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Abstract
We obtain some characterizations and several properties of M-closed
functions defined between sets satisfying some minimal conditions. The
functions enable us to formulate a unified theory of modifications of closed-
ness: a-closedness [20], semi-closedness [25], preclosedness [19] and 8-closedness

[1].
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1 Introduction

Semi-open sets, preopen sets, a-open sets and S-open sets play an important role
in the researches of generalizations of closed functions in topological spaces. By
using these sets, many authors introduced and studied various types of modifi-
cations of closed functions. The analogy in their definitions and results suggests
the need of formulating a unified theory.

In this paper, in order to unify several characterizations and properties of
some kind of modifications of closed functions, we introduce a new class of func-
tions called M-closed functions as functions defined between sets satisfying some
conditions. We obtain several characterizations and properties of such functions.
In Section 3, we obtain several characterizations of M-closed functions. In Sec-
tion 4, we obtain some preservation theorems of modifications of regular spaces
and normal spaces. In the last section, we recall some modifications of open sets
and point out the posibility of new forms of M-closed functions.

2 Preliminaries

Let (X,7) be a topological space and A a subset of X. The closure of A and
the interior of A are denoted by Cl(A) and Int(A), respectively. A subset A is
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said to be regular closed (resp. regular open) if Cl(Int(A)) = A (resp. Int(Cl(A))
= A). A subset A is said to be d-open [37] if for each € A there exists a
regular open set G such that ¢ € G C A. A point x € X is called a Jd-cluster
point of A if Int(Cl(V))NA # () for every open set V containing z. The set of all
d-cluster points of A is called the d-closure of A and is denoted by Cls(A). The
set {x € X : x € U C A for some regular open set U of X} is called the d-interior
of A and is denoted by Ints(A).

Definition 2.1. Let (X, 7) be a topological space. A subset A of X is said to
be semi-open [15] (resp. preopen [19], a-open [24], B-open [1] or semi-preopen
[3]) if A C Cl(Int(A)), (resp. A C Int(Cl(4)), A C Int(Cl(Int(A))), A C
Cl(Int(CIL(A)))).

The family of all semi-open (resp. preopen, a-open, S-open, d-open, regular
open) sets in (X, 7) is denoted by SO(X) (resp. PO(X), a(X) or 7%, B(X), 6(X),
RO(X)).

Definition 2.2. The complement of a semi-open (resp. preopen, a-open, -
open) set is said to be semi-closed [5] (resp. preclosed [19], a-closed [20], 5-closed
[1] or semi-preclosed [3]).

Definition 2.3. The intersection of all semi-closed (resp. preclosed, a-closed,
B-closed) sets of X containing A is called the semi-closure [5] (resp. preclosure
[10], a-closure [20], B-closure [2] or semi-preclosure [3]) of A and is denoted by
sCl(A) (resp. pCl(A4), aCl(A), gCI(A) or spCl(A)).

Definition 2.4. The union of all semi-open (resp. preopen, a-open, 3-open)
sets of X contained in A is called the semi-interior (resp. preinterior, a-interior,
B-interior or semi-preinterior) of A and is denoted by sInt(A4) (resp. pInt(A),
aInt(A), gInt(A) or spInt(A)).

A subset A is said to be semi-regular [6] if it is semi-open and semi-closed.
A point z € X is called a semi-f-adherent point of A if U N A # @ for every
semi-regular set U of X containing xz. The set of all semi-f-adherent points of
A is denoted by sClp(A). If A = sCly(A), then A is said to be semi-8-closed [6].
The family of all semi-regular sets of X is denoted by SR(X).

Definition 2.5. A function f : (X,7) — (Y, 0) is said to be

(1) semi-closed [25] (resp. preclosed [10], a-closed [20], B-closed [1], star-closed
[13]) if f(F) is semi-closed (resp. preclosed, a-closed, S-closed, d-closed) for each
closed set F' of X,

(2) presemiclosed [11] (resp. M -preclosed [21], strongly a-closed [23], pre-f3-
closed [17], semi-8-closed [14], §-closed [27]) if f(A) is semi-closed (resp. preclosed,
a-closed, (-closed, semi-6-closed, d-closed) in Y for every semi-closed (resp. pre-
closed, a-closed, 8-closed, semi-6-closed, d-closed) set A of X,

(3) quasi a-closed [23] (resp. almost closed [36] or regular closed [16]) if f(B)
is closed in Y for every a-closed (resp. regular closed) set B of X.
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3 Minimal structures and M-closed functions

Definition 3.1. A subfamily mx of the power set P(X) of a nonempty set X is
called a minimal structure (briefly m-structure) on X [33]if ) € mx and X € mx.

By (X,mx), we denote a nonempty set X with a minimal structure mx on
X and call it an m-space. Each member of m x is said to be m x -open (or briefly
m-open) and the complement of an mx-open set is said to be mx -closed (or
briefly m-closed).

Remark 3.1. Let (X,7) be a topological space. Then the families 7, SO(X),
PO(X), a(X), B(X), 6(X), RO(X) and SR(X) are all m-structures on X.

Definition 3.2. Let (X,mx) be an m-space. For a subset A of X, the mx-
closure of A and the mx -interior of A are defined in [18] as follows:

(1) mx-Cl(A) =({F:ACF,X—-F emx},

(2) mx-Int(4) = U{U:U Cc A,U € mx}.

Remark 3.2. Let (X,7) be a topological space and A a subset of X. If mx =
7 (resp. SO(X), PO(X), a(X), 8(X)), then we have

(1) mx-Cl(A) = Cl(A) (resp. sCl(A), pCl(A4), aCl(A4), 3Cl(A4)),

(2) mx-Int(A) = Int(A) (resp. sInt(A), pInt(A4), alnt(A), gInt(A4)).
In the sequel, mx-Cl(A) and mx-Int(A) are briefly denoted by mCl(A) and
mlInt(A), respectively.

Lemma 3.1. (Maki et al. [18]) Let X be a nonempty set and mx a minimal
structure on X. For subsets A and B of X, the following properties hold:

(1) mx-Cl{(X — A) = X — (mx-Int(A4)) and mx-Int(X — A) = X — (mx-
Cl(4)),

(2) If (X — A) € mx, then mx-Cl(A) = A and if A € mx, then mx-Int(A)
= A}

(8) mx-Cl(0) = 0, mx-Cl(X) = X, mx-Int(}) = 0 and mx-Int(X) = X,

(4) If A C B, then mx-Cl(A) C mx-Cl(B) and mx-Int(A) C mx-Int(B),

(5) A C mx-Cl(A) and mx-Int(A) C A,

(6) mx-Cl(mx-Cl(A)) = mx-Cl(4) and mx-Int(mx-Int(A4)) = mx-Int(A).

Lemma 3.2. (Popa and Noiri [33]) Let (X, mx) be an m-space and A a subset
of X. Then x € mx-Cl(A) if and only if UN A # ( for every U € mx containing
x.

Definition 3.3. A minimal structure myx on a nonempty set X is said to have
property (B) [18] if the union of any family of subsets belonging to mx belongs
to mx.

Lemma 3.3. (Popa and Noiri [34]) Let (X, mx ) an m-space, where mx satisfies
the property (B). For a subset A of X, the following properties hold:

(1) A € mx if and only if mx-Int(A) = A,

(2) A is mx-closed if and only if mx-Cl(A) = A,

(8) mx-Int(A) € mx and mx-Cl(A) is mx-closed.
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Definition 3.4. A function f: (X,mx) — (Y, my) is said to be M-closed if for
each m-closed set F of (X,mx), f(F) is m-closed in (X, my).

Remark 3.3. Let (X,7) and (Y, 0) be topological spaces and f : (X,mx) —
(Y,my) be an M-closed function.

(1) f mx =7 and my = o (resp. SO(Y), PO(Y), a(Y), B(Y), (X)), then
f is closed (resp. semi-closed, preclosed, a-closed, -closed, star-closed).

(2) If mx = SO(X) (resp. PO(X), a(X), 8(X), SR(X), 6(X)) and my =
SO(Y) (resp. PO(Y), a(Y), B(Y), SR(Y), 4(Y)), then f is presemiclosed (resp.
M-preclosed, strongly a-closed, pre-3-closed, semi--closed, d-closed),

(3) If mx = a(X) (resp. RO(X)) and my = o and f is M-closed, then f is
quasi a-closed (resp. almost closed or regular closed).

Theorem 3.1. For a function f: (X,mx) — (Y, my), where my has property
(B), the following properties are equivalent:

(1) fis M-closed;

(2) for each subset F of Y and each U € mx with f~1(F) C U, there exists
V €my such that F CV and f~1(V) CU;

(3) for each y € Y and each U € mx with f~'(y) C U, there exists V € my
containing y such that f~1(V) C U.

Proof: (1) = (2): Let f be M-closed. Let F be any subset of Y and U € mx
with f~1(F) Cc U. Put V =Y — f(X —U). Then f(X — U) is m-closed and
hence V is m-open in (Y,my), F C V and f~1(V) C U.

(2) = (3): This is obvious.

(3) = (1): Let F be an m-closed set of X and y € Y — f(F). Since f 1(y) C
X — F € my, there exists V € my with y € V and f~}(V) C X — F. Therefore,
VN f(F)=0. By Lemma 3.2, y € Y — mCIl(f(F)). Hence mCI(f(F)) = f(F)
and by Lemma 3.3 f(F') is m-closed. This implies that f is M-closed. O

Theorem 3.2. A function f : (X,mx) — (Y,my), where mx and my have
property (B), is M-closed if and only if my -Cl(f(A)) C f(mx-Cl(A)) for every
subset A of X.

Proof: Necessity. Suppose that f is M-closed and let A be any subset of
X. Since mx has property (B), by Lemma 3.3 mCl(A) is m-closed. Since
f is M-closed, f(mCl(A)) is m-closed. By Lemma 3.1, f(A) C f(mCl(4))
and hence mCl(f(A4)) C mCl(f(mCl(A4))) = f(mCl(A)). Therefore, we obtain
mCl(f(4)) C f(mCl(A)).

Sufficiency. Let F be any m-closed set of X. Then by the hypothesis,
mCl(f(F)) C f(mCl(F)) = f(F). Therefore, we have mCl(f(F)) = f(F) and by
Lemma 3.3 f(F) is m-closed. Hence f is M-closed. O
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Remark 3.4. Let (X, 7) and (Y, 0) be topological spaces and f : (X,mx) —
(Y, my) be an M-closed function. If mx = a(X) (resp. (X), SR(X), §(X)) and
my = (resp. a(Y), 8(Y), SR(Y), 6(Y)), then by Theorems 3.1 and 3.2 we obtain
the results established in Lemma 5.4 and Theorem 5.4 of [23] (resp. Theorem 3.3
of [17], Theorem 4.1 of [6], Theorem 2.3 of [27]).

Theorem 3.3. For a function f: (X,mx) — (Y,my), where my has property
(B), the following properties are equivalent:

(1) fis M-closed;

(2) if U € mx, then the set G ={y €Y : f~1(y) C U} is my-open;

(3) if F is mx-closed, then the set M = {y € Y : f Y(y) N F # 0} is my-
closed.

Proof: (1) = (2): Let U € mx and y € G. By Theorem 3.1, there exists
V € my containing y such that f (V) C U. Thus V C G and G = mInt(G).
By Lemma 3.3, G is my-open.

(2) = (1): Let F be any mx-closed set. Then X — F' is mx-open and by (2),
G={yeY: fYy) C X—F}is my-open. Since f(F) =Y —G, it follows that
f(F) is my-closed. Therefore, f is M-closed.

(2) « (3): This is obvious. O

Remark 3.5. Let f : (X,7) = (Y,0) be a function. If f : (X,mx) — (Y, 0),
where mx = RO(X), then by Theorem 3.3 we obtain the result established in
Theorem 2.3 of [16].

Definition 3.5. A function f: (X,7) = (Y, my) is said to be m-closed if f(F)
is my-closed for every closed set F of X.

Corollary 3.1. For a function f : (X,7) = (Y,my), where my has property
(B), the following properties are equivalent:

(1) f is m-closed;

(2) for each subset F of Y and each open set U of X with f~1(F) C U, there
exists V € my such that FCV and f~1(V) C U;

(3) for each y € Y and each open set U of X such that f~(y) C U, there
exists V € my containing y such that f~(V) Cc U;

(4) my-Cl(f(A)) C f(CI(A)) for every subset A of X.

Proof: This follows immediately from Theorems 3.1 and 3.2. 0

Remark 3.6. Let f : (X,7) = (Y,0) be a function. If f : (X,7) = (Y, my),
where my = SO(Y") (resp. PO(Y), a(Y), 8(Y)), then by Corollary 3.1 we obtain
the results established in Theorems 4 and 5 of [25] (resp. Lemma 6.3 of [10],
Theorems 2.2 and 2.3 of [20], Theorem 3.2 of [1]).
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Definition 3.6. A function f: (X,mx) — (Y,0) is said to be quasi m-closed if
f(F) is closed in (Y, o) for every mx-closed set F of X.

Corollary 3.2. For a function f : (X,mx) — (Y,0), the following properties
are equivalent:

(1) f is quasi m-closed;

(2) for each subset F of Y and each U € mx with f~1(F) C U, there ewists
an open set V of Y such that F CV and f~2(V) C U;

(3) for each y € Y and each U € mx with f~1(y) C U, there exists an open
set V of Y containing y such that f~1(V) Cc U.

Proof: This follows immediately from Theorem 3.1. 0

Remark 3.7. Let f : (X,7) = (Y,0) be a function. If f : (X,mx) — (Y,0),
where mx = a(X) (resp. RO(X))), then by Corollary 3.2 we obtain the results
established in Theorem 4.3 of [23] (resp. Lemma 1 of [26]).

Corollary 3.3. A function f: (X,mx) — (Y,0), where mx has property (B),
is quasi m~closed if and only if C1(f(A)) C f(mx-Cl(A)) for every subset A of
X.

Proof: This follows immediately from Theorem 3.2. g

4 Preservations of m-regularity and m-normality

Definition 4.1. An m-space (X, mx) is said to be m-regular [34] if for each
m-closed set F' and each z ¢ F, there exist disjoint m-open sets U and V' such
that z€e U and FF C V.

Remark 4.1. Let (X,7) be a topological space and mx = 7 (resp. SO(X),
PO(X), 8(X)). Then m-regularity coincides with regularity (resp. semi-regularity
[7], pre-regularity [31], semi-preregularity [28]).

Lemma 4.1. (Noiri and Popa [29]). Let (X,mx) be an m-space, where mx
satisfies property (B). Then (X,mx) is m-regular if and only if for each x € X
and each mx-open set U containing x, there exists an mx-open set V such that
eV Cmx-ClV)CU.

Definition 4.2. A function f : (X,mx) — (Y,my) is said to be M-continuous
[33] if for each z € X and each V' € my containing f(z), there exists U € mx
containing  such that f(U) C V.

Lemma 4.2. (Noiri and Popa [33]). For a function f : (X,mx) = (Y,my),
where mx satisfies property (B), the following properties are equivalent:

(1) f is M-continuous;

(2) f1(V) is mx-open for every my-open set V of Y;

(3) fYHK) is mx-closed for every my -closed set K of Y.
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Definition 4.3. A function f : (X,mx) = (Y, my) is said to be M-open [22] if
for each U € mx, f(U) € my.

Theorem 4.1. If f : (X, mx) — (Y, my), where mx and my have property (B),
is an M-continuous, M-open and M-closed surjection and (X, mx) is m-regular,
then (Y, my) is m-regular.

Proof: Let y € Y and V be any my-open set of Y containing y. Let z € f~!(y).
By Lemma 4.2, we have x € f~1(V) € mx. By Lemma 4.1, there exists U € mx
such that z € U C mCl(U) C f~1(V). Then, we have y € f(U) C f(mCl(U)) C
V. Since f is M-open, f(U) is my-open. Since mx has property (B), by Lemma
3.3, mCl(U) is m~closed and hence f(mCl(U)) is m~closed because f is M-closed.
Hence, we obtain y € f(U) C mCl(f(U)) C V. It follows from Lemma 4.1 that
(Y, my) is m-regular. O

Corollary 4.1. (Noiri [26]). If f : (X,7) — (Y,0) is a continuous, open and
closed surjection and (X, 1) is reqular, then (Y, o) is regular.

Theorem 4.2. If f : (X,mx) — (Y,my), where mx has property (B), is an
M-continuous and M-closed injection and (Y, my) is m-reqular, then (X,mx) is
m-reqular.

Proof: Let F be any m-closed set of X and z € X — F. Since f is M-closed,
f(F) is m~closed and f(z) € Y — f(F). Since (Y, my) is m-regular, there exist
disjoint m-open sets U and V such that f(z) € U and f(F) C V. Since f is
M-continuous, by Lemma 4.2 f~1(U) and f (V) are mx-open. Thus we obtain
ze f7YU),F C f~'(V)and f~*(U)N f~1(V) = 0. This shows that (X, mx) is
m-regular. a

Definition 4.4. A function f : (X,7) — (Y, my) is said to be (7, m)-continuous
[34] if for each z € X and each V' € my containing f(z), there exists an open set
U containing z such that f(U) C V.

Lemma 4.3. For a function f : (X,7) = (Y, my), the following properties are
equivalent:

(1) f is (T,m)-continuous;

(2) f~H(V) is open in X for every my -open set V of Y;

(3) f~H(K) is closed in X for every my-closed set K of Y.

Theorem 4.3. If f : (X,7) = (Y, my), where my has property (B), is a (1,m)-
continuous and m-closed surjection with compact point inverses and (X, T) is
regular, then (Y, my) is m-regular.
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Proof: Let F be any m-closed set of Y and y € Y — F. Since f is (1,m)-
continuous, by Lemma 4.3 f~1(F) is closed in X. By the hypothesis, f~1(y) is
compact. Moreover, f}(F) and f '(y) are disjoint in the regular space (X, 7).
Therefore, there exist disjoint open sets U, and Up such that f~*(y) € U, and
f7Y(F) C Up. Since f is m-closed, by Corollary 3.1 there exist m-open sets V,
and Vr such that y € V,,, F C Vp, f~1(V,) C Uy and f~'(Vr) C Up. Since f is
surjective and U, N Ur = (), we obtain V, N Vg = (. This shows that (Y, my) is
m-regular. a

Definition 4.5. An m-space (X, mx) is said to be m-normal if for each pair
of disjoint m-closed sets Fy, Fy of X, there exist U;,Us € mx such that F; C
Ui, Fo C Uy and Uy NUy = 0.

Remark 4.2. Let (X,7) be a topological space and mx = 7 (resp. SO(X),
PO(X), 8(X)). Then m-normality coincides with normality (resp. semi-normality
[8], pre-normality [30], 8-normality [17]).

Theorem 4.4. If f : (X,mx) — (Y,my), where mx and my have property
(B), is an M-closed and M-continuous surjection and (X, mx) is m-normal, then
(Y,my) is m-normal.

Proof: Let K, K> be any disjoint m-closed sets of (Y,my). Since f is M-
continuous, by Lemma 4.2 f~!(K;) and f~!(Ks) are disjoint m-closed sets
of (X,mx). Since (X,mx) is m-normal, there exist U;,Us € mx such that
f7U(Ky) Cc U, f~Y(Ks) C Uy and Uy NU, = (. Since f is M-closed, by Theorem
3.1 there exists V; € my such that K; C V; and f~%(V;) C U; for i = 1, 2. Since
U NUz; = 0 and f is surjective, we obtain V3 NV, = . Therefore, (Y, my) is
m-normal. a

Remark 4.3. Let (X,7) and (Y,0) be topological spaces. If f : (X,mx) —
(Y,my) is an M-closed and M-continuous surjection, mx = 7 (resp. SO(X))
and my = o (resp. SO(Y)), then we obtain the result established in Theorem
3.3 of [9] (p.145) (resp. Theorem 25 of [4]).

Theorem 4.5. If f : (X,mx) — (Y,my), where mx has property (B), is an
M-continuous and M-closed injection and (Y, my ) is m-normal, then (X, mx) is
m-normal.

Proof: Let A and B be disjoint m-closed sets of X. Since f is an M-closed
injection, f(A) and f(B) are disjoint m-closed sets of Y. By the m-normality
of (Y,my), there exist disjoint m-open sets U and V' such that f(A) C U and
f(B) Cc V. Since f is M-continuous, by Lemma 4.2 f~1(U) and f~1(V) are
disjoint m-open sets containing A and B, respectively. This shows that (X, mx)
is m-normal. a

Corollary 4.2. (Arya and Bhamini [4]). The inverse images of semi-normal
spaces under irresolute and presemiclosed injections are semi-normal.
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5 New forms of M-closed functions

First, we recall some modifications of open sets defined recently.

Definition 5.1. A subset A of a topological space (X, 7) is said to be d-semiopen
[32] (resp. J-preopen [35], 0-B-open [12]) if A C Cl(Ints(A))) (resp. A C
Int(Cl;(4)), A C Cl(Int(Cl;(A))))-

By 6SO(X) (resp. PO(X), 68(X)), we denote the collection of all §-semiopen
(resp. d-preopen, d-B-open) sets of a topological space (X, 7). These three col-
lections are all m-structures with property (B). The following implications hold:

DIAGRAM1

d-open = open = preopen = J-preopen

Y U U Y

d-semiopen = semi-open = B-open = 4-3-open

Definition 5.2. A subset A of a topological space (X, 7) is said to be §-semiclosed
[32] (vesp. d-preclosed [35], -(-closed [12]) if the complement of A is §-semiopen
(resp. d-preopen, §-(-open).

Definition 5.3. A function f : (X,7) — (Y, 0) is said to be
(1) d-semi-closed if f(F') is §-semi-closed in Y for every closed set F' of X,
(2) d-preclosed if f(F) is §-preclosed in Y for every closed set F' of X,
(3) 6-B-closed if f(F) is 6-B-closed in Y for every closed set F of X.

Remark 5.1. Let f: (X,7) = (Y,0) be a function. If f: (X,mx) = (Y,my) is
M-closed, mx = 7 and my = dSO(Y) (resp. 6PO(Y), 68(X)), then f: (X,7) —
(Y, 0) is d-semi-closed (resp. d-preclsoed, 6-5-closed).

Lemma 5.1. Let m’, and m% be two m-structures on a nonempty set X. If m, C
m% and a function f : (X,m%) — (Y,my) is M-closed, then f : (X,m%) —
(Y,my) is M-closed.

Proof: Suppose that f: (X,m%) = (Y,my) is M-closed. Let F be m-closed in
(X,m%). Since m} C m%, F is m-closed in (X,m%) and f(F) is m-closed in
(Y,my). This shows that f: (X,m%) — (Y,my) is M-closed. O

Lemma 5.2. Let mi, and m2, be two m-structures on a nonempty set Y. If mi, C
m2, and a function f : (X,mx) — (Y,m},) is M-closed, then f : (X,mx) —
(Y,m3) is M-closed.

Proof: Suppose that f: (X,mx) = (Y,mi) is M-closed. Let F be m-closed in
(X,mx). Then f(F) is m-closed in (Y,m},). Since mi, C m2,, f(F) is m-closed
in (Y,m?}). This shows that f: (X,mx) — (Y,m3) is M-closed. 0
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By DIAGRAM I and Lemma 5.2, for functions defined above we obtain the
following diagram:

DIAGRAM II

star-closed = closed = preclosed = d-preclosed

U Y Y Y

d-semi-closed = semi-closed = 3-closed = §-8-closed

Remark 5.2. If, as mx and my, we take the collections of §-open sets, d-preopen
sets or d-(3-open sets, we can define new kinds of functions and use the results
established in Sections 3 and 4.
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