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Abstract

Using a certain monotonicity property of the value function of an infinite-
horizon optimal control problem, we derive first an ”abstract verification
theorem” for feasible selections of admissible trajectories. Further, using
suitable monotonicity results and generalized derivatives we obtain several
”practical” verification theorems under different regularity assumptions on
the value function associated to a feasible selection of admissible trajecto-
ries.
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1 Introduction

The aim of this paper is to extend to infinite-horizon optimal control problems
the results in V. Lupulescu and $t. Mirica [8] and St. Miricd [14] concerning
verification theorems of Dynamic Programming type.

In this setting one assumes that a ”feasible selection” of admissible trajectories
(i.e. a "generalized field of extremals”) is given and the verification theorems
contain sufficient conditions on the corresponding value functions that imply their
optimality.

These sufficient conditions consist in regularity properties (i.e. differentia-
bility, lipschitzianity, continuity, etc.) accompanied by suitable differential in-
equalities that imply the monotonicity of the value function along admissible
trajectories.

Due to the rather irregular behavior of the value functions of optimal control
problems, a reasonable approach seems to be that of attaching the simplest type
of differential inequality to each type of regularity property of the value function.
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We are not discussing here the important problem of finding a generalized
”field of extremals” and the corresponding value function; this can be done ei-
ther by using the available necessary optimality conditions (Pontriaghin’s Min-
imum Principle (PMP)) or, even more efficiently, by using suitable extensions
of Cauchy’s Method of Characteristics for the generally non-smooth, Hamilton-
Jacobi-Bellman equations associated to a problem.

The paper is organized as follows: in Section 2 we present the notations and
definitions to be used in the rest of the paper. In Section 3 we recall the basic
monotonicity and asymptotic properties in I. Mirica [9] and derive an ”abstract
verification theorem” for feasible selections of admissible trajectories”.

The main results of the paper are contained in Section 4 where the required
monotonicity property is proved to be implied by suitable differential inequalities
and corresponding regularity properties of the value functions.

Finally, in the last section we present an example illustrating some of the
theoretical aspects in the previous sections.

To the best of authors’ knowledge, the only existing result of the type in
Section 4 is the so called ” Carathéodory’s Method” in [2, 3] which, in fact, may
be considered as a particular case of the ”Elementary verification theorem” 4.1
below.

2 Notations and definitions

In this paper we are studying the wvalue function of an infinite-horizon optimal
control problem which consists in the minimization of each of the functionals

Cloyia()) = [ foltald)a' O, () € ECRXR ()

subject to:
z'(t) € F(t,z(t)) a.e. (s,0), z(s) =y (2.2)
(ta(t) € ECR xR" (V) ¢ € [s,00) (2.3)

() = (z(-), 0 (")) € Qo € ACY([5,00); R" x IR),

zo(t) := ftfo(a,x(a),:v’(a))da (2.4)
fo(,2(),2'(-)) € L=([s,00); R), (2.5)

where Q, C AC'* is a specified class of locally absolutely continuous mappings.
We note that the data of the problem are the following:
- the set E C IR x IR™ of admissible phases (time-state);
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- the multifunction F(-,-) : E — P(IR") defining the ”"dynamics” in (2.2) and
which, in particular, may be of a ”continuously parameterized” type:

F(t,z) = f(t,z,U), f(,-,u), u €U, continuous; (2.6)

- the real function, fo(-,-,-) : G(F(-,-)) = R, G(F(-,-)) := {(t,z,2"); (t,z) €
E, z' € F(t,z)}, defining the cost functional in (2.1) and which, in the case of
parameterized differential inclusion in (2.6) is replaced by fo(-,-,-) : Ex U = R
so that the cost functional in (2.1) takes the form:

(s,y;5u /fo (t,z(t), u(t))dt, o' (t) = f(t,z(t),u(t),u(t) €U; (2.7

- the class Q4 € {Qpe, Uy, Qp,p € [1,00]} of locally absolutely continuous admis-
sible trajectories where x(-) € Qp, if 2'(-) is piecewise continuous, z(-) € Q, if
a'(-) is regulated and x(-) € Qp, p € [1,00] if 2'(-) € LI¢([s, 00); R™).

We point out the fact that if h(-) : [s,00) — R is measurable then we adopt
the measure-theoretic definition (e.g. Dunford and Schwartz [5]) of the integral

f h(t)dt so that it has the properties:

[e o) T
/h(t)dt: T!gr(lm h(t)dt, sll)rgo /h (2.8)

8

We note that in the theory of normal integrands in Rockafellar [17] as well as
in Carlson et. al.[3], etc., one uses different definitions of this integral which may
not have the properties in (2.8).

Denoting by Q4(s,y) the set of trajectories z(:) : [s,00) — IR™ satisfying
(2.2)-(2.5), the value function of the problem is defined by:

W(Say) = inf C(s,y,:c()), (S,y) € E7 (29)
z(-)€EQa(s,y)
hence, using the convention inf() = +oo, one obtains: W(s,y) = +oo iff
Qa(s,y) = 0.

For each (s,y) € E, the (possibly empty) set of optimal trajectories corre-
sponding to the initial point (s,y) is defined by:

Qa(5,y) = {E() € Qals,9); C(s,5;%() = W(s,9)}. (2.10)
Thus, the ”phase space” E C IR x R™ admits the partition:

E=Et®UE-*UER E*®:.={(s,y) € E; W(s,y) = £oo},

EE =dom(W(.,.)) :={(s,y) € B; W(s,y) € R}. (2.11)
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Moreover, the effective domain, E®, of the value function may be partitioned by:
ER=FUF, B = {(s,y) € B Oa(s,y) 0}, F = R\ B, (212)

Throughout the paper we shall assume the following:

Hypothesis 2.1.

(i) The subset E C R x IR" is nonempty and F(-,-) : E — P(IR") is a
multifunction with nonempty closed values;

(ii) The real function fo(-,-,-) : G(F(-,-)) — IR, is a "normal integrand” in
the sense of Rockafellar [17].

3 Monotonicity and asymptotic properties and the abstract verifica-
tion theorem

In this section we recall first the basic monotonicity and asymptotic properties

in I. Miricd [9] of the value function in (2.9), which are expressed in terms of the

larger class of locally admissible trajectories defined by:

QF°(s,y) = {z() : I CR > R"; 3(-) € QF°,

2'(8) € Ft,2(t))ae., s € T, 2(s) =y, (,2(t)) € EVte I} (3.1)
and of the associated ”extended” real functions
t
walt) = Wt () + / Folrz(r), & (r))dr, t € I. (3.2)

Theorem 3.1. ([9]) If Hypothesis 2.1 is satisfied then the value function
W(-,-) in (2.9) has the following properties:

(i) (Monotonicity). For any (s,y) € E, z(-) € Ql°°(s,y), the extended real
function wy(-) in (3.2) is increasing (ie. wz(t1) < wx(t2), (V)s <t1 <tz <
+00, t1,t2 € I);

(ii) (Asymptotic properties). For any (s,y) € E\ ET®, z(-) € Q4(s,y),
there exists t_légx)W(t,x(t)) and it satisfies the following relations:

0> lim W(t z(t) = W(s,y) — C(s,y;2()); (33)

— t—=+o0

(iii) (Optimality). If (s,y) € E and %() € Qu(s,y) then F(-) €
Qu(s,y) (i-e. it is optimal) iff the real function wz(-) in (3.2) is constant and
satisfies:

wz(t) = wi(s) = W(s,y),(V)t € [s,00), lim W(t,z(t) =0. (34

t—+oo
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Remark 3.2. Asit is easy to prove, the monotonicity property (i) in Theorem
3.1 is equivalent with the so called ”functional equation of Dynamic Program-
ming”,

T
Wi(s,y) = z(.)eisrzlgf(s,y)[W(T’m(T)) + / fo(t,z(t),z'(t))dt], T > s, (3.5)

where the set of ”truncated” (locally admissible) trajectories is defined by:
QT (s,y) := {z(-) € Q°°(s,y); [s,T] C dom(z(-)}). (3.6)

We recall that the "functional equation” in (3.5) ("Dynamic Programming
Principle”) is frequently used in the theory of viscosity solutions of Hamilton-
Jacobi equations associated to the problem (2.1-(2.5) (e.g. Bardi and Cappuzo-
Dolcetta [1], Crandall and Lions [4], etc.). However, as we shall see in what
follows, the (equivalent) monotonicity property (i) in Theorem 3.1 may lead to
stronger results than those in the theory of viscosity solutions.

Remark 3.3. The monotonicity property (i) in Theorem 3.1 implies the fact
that for any (s,y) € E®, z(-) € Q(s,y) one has:

S (,2(6)) + Jolt,2(0), () 20 ae.(s,00), (1)
which, in the case W(-,-) is differentiable at (t,z(t))a.e.(s,00), takes the form:
aa—vf(t,w(t)) + %—T(t,x(t)) -2 () + fo(t,z(t),2'(t)) >0 a.e(s,00). (3.8)

On the other hand, if (s,y) € E and %(-) € Qa(s,y) is optimal and the
same condition is satisfied, then from (3.4) it follows:

ow ow . _ - i~
S GFO) + Z(ED) -F (0 + ot #0),#(1) =0 aces,0).  (39)
The properties in (3.8), (3.9) suggest the fact that under certain hypotheses,
at differentiability points, the value function satisfies the well known ”Partial
Differential Equation of Dynamic Programming”:

BF(t,2) + Ht,z, 5 (t,2)) = 0
H(t,z,p) = inf [<p,v>+folt,z,v)] (3.10)
veF (t,x)
known also as the Hamilton-Jacobi-Bellman (HJB) equation associated to the
problem (2.1)-(2.5).
However, as simple examples show, the value function in (2.9) has scarce

regularity properties and, in particular, may not be differentiable at each point
of its effective domain.
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Though many authors apply the Dynamic Programming Method starting from
a ”viscosity solution” of the (HJB) equation in (3.10), a more realistic approach
seems to be that of starting from a ”feasible selection” of admissible trajectories
("generalized field of extremals”) and the associated value function defined as
follows.

Definition 3.4. A multifunction E 5 (s,y) — A(s,y) C Qa(s,y) is said to
be a feasible selection of admissible trajectories if:

Cls,y;21()) = C(s,y;22(-)) YV 21(-), 22() € A(s,9), (s,9) € E (3.11)

and the corresponding value function is defined by

Wals,y) :==C(s,y;2() if (-) € A(s,y), (s,9) € E. (3.12)
The (multi)-selection A(-,-) is said to be optimal if:
WA(Say) S C(S,y,.’ll'()) v CL’() € Qa(say)i (s,y) e L. (313)

We note that such a selection may be ”generated” by a "feedback control”,
E > (s,y) = F(s,y) C F(s,y), in the sense that for any initial point (s,y) € E,
the trajectories Z(-) € A(s,y) are solutions of the differential inclusion

2’ € F(s,y), z(s) =y (3.14)

that satisfy the constraints in (2.1)-(2.5).

Conversely, in some cases, a selection A(-,-) in Definition 3.4 could be ”syn-
thetized” , to obtain a feedback control of the form in (3.14).

As already stated, a multi-selection A(-,-) as well as its corresponding value
function, Wa(-,-), in (3.12) may be obtained either by suitable extensions of
Cauchy’s Method of Characteristics for the generally non-smooth, (HJB) equa-
tions in (3.10) or by using the necessary optimality conditions (PMP), when
available.

Due to the results in Theorem 3.1, we obtain the following necessary and
sufficient optimality conditions:

Theorem 3.5. (Abstract verification theorem). If Hypothesis 2.1 is
satisfied, A(-,-) is a feasible selection and W 4(-,-) in (3.12) is the corresponding
value function, then A(-,-) is optimal in the sense of (3.13) iff the following

conditions are satisfied:
(i) (Asymptotic property). For any (s,y) € E

@) Jlim Wat,z(#) <0, (V) 2() € Qa(s,y) (3.15)
(ii) (Monotonicity). For any (s,y) € E , z(-) € Qu(s,y) the real func-
tion wy(-) defined by:
t

wg (t) 1= Wy(t,z(t)) —}—/fo(r,x(r),w'(r))dr, t € [s,00) (3.16)

8
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is increasing. Moreover, in this case one has:

(3@ lim Wa(t,z(t) =0, (V) z(-) € A(s,y), (s,9) € E. (3.17)
t—+4o0
Proof: ” =7 : If A(-,-) is optimal in the sense of (3.13) then W4(-,-) = W(-,-)
has the properties in Theorem 3.1.
7 & 7 . Let us assume that W4(-,-) has the properties (i), (ii) and let
us consider (s,y) € E, z(-) € Qu(s,y) and w,(-) the real function in (3.16);
since w, () is increasing, from the properties in (2.8) of the integral we infer that:

wg (t) = Walt,2(t)) + ftfo(r,w(r),w’(r))dr > wa(s) = Wals,y),
s (3.18)

lim jfo(r,a:(r),x’(r))dr = Tfo(r,a:(r),m’(r))dr =C(s,y;z(-))

t—+oo s

Moreover, since w;(-) is increasing, it has one-sided limits hence:

(3 lim w,(t) = lim Wa(t,z(t)) +C(s,5;2()) > Wals,y) = C(s,4;2())

for any Z(-) € A(s,y) hence from the asymptotic property in (3.15) it follows:
lim_we(t) = Tim Walt, 2(t)) +C((s5,); 2(0) < Cls,;2())

t—+oo
and therefore

Wals,y) =C(s,5;2(:)) < C(s,y;2()), (V)z(-) € Qals,y)
which proves the optimality of A(-,-).

To prove that the optimal trajectories Z(-) € A(s,y) have the asymptotic
property in (3.17) we use first the monotonicity property in (ii) according to which
wz(t) > wz(s) = Wa(s,y), (V)t > s and, on the other hand, the properties in
(2.8) and the asymptotic property in (3.15) from which it follows that
(3) lim wz(t) = lim Wa(t,z(t)) +C(s,5:2()) 2 Wals,y),
hence t_lgpoo Wa(t,z(t)) > 0 which, together with (3.15), implies (3.17). |

Remark 3.6. A different type of ”abstract verification theorem” may be
obtained in terms of the value functions associated the ”finite-horizon truncated”
optimal control problems:

T
Wi(s,y) = inf / folt,a(®), &' (O)dt, (s,9) € B, T>s  (3.19)
z()eQL(s,y)

where
QL (s,y) := {z(-) € Qle¢; (t,z(t)) € E, V)t € [s,T], z(s) =y},
using the fact that

W (s,y) < limsup Wr(s,y), (YV)(s,y) € E. (3.20)
T—~+o00
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On the other hand, the hypotheses of Theorem 3.5 are of ”abstract type”
since the monotonicity property (ii) is difficult to verify by ”direct methods”;
as the results in the following section show, this property may be implied by
differential inequalities associated to corresponding regularity properties of the
value functions W4 (-,-) in (3.12).

4 ”Practical” verification theorems

The first case in which the monotonicity property in (ii) in Theorem 3.5 may be
explicited is the particular one in which E = Int(E) C IR x R™ (is open) and
the value function Wj4(-,+) in (3.12) is differentiable.

Theorem 4.1. (The elementary verification theorem). Let the problem
(2.1)-(2.5) be such that E = Int(E) C R x R" and let A(-,-) be a feasible
selection in the sense of Definition 3.4 such that the corresponding value function
Wa(--) in (3.12) has the following properties:

(i) (Asymptotic properties). For any (s,y) € E, z(-) € A(s,y) one has
the asymptotic property in (3.15).

(ii) (Differential inequality). The usual (Fréchet) derivative of Wa(-,-)
satisfies the inequality:

DWa(s,y) - (1,0) + fo(s,y,v) 2 0, (V) (s,y) € E, v € F(s,y) (4.1)

(iii) Either Q. C Q,. (i.e. any admissible trajectory is at least regular) or
Wa(-.r) it is locally-Lipschitz.
Then the selection A(-,-) is optimal in the sense of (3.13).

Proof: According to Theorem 3.5, it is enough to prove that for any (s,y) €
E, z(-) € Qu(s,y), the function w,(-) in (3.16) is increasing; to this end we note
that the function w,(-) in (3.16) may be written as:

wa(t) = wg(t) +@o(t), wa(t) := Walt,z(t)), (4.2)

and zg(.) is the function defined in (2.4). From the formulation in (2.2) of the
problem it follows that there exists a null subset J, C [s, co) (that is at most
countable if Q, C €, ) such that

(3) 2'(t) € F(t,z(t)), zo(t) = fo(t,z(t),z'(t)), Vt €[s,00) \ Ju. (4.3)

Next, since W4(-,-) is assumed to be differentiable, the functions w?(-), zo(*)
in (4.2) are differentiable at each point ¢ € [s, o0) \ J, hence:

(3) w(t) = DWa(t, x(t)) - (1,2 (1) + folt, z(t),2' (1), t ¢ Jo  (4.4)
and therefore, from the hypothesis in (4.1) it follows:

Fw; () 20, (V) t € [5,00) \ Ja. (4.5)



Verification theorems 399

Finally, in the case Q, C Q,, the "excepted” set J, in (4.5) is at most countable
and wg(+) is continuous hence we may apply the so called ”Corollary of the
Zygmund’s Lemma” to infer that w,(-) is increasing; in the case Wu(-.-) is
locally-Lipschitz, the function w,(-) in (4.2) is locally AC and J, C (s,00) is
a null subset hence, using the well-known Lebesgue monotonicity theorem, from
(4.5) it follows that w,(+) is increasing and Theorem 4.1 is proved. O

We note that in most papers the function Wi,(-,-) is assumed to be of class
C? (hence, in particular, locally-Lipschitz) overlooking the case in which W4(-,-)
is only differentiable but in which the optimality may be proved only in the case
Q, CQ,.

The result in Theorem 4.1 may be significantly extended to the case in which
the value function Wy(:,-) is only ”contingent differentiable” in the following
sense:

Definition 4.2. The mapping g(-) : X CIR"™ — R™ is said to be "contingent
differentiable” ot x € X if for any vector in the right-contingent cone:

KFX :={veR" 3 (sm,vm) = (04+,0) : T+ 8y -vm € X}, (4.6)

there exists the limit:

tigo) = i g(z +s-u) —g(x) +
9 (x;v) == (“’”Jﬂl‘lfr(r(l’gg”) . ,ve K7 X. (4.7)

Equivalently, if the left-contingent cone is defined by

Ky X ={veR" () (8m,vm) = (0—,0): T+sm -vm€X,},

K-X = —K+X (4.8)
there exists the limits:
9 (z;v) == ( )liI(I(IJ ) g(:c+s-:)—g(w), ve K X. (4.9
’m"+s_-)uE_X’v

As it is well known, g¢(-) is (Fréchet) differentiable at z € Int(X) iff it is
contingent differentiable and g (z;-) : KFX = R"™ — IR™ is linear; moreover,
if g(-) is contingent differentiable then it is locally-radially Lipschitz, hence con-
tinuous; therefore the contingent differentiability it is a natural extension of the
classical (Fréchet) differentiability to non-open subsets and to the case in which
the contingent derivative g} (z;-) in (4.7) is not linear.

With practically the same proof we obtain the following refinement of the
”Elementary verification theorem” in Theorem 4.1.

Theorem 4.3. (Verification theorem for contingent differentiable
value functions). Let A(-,-) be a feasible selection in the sense of Definition
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3.4 such that the corresponding value function W4(-,-) in (3.12) has the following
properties:

(i) (Asymptotic properties). For any (s,y) € E , z(-) € A(s,y) one has
the asymptotic property in (3.15).

(ii) (Differential inequality). The value function Wa(,-) is contingent
differentiable in the sense of Definition 4.2 and its contingent derivative satisfies
the differential inequality:

WAl DE(s.): (10) + folsio0) 20, ) () €8,y 0
v € Fit(s,y) :={v e F(s,y); (1,v) € K(J;,y)E} :
(iii) Either Qo C Q, (i.e. any admissible trajectory is at least regular) or
Wa(-,-) is locally-Lipschitz.
Then the selection A(-,-) is optimal in the sense of (3.13).

Proof: The proof is practically the same as that of Theorem 4.1, noting that the
inequality in (4.5) is replaced by the following one:

(WAl Nkt z(@)); (1,2 (1) + fo(t, z(t),2'(2)) > 0, (4.11)
(V) t € [s, 00) \ J; and also the fact that if z(-) € Q4(s,y) then from the
phase-constraints in (2.3) it follows that:

(1,2'(t)) € KX

(¢, x(t)) , V) te(s, 00)\ Ja, (4.12)

hence (4.10), (4.11) imply (4.5), which, as in the case of Theorem 4.1, implies the
fact that the function w;(-) in (3.16) is increasing. O

Another natural extension of Theorem 4.1 may be obtained in the framework
of ”stratified sets and functions” defined as follows:

Definition 4.4. A mapping g¢(-) : X CR™ — R™ is said to be (countably)
differentiably-stratified if there exists a countable partition, Sy, of X into differen-
tiable submanifolds such that for any S € S, the restriction gs(-) := g(-)|s is dif-
ferentiable in the sense of Classical Analysis; in this case, the stratified derivative
of g(-) at x € X is defined by:

Dg(z) := Dgs(z) € L(T,S; R™), if z € S € S,. (4.13)

In particular, if X = Int(X) is open and g¢g(-) is differentiable then it is
differentiable stratified in the sense above by S, = {X}.

Using certain natural properties concerning the behavior of AC mappings
with respect to stratified sets and mappings (e.g. St. Mirica [13, 14]) we obtain
the following extension of Theorem 4.1.



Verification theorems 401

Theorem 4.5. (Stratified value functions). Let A(-,-) be a feasible
selection of admissible trajectories in the sense of Definition 3.4 such that the
corresponding value function, Wa(-,-) in (3.12), has the following properties:

(i) (Asymptotic properties). For any (s,y) € E, z(-) € A(s,y) one has
the asymptotic property in (3.15).

(ii) (Differential inequalities). The value function Wa(-,-) is continuous,
differentiably-stratified in the sense of Definition 4.4 and its stratified derivative
satisfies the differential inequality:

DWA(Say) ’ (137}) + fO(S;yav) >0, (V) (S,Zj) € E; (4 14)
v € Fr(s,y) :={v € F(s,y); (1,v) € T(s,,)E} )
(iii) Fither Q, C Q, (i-e. any admissible trajectories is at least regular) or
Wa(-,-) it is locally-Lipschitz.
Then the selection A(-,-) is optimal in the sense of (3.13).

Proof: As in the proof of Theorem 4.1, we have to prove that for any (s,y) €
E, z(-) € Q4(s,y), the real function w,(-) in (3.16) is increasing; in our case,
according to the results in §t. Mirica [13, 14], if Sg is the stratification of E in
Definition 4.4, then there exists a null subset J, C (s, c0) such that, in addition
to (4.3) one has:

(1,2'(t)) € ToenE, (V) tE€ (s, 00)\ o (4.15)

DHWl(t) > DWa(t,x(t) - (1,2' (1)), (V) t€ (s, 00)\ T, (4.16)

where w?(-) = W(-,z(-)) is the function in (4.2) and ﬁiw(-), D*w(-) denote
the usual Dini derivatives of a real function w(-).
Therefore from (4.2), (4.14) and (4.16) it follows that
D w,(t) > DWat,x(t) - (1,2 () + folt, 2(t), 2’ (£)) > 0
hence N
D w,(t) >0, (V) t € (s, )\ Jz, (4.17)

where J, is at most countable if Q, C Q,.
The same arguments as in the proof of Theorem 4.1 show that w,(-) is
increasing and Theorem 4.5 is proved. g

In the case of value functions with less regularity properties one may obtain
similar verification theorems using the extreme contingent derivatives of a function
9(-) : X CIR"™ —» IR defined by:

ﬁf{g(m;v) := limsup M, ve KX
(s,u)—=(0%,v)
Sex (4.18)
DEg(z;v) := liminf w, ve KX,

(s,u)—(0%£,v)
24sueX
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which are natural generalizations of the Fréchet derivatives.

The best result in this context may be obtained for locally-Lipschitz value
functions that may be neither contingent differentiable nor stratified.

Theorem 4.6. (Locally-Lipschitz value functions). Let A(-,-) be a
feasible selection of admissible trajectories such that the corresponding value func-
tion, Wa(-,-) in (3.12) has the following properties:

(i) (Asymptotic properties). For any (s,y) € E , z(-) € A(s,y) one has
the asymptotic property in (3.15).

(ii) (Differential inequalities). The value function Wu(-,-) 1is locally-
Lipschitz and its upper contingent derivatives in (4.18) satisfy the following dif-
ferential inequalities:

max{Dy, D }Wa((s,9); (1,0)) + fo(s,y,v) >0, (V) (s,9) € E, (4.19)
v € Fr(s,y) = Fg(s,y) N Fg(s,y),

where FE(-,-) are defined as in (4.10).
Then Wu(-,-) is an optimal selection.

Proof: Proceeding like in the proof of Theorem 4.1, we note that in this case
the real functions, w;(-), in (3.16) are locally-AC hence from the Lebesgue mono-
tonicity theorem it follows that condition (4.17) is necessary and sufficient for
wz(-) to be increasing.

On the other hand, since WA(-,-) is locally-Lipschitz, from a natural ”chain
rule” (e.g. St. Mirica [14]) it follows that
Diwd(t:1) = D Wal(t, 2(1)); (1,2 (1)), (V) ¢ € (s, 00) \ T,
hence from (4.19) it follows
Diws (1) = DWa((t,2(1)); (1,2' (1)) + folt, 2(8),2' () > 0, () t ¢ T2,
and Theorem 4.6 is proved. a

In the case the value function is no more locally-Lipschitz the situation is
much more complicated since the functions w,(-) in (3.16) are no more locally-
AC hence one should use more sophisticated monotonicity theorems.

For instance, in the case of lower semicontinuous (in particular, continuous)
value functions we could use the monotonicity theorem in St. Miricd [12, 14]
according to which if w;(-) is lower semicontinuous then it is increasing iff:

Drws(t;1) >0, (V) t € (s, 00). (4.20)
On the other hand, the function w,(:) in (3.16) may be written as follows
we(t) = W(E()), W(Z) := W(z) + 20, T = (z,z0) (4.21)

and the ”extended” trajectory, Z(-) = (z(-), zo(+)) in (2.4) is a solution of the
”extended differential inclusion”

7' € F(t,7) :={(v, folt,z,v)); v e F(t,z)}if T = (z,z0) (4.22)
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while the ”set-valued contingent derivatives” of Z(-) are defined by:

Z(t + 8,) — T(t)

Sm

K*3(t;1) := {0 = (v,v0); 3 8m — 0+ — 0} (4.23)
Finally, we shall use the fact that the extreme contingent derivatives of the func-
tion w,(+) in (4.21) may be evaluated as follows:

Dyws(t:1)>  sup  [DEW(a(t);v) + vo] (4.24)
v=(v,v0)EKEZ(¢;1)

while the contingent derivatives in (4.23) are evaluated as follows (e.g. St. Mirica
[11, 14, 15])):

K*3(t;1) C F(t,3(t), F(t,8) := | @F (Bs(t, 7)) (4.25)
§>0

where B,.(y) := {z € R™; ||z — y|| < r is the ball of radius r > 0 centered at
y € R".
Using these concepts and results we obtain:

Theorem 4.7. (Lower semicontinuous value functions and Lips-
chitzian trajectories). Let A(-,-) be a feasible selection of admissible tra-
jectories such that the corresponding value function in (3.12) has the following
properties:

(i) (Asymptotic properties). For any (s,y) € E , z(-) € A(s,y) one has
the asymptotic property in (3.15).

(ii) (Differential inequalities). Wu(-,-) is lower semicontinuous and its
lower left contingent derivatives in (4.18) satisfy the following differential inequal-
1ties:

Q[_{W.A((Say)7 (11\7})) +vo > 03 (v) (Say) € Ea

U= (’U,Uo) (S FCO(SJy)7 (171)) € K(Ts,y)E

(4.26)

Then A(-,-) is an optimal selection in the class Qoo of locally-Lipschitz
trajectories.

Proof: Proceeding like in the proof of Theorem 4.1, we note that in this case the
real function w,(-) in (3.16) is lower semicontinuous and its upper left contingent
derivatives are evaluated by:
Dywo(t;1) > sup [DrWa((t, 2(t)); (1,v)) + vo]-
v=(v,v0)EK ~Z(t;1)

Since in the case of locally-Lipschitz admissible trajectories the relation in (4.25)
holds, from (4.26) it follows (4.20) hence w,(-) is increasing.

O
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Exactly in same way one obtains the symmetric result for upper semicontin-
uous value functions.

Theorem 4.8.(Upper semicontinuous value functions and Lipschit-
zian trajectories). Let A(-,-) be a selection of admissible trajectories such that
the corresponding value function in (3.12) has the following properties:

(i) (Asymptotic properties). For any (s,y) € E, z(-) € A(s,y) one has
the asymptotic property in (3.15).

(ii) (Differential inequalities). Wu(-,-) is upper semicontinuous and its
lower right contingent derivatives in (4.18) satisfy the following differential in-
equalities:

DiWal((s,y); (1,v)) +vo > 0, (V) (5,9) € E,

3= (v,u0) € F*(s,9), (1,v) € K[, F,

(4.27)

where ﬁc"(-, -) is the u.s.c. convexified limit in (4.25) of the extended orientor
field F(-,-) in (4.22).

Then A(-,-) is an optimal selection (in the sense of Definition 3.4) in the
class Qoo of locally-Lipschitz trajectories.

Remark 4.9. Using the results in §t. Miricd [13] concerning the invariance
and monotonicity with respect to differential inclusions one may obtain other
verification theorems expressed in terms of the upper contingent derivatives but
using certain additional properties on the data, F(-,-) and the subset E C
R x R".

Remark 4.10. The so called ”Carathéodory’s Method”, as extended to
infinite horizon optimal control problems by D.A. Carlson [2, 3] may be considered
as a variant of the ”elementary verification theorem” 4.1.

In fact, in this approach one starts from a smooth solution, W(-,-), of the
(HJB) equation in (3.10) and from a (possibly optimal) feedback control, (-, ),
satisfying the relation:

DW ((t,z); (1,0(t,2))) + folt,=,0(t,2)) =0, (V) (t,z) € E. (4.28)
Further, one assumes that each of the Cauchy problems
o' =0(t,z), 2(s) =y, (s,9) € E (4.29)

has at least a solution that is an admissible trajectory, Zs,(-) : [s, c0) = IR"
that satisfies the phase-space constraints in (2.3), the asymptotic properties in
(3.3) and the relation:

W(s,1) = C(8,; Fay () = / folt,Fay (6,5, ,(0)dt, (5,9) € B (4.30)

Under these conditions, Theorem 4.1 implies the fact that the selection
A(s,y) ={Zsy(-)}, (s,y) € E is optimal.



Verification theorems 405

5 Halkin’s example

To illustrate some of the theoretical aspects in the previous sections we consider
in a very succinct manner Halkin’s example in Halkin [7]; the complete solution
of this problem may justify the fact that in this case the so called ”asymptotic
transversality condition” may not be satisfied.

The problem consists in the minimization of each of the functionals

o0

Cls,y5u() = / (2(t) — 1) - u(®)dt, (s,y) € E = R? (5.1)

8§

subject to:

{ z'(t) = (1 — z(t)) - u(t), z(s) =y, u(t) € U:=[0,1] a.e.(s,0)

u() € Us (s) = LI ([s, 00); [0, 1]). (5:2)

Using the fact that the Hamiltonian in (3.10), given in our case by:

_[o, f (1-2)-(p—-1) 20
H(t,m,p)—{ 1-z)-(p-1), ;:f (1—i)-(p—1)<0 (5.3)

is a stratified function in the sense of Definition 4.4 and the extensions in I.
Mirica [10], St. Miricd [14] of Cauchy’s Method of Characteristics, one obtains
the following selection of admissible controls:

{u®) =1} if (s,y) €E, y>1
us,y(t) = ul(s)a Zf (S,y) € Ea Y= 1
UP(s) == {u(-) € Us(s); [°u(t)dt = +oo} if y <1,

while the corresponding selection of admissible trajectories is given by:

{zsy(t) =y}, if (s,y)€E, y>1
A(s,y) = —ju(r)dr (54)
{zu(t) =14 (y—1e - su(-) eUr(s)}ify <1

Elementary computations and arguments show that A(-,-) in (5.4) is a feasible
selection in the sense of Definition 3.4 and its corresponding value function in
(3.12) is given by:

0, if (s,y) eE=TR? y>1

y—1, if (s,9) € E, y<l1 (5:5)

WA(37y) = {
and it is contingent differentiable, locally-Lipschitz and also C°°-differentiably
stratified. In this case one may use either Theorem 4.5 (for stratified value func-
tions) or Theorem 4.6 (for locally-Lipschitz value functions) to prove the opti-
mality of the selection in (5.4).
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