The exact and aproximate solution after 50000 steps of numerical integration
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