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A formula for the development of the permanent of a
matrix
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Abstract

In this paper a formula for the development of the permanent of a matrix
and several identities and inequalities deduced from it are pproposed. We
mention for example the identity of Hurwitz and Muirhead, the mean’s
inequality, the inequality of Chebyshev, the identity of Binet-Cauchy, the
identity of Lagrange and the identity of Tiberiu Popoviciu.
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1 Definitions and notations

Let S be a finite set and k be a natural number. We denote by |S| the number of

elements from S, by S®*) the set of k-subsets of S and by ?(’“) the set of words
i1 ...19 with k different letters from S. For a natural number n € IN>; we denote

by [n] = {1,2,3,...,n} and by nf = n(n—1)(n —2)...(n — k + 1) the falling
factorial. We consider by convention [0] = ¢ and n® = 1. Obviously we have

ERIEER

For n indeterminates a1, ...,a, and k € {1,2,3,....n} we denote by
sk (a1,a9,as3,...,a,) the Viette sum
sk (a1,a2,a3,...,a,) = Z iy Qi (1)

{i1,.00yin FE[N] )

For a finite set V' # ¢ of wvertices, an n-uniform hypergraph on V is a pair
G = (V,E) where E € V(™ is a set of n-parts of V called edges. For a vertex
k € V the number of edges containing k is called the degree in G of k and is
denoted by dg (k) .



434 Dragos-Radu Popescu

Let A = (ai,j)iepjere a real matrix where P = {1,2,3,...,p}, N =
{1,2,3,...,n} and p,n € N>, p<n.For ¢ # L C P, ¢ # K C N we de-
note by Ar k the submatrix induced by the set L of rows of and the set K of

columns of A, Ap g = (ai’j)ieLjeK .

The permanent of the matrix A, denoted by per(A), is the number equal to
the sum of all products of p elements from A, any two of them are not lying on
the same row or on the same column:

per (A) = Z a1y - - Qpi, (2)

il,...,z’peﬁ(ﬂ

For £ € {1,2,3,...,p} and L a fixed ¢-part of P, L € P®), the analogous of
Laplace’s development for the permanent holds:

per (4) = Y per (AL per (Az ), (3)

KeN®)

where we denoted by L = P—L and K = N — K and we considered by definition
per(Ag k) = 1. We say that the formula (3) is the development of the permanent
of the matriz A on the set L of rows.

2 The main result

The following lemma immediately follows by straightforward computation:

Lemma 2.1. For any square 2 X 2 matriz, Z = e T2 where
Yibr  y2be

T1,%2,Y1,Ys2,01,02,b1,be are real nonnull numbers, we have:
per( 719 T2 ) —pop (71 2 —(a1 — a2) Dy — L2y, (4)
y1b1 yaba y1a1b1 y2a2b2 z1 z2 ’
rijay T2a9 .fL'lbl Z‘ng Iy T2 a; a
er =per +det det .O 5
P (y1b1 y2b2> P (ylal y2a2> (yl yz) (bl bz) (5)

e We remark that the identities (4) and (5) are equivalent. For example the
identity (5) results from the identity (4) by the transformation

[ by - 22
m - —_— 'Z' [p—
r1ay X202 _ 17 b1 272 b2
per b b =per b by
Y101 Y202 yia; - — Yol - —

ai a2

. b
substituting in (4) z; by z;b;, y; by v;a;, a; by % and b; by a_l for i € {1,2}.
i i
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Theorem 2.2. We consider two natural numbers p,n € N>2, p < n and the
sets P={1,2,3,...,p} and N ={1,2,3,...,n}.

Let A = (aij)icpjen
sisting of nonull numbers and the matriz Z = (Z; ;)
x;ja;j for any i € P and j € N.

For L C P we denote by ZT the matriz obtained from the matriz Z by the

substitution of the rows with the indices from L with the corresponding rows from
the matriz X :

be a real matriz, X = (zi;), . . o real matriz con-
defined by Z;; =

i€EPFEN

z = z;; fori€LandjeN
b Ti,jQ; 5 forie L andj € N.

We have
T1,1 Z1,2 vt Tin
per(Z) =per | - : : -
Tp—1,1 Tp—1,2 o Tp-1,m
$p71a1’1 o ap71 mp’2a172 e ap’2 o mp?”la]"n o ap?”
p

=Y Y (miai— e aey) (6)

i, . a T z per (Z[t_z] )
t,i — -, t—1,i0t—1,5 T o)
Ti—1,4 Ti—1,) J J {t—-1,t},{i.j}

Proof: We apply the identity (4) for the development of the permanent of the
matrix Z on the rows {k,t} and we obtain:

Z1,101,1 *° T1i,nl1,n
per(Z) = per =
Tpiap1 - Tpnlpn
TpiOQki Tk Ok
= z per k,ilk,i k,jQk,j per (Z{k N }) =
— T¢,iQts  Tt,j0¢,5 Ll
1<i<j<n
2 : Tk,i Tk,j
N P ( Ty -akﬂut i Ty ‘Clk,]'at j ) pet (Zm’{":j}) a
1<ici<n ,iOk,i 0, JOk,jOt,j
Tt,i Tt,5
- E (ak,i — arj) | ——at; — —%as; ) Txizr,; per | Z —
J xk,i xk,j J J {kit}’{z7]}
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Z1,101,1 te Z1,n01,n
Tg,1 Tg,n
= per : : -
Tt 101011 Te,nAknTtn
Tp,10p,1 e Tp,nlp,n
= > (ami—aky) (| —tani — —Lan; ) wrizeg ver (Zgar ) -
. Tk,i T, j
1<i<j<n

Now, we successively apply the formula above for the development of the
permanent of the matrix Z on the rows {1,2},{2,3},{3,4},...,{p—2,p— 1}
and {p — 1,p} and we obtain the formula from the statement. a

3  Applications

3.1. The case x1,; = X2, = 3, = -+ = Xp,; = ; for j € N.

Theorem 3.1.1. Let A = (ai;);cpjcn be a real positive matriz where P =
{1,2,3,...,p}, N={1,2,...,n} and p,n € N>, p <n and for each i € P

a;1 L a2 <a;3< 0 < agp.

For a real positive numbers x1,...,x, we denote by Z = (Zj’j)iepjeN the
matriz defined by z; ; = xja;; for i € P and j € N.
We have:

n
per (Z) S (p_ 1)!Z$kal,k cAp kSp—1 ($1,$2,£L’3,.. '7?5/97' o 7$n)7 (7)
k=1

where by convention T = 0.

Proof: We substitute in (6) z;,; = x; for (i,j) € P x N. Each sum from the right
hand side of (6) is a nonnegative number. We develop the first permanent from
the right hadn side of (6) on the row p and we obtain:

T T Zp
per (Z) < per : : : =

Iy 9 Tp
mlal,l e ap,l :L'2a172 . e ap,2 DRCEY :L'pa17p e ap7n
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n
E TkA1,k """ Ap,k E Tig = Lip g =
k=1

i1.ip_1 E(N={k})P—D

=(p-1)! Eazkalk “Qp,k E Tiy =" Tip_q =

{it5emip—1 YE(N={k}) =D

= (p_ 1)!Z$ka1,k ctQpkSp—1 ($1,$2,$3," . 7‘%\/93' ot 7mn) .

3.2. The case x;; =1 for (i,j) € P x N :

Theorem 3.2.1. Let A:(aivj)iereN be a real matriz, where P={1,2,3,...,p},
N ={1,2,3,...,n} and p,n € N>, p <n. We have:

per (A) = (n —1)2=—= Z(h ko Apk— (8)
kEN

—2
(n=22= Y (a1 ap-1i = arg - ap-1,§)(@pi — ap,)per(A, 7oy)—
1<i<ji<n

—3
(n=3)""% 3 (ari---ap2i—ar; - ap2;)(ap-1i—ap-1,5)per(Ag, Giy)—
1<i<j<n

—4
(n =P > (i ap-si—a1; Gp3,)@p2i—ap2)perdy, | 45—
1<i<j<n

(n — p)g Z (al,i — al,j)(a2,i — az’j)per(A{3,4’___,p},W).
1<i<j<n
Proof: For the beginning we observe that for a real matrix W = (w;;),. Licc
where L = {1,2,2,..., 4}, C = {1,2,3,...,¢}, £ < ¢ in which the first £’ row
consist of 1's we have

1 ... 1
::l 1 wf'—‘,—l,l ...... wﬁ'—i—l,c
T 1 . .
per Wotrd o Wesre =(c—¢ ) per : : (9)
. . Weppr o Wer g7
Werger, 1 o Wt e

where ¢/ + 0" ={ = |L|.
Now, the formula (8) follows immediately from theorem 2.2. in which we
consider z; ; = 1 for any i € P,j € N and we apply the formula (6). 0
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Corollary 3.2.2. Let A = (ai;),_,. . be a real positive matriz where P =

{1,2,3,...,p}, N={1,2,3,...,n} and p,n € N>2,p <n and for each i € P
a;i1 < a;2 < a;3 << ajn.

We have
per (4) < (n —1)2-1 Z ay g p k- (10)
keEN

Proof: The inequality follows from theorem 3.2.1. because, in the equality (8)
each sum from the right hand side of (8) is a nonnegative number. g

Corollary 3.2.3. Let A = (ai,j)iepjeN be a real positive matriz, where P =

{1,2,3,...,p}, V={1,2,3,...,v} and p,v € N>2,p < v and for each i € P
a;1 < a2 <a;3< - <Ay

For any n-uniform hypergraph G = (V, E) where E C V(™ and n e IN>2,p <
n < v, we have

Z per (Ap’N) < (n — 1)E Z dg (k) aig - Apk- (11)

NeE keV

3.3. The case x;; =1 for (i,j) € Px N and a1,; = as; = as; =
st Qpj = aj for j € N.

Theorem 3.3.1. For any two natural numbers p,n € N>z, p<n
and ay,...,a, € R we have the following identity:

p!sp(al, .. .,an) = (n — ]_)E(a’l) + .-+ afb)_

~ =220 Y (@ - af (e - a)

1<i<j<n
—(n =321l Y (al? =} ) (ai —aj)si(ar, ..., @iy, G0)
1<i<ji<n
—(n—4)120 Y (a7 —ab %) (ai —aj)sa(ar, . .Gy Ty )
1<i<j<n
(12)
—(n—k=2)=F=2kt S (@ =M Y (ai—aj)sk(ar, -5 Bis -, G- Gn)
1<i<j<n

—(n=p)P-2)! ¥ (a; —aj)(ai—a;)sp2(a1,---,8is---,0jy--,0n)
1<i<j<n
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where by convention a; =a; = 0.

e We remark that for p = n we obtain from (12) a form of an identity of
Hurwitz and Muirhead ([3], p.50 and p.55):

nlay...ap=(Mm—-Dl (@} +...+a?) —

—(n=-2)!0 ¥ (af'- a;-‘_l) (a; — aj)

1<i<ji<n
—(n—3)11! <Z< (a?™? — a?_2) (a; —aj) s1(a1,...,8i,...,05,...,0n)
1<i<j<n
—(n —4)12! <Z< (a7 —a}™?) (i — aj) 2 (a1, .., @iy .., @y, - . On)
1<i<j<n
(13)
—(n—k—2)k! 3 Z< (aP=F=1 — a?_k_l) (a; — aj)sk (a1, ..., Qs .., Gj,...,00)
1<i<j<n
-0l (n — 2)!1!1<.Z< (af — a}) (a; — aj) sp—2 (@1, .., @iy .., qj,...,0n).
<i<y<n
e For ay,...,a, € R>o, we obtain from (13) the mean's inequality:
nay...anp <ai +...+ap. (14)

e We can also obtain this inequality from the Corollary 3.2.3.

Indeed, we consider the case v =n=pand a1y =aor =a3r = ... =Ap} =
aj. Then the hypergraph G contains a single n-edge, E = {V}. From (11) we
obtain the mean's inequality (14):

ai P an

aq PR an

3.4. The case p=2 and n € N>,

From Theorem 2.2 we can deduce the following

Proposition 3.4.1. For ©1,...,%n, Q1,...,0n, b1,...,b, € IR we have

per T1a1 T202-° - Tplp\__
T1by  T2ba--- TRb,
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'Z.l w2 ... wn L ) L ) . )
per(m_lalbl Toagby - - - mnanbn> - <= (ai — a;) (b — bj) iz, (15)

E T;a; ZT; bz’ =

1<i<n 1<i<n

= Z T Z ziab; | — (a; — a;) (b; — bj) T35 (16)

1<i<n 1<i<n 1<i<j<n

eFora; <...<ap, b <...<b,and z; <... <z, € IR>o we obtain from
(16) the weighted Chebyshev inequality [1, p.175]:

Z Tia; Z mibi S Z ZT; Z miaibi - (17)

1<i<n 1<i<n 1<i<n 1<i<n

e For 1 = ... = 2, = 1 we obtain from (17) the Chebyshev inequality

% Y % > 5% 3 ziaiby. (18)

1<i<n 1<i<n 1<i<n

e We can obtain the inequality (17) from the Theorem 3.1.1. by putting p = 2
and replaceing aq i by ay and by i, by by, for k € {1,2,3,...,n},

r1a Ta2a r3a ... Tpa
per 141 202 33 nWn <
$1b1 IL‘QbQ .CL'3b3 .e .’Enbn -
< per 1 2 3 n —
- xlalbl x2a2b2 m3a3b3 e wnanbn

=(2-1)! Z Trapbrsy (T1, - Thyeney Tp)
1<k<n

and summing up Y. z}agby in both members.
1<k<n

e We can also obtain the inequality (18) from the Corollary 3.2.3.

Indeed, we consider the case n = p = 2. Then G is the complete graph
K, (E=V®) and the degree of every vertex k € V is v — 1.

The inequality (11) becomes:

a1 Q1,5 1\ _
Z Per(am a2,j>S(2 1)-2(“ 1) a1,kb1 k-

{i,j}ev2 keV
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We sum up > a1,1b1,% in both members and we deduce (18) with ay, replaced
keEV
by a1, and az; by by and n by v.
From lemma 2.1, (5), we can deduce the following

Proposition 3.4.2. For x1,...,%p, Q1,.--,0n, b1,...,b, € IR we have:
T1a1 T2G2 - - TpQp T1by  x3be -+ b,
er = per +
P ( yibr  yabz .- ynby ) P (ylal Y2a2 - Ynln )
+-Z<MC%%)M($§Q (19)
1<i<j<n Yi Y R
Z T;a; Z yib; | = Z z;b; Z yia; | +
1<i<n 1<i<n 1<i<n 1<i<n
+zjm(%%)m(gg). (20)
1<i<j<n Yi Y L

(20) is the identity of Binet-Cauchy [1, p.174].
For z; = a; and y; = b; we obtain from (20) the Lagrange’s identity:

2
2 2 _ . 2 @i aj
Z%ZM_ZM,+Z®t“bJ.(m
1<i<n 1<iln 1<i<n 1<i<n

From Lemma 2.1., (5), we also derive the following identity, (23), of Tiberiu
Popoviciu ([1], p.179 and [2], p.38).

Proposition 3.4.3. For p;;,z;,a;,b; € R where i,j € {1,2,3,...,n} we
have

por ( PijTia; ) — per ( Pijib; ) n
Pij¥ibibe /1 <icnici<n Pij¥ili /J1<i<ni<j<n
Z det Pij  Dik det Ti  ZTh det Ok 4j (22)
Phj Dk Yi Yn br  bj

1<i<h<nl<j<k<n

37 pigmiai| | Y piguibi| = Y pigabi| | Y pigviai|+

<i,j<n <6,j<n <6,j<n <i,j<n

det | Pid p””“)dt(m" mh)dt(“’“ aj). 23
+ Z ¢ (ph,j Dh.k “\wi AN b; (23)

1<i<h<nl<j<k<n
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Proof: We get applying (5):
per< Pi,jTia; ) — per ( Pi,jTib; ) n
Pij¥ibi /) icicmi<j<n Pij¥%i5 J1<i<ni<j<n

Pi,jTi  Ph,kTh aj ag
+ det ’ det +
Z [ ( PijY%i  PhkYn ) ( bj  br )

1<i<h<nl<j<k<n
" det( Di,kTi Ph,jfl?k)det ( ar aj )] = per ( Di,jZib; )
DikYi  PhjYk b b; Pij¥i% )\ cicmi<j<n

o Tr; Th a; ag
+ Z [pwph,kdet( - )det( by by )

1<i<h<nl<j<k<n

) ) Ir; Tp ag a]- _
+Di,kPh,j det( Yi Un )det( by b; )]

+
PijYidj >15i5n195n

+ Z det( p"’j' Pik )det(x’: Th )det( Zk ZJ )
I<i<h<nl<j<k<n Ph,,j Ph,k Yi Yn k 0j
where we have used the equality
det [ i Th >det< @ ) =0fori=horj=k.
Yi Yn bj bi
Finally, we obtain (23) from (22) by summing up Y p;jz;yia;b; in both

1<4,j<n
members. O
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