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Abstract

Replacing limsup by liminf we establish the characterization of qua-
siconformality for direct products of homeomorphisms by a compatibility
condition in Karmazin’s meaning.

We use regular families of neighborhoods and distance (0.1) on direct
products of Euclidean domains. We prove that direct products of two qua-
siconformal mappings are quasiconformal under certain conditions of com-
patibility.
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Introduction

This paper develops the foundations of the theory of quasiconformal maps on
direct product spaces with respect to linear liminf-dilatation.

In [4] and [5] the quasiconformality is introduced on the basis of
Markushevich-Pesin’s definition in connection with linear limsup-dilatation, whose
equivalence to Viiséld’s metric definition is given in [6].

Let D and D' be domains in R*, F': D — D' a homeomorphism and

(0.1) d(z,20) = |2 = 20| = (J& = o[* + |y = yol)"/?

the Euclidean distance. For any point 29 € D and ¢t > 0 such that the ball

B(zp,t) = {z : d(z, 20) = |z — 20| < t} be included in D, denote

(0.2) L(zp, F,t) = dér’lﬁc:t d(F(2),F(20))
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and

(0.3) (20, F,t) = d(zrgior)l:t d(F(z), F(20))-

It is known that if the linear limsup-dilatation of F' at zg

: L(ZOJFJt)
0.4 H(zy,F) = limsup ———=
(0.4) (20, F) HOP 1(20, F, 1)

is bounded in D, i.e. there exists a constant H < oo such that H(zo, F) < H
for every zg € D, F is a quasiconformal mapping after the metric definition [6].
At the end of 80’s, M. Cristea [1] used also in the study of the quasiconformal
mappings the linear liminf-dilatation

L i L(ZO7F7 t)
0.5) hi(zo, F) = liminf 5700

and unexpected in 1995, J. Heinonen and P. Koskela [3] proved that
h(z0,F) < h for every zo € D, h being a finit constant, implies that F is quasi-
conformal, what increased the importance of h(zg, F'). The present paper deals
with M. Cristea’s following problem [2]: the study of the quasiconformality for di-
rect product of homeomorphisms by means of Karmazin’s compatibility, however
working with liminf.

Let U and V be domains in R¥ and R™; z and y arbitrary points in U
and V respectively; f : U — U' C R¥, g : V = V' C R™ homeomorphisms;
F=fxg:UxV = U xV'the direct product of f and g, U x V and U’ x V'
being domains in R¥ x R™ identified with R", n = k +m; 2z = (z,y) a point in
UxVand F(z) = (f(z),9(y)) e U x V".

The homeomorphisms F, f, g are quasiconformal by Karmazin’s Definition if
H(z9, F) and respectively H(zo, f), H(yo,9) are bounded in U x V, U or V
respectively, and by Definition 2 from below if h(zq, F)), h(zo, f), h(yo,g) are
bounded in U x V, U and V.

Starting from Karmazin’s compatibility condition, we say that f and g are
compatible if there is a constant C, respectively ¢, such that:

Condition 1: limsupM < C and limsup L(yo,9,t) < C,

t»0  1(Y0,9,1) t>0  U(zo, f,t)
for any o € U and yg € V, and

Condition 2: there exists a sequence t, — 0, p € N such that

L(mOJ f; tp)
(0, 9,tp)

L(yOJthp)
l(Z'Oa f’ tp)

Remark: It is clear that Condition 2 is fulfilled e.g. if

< ¢ and <¢, for any zo € U,yo € V.
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L L
lim inf 7('%0’ %)) < cand limsup 7@0"{]’ )

t—0 l(y07g7t) t—0 l(m(]:f:t)
or vice versa, and for case when

lim inf M < cand liminf M

t—=0 l(yoagat) =0 l(mo,f,t)
but there exists a sequence t,, as above. Clearly, Condition 2 implies

lim inf M < ¢ and lim inf M <ec

=0 l(yoagat) t—0 l(.fL'(),f,t) -

With these compatibility conditions we succeeded to characterize the quasi-
conformality of F' extending Karmazin’s Theorem 1 in [4].

IA

c

<c

1 Regular families of neighborhoods

Definitionl Let be zg an arbitrary point in R™. A family of open sets {Uy| t €
(0,1]} is called a regular family of neighborhoods at the point xg,if

19) U, Cc Uy for all t;

20) there exists a homeomorphism 7 : Uy — B™ such that 7(U;) = B"(t) for
every t € (0,1);

30) T(l"o) =0
and a h-regular family of neighborhoods at xq if in addition

g 1~ !
. . z t _
€U,

Definition 2 We say that homeomorphism F : D — D'(D, D' C R"), n > 2,
is quasiconformal at the point xog € D, if there is a h- reqular family of neighbor-
hoods {U|t € (0,1]} of the point zo such that family of neighborhoods U} = F(Uy)
of the point z{, = F(x0) forms a regular family of parameter B (z0)(1 < h' < o0)

(1.2) lim inf TXveovi ¥ =l o o g <o
t—0 min |y — yol
yeoVy

Definition 3 We call ¢(xo, F) = inf h(zo)h (zo) o quasiconformality char-
acteristic of F at xg, where the infimum is taken over all reqular families of
neighborhoods of .

Definition 4 A homeomorphism F is called K - quasiconformal in D if there

is a constant K, 1 < K < oo, such that the characteristic q(z,F) is bounded in
D and if ¢(z,F) < K a.e. in D.
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The following Lemma 1 is essentially known, see [4], but we represent the
proof in detail since it is needed later.

Lemma 1 Let U C R¥, V C R™ be open sets and D = U x V. Then, by p
we denote the distance,

(1.3) p(z0,0D) = min{p(zo, 8U), p(yo,OV)}-

Proof: We use the general property of direct product

(1.4) OU xV)=(0U xV)U (U x V) U (8U x aV)).

Denote py = min{p(zg,0U), p(yo,0V)} and we show that py is the distance
from zy at 0D.

Step L. If U = R* and V = R™, then p(x9,0U) = 0o and p(yo, V) = oo what
implies po = p(29,0D) = oo, where D = R x R™.
In the rest consider pp < 00.

Step II. For example, if U = R* and V # R™, then po = p(yo,dV)

p(20,0D) = p(20,U x V) = lljnfav|($0,y0) - (z,y)| =

zeUX

3 _ 2 _ 2
Ze(ljnfavx/lw zo|? + |y — ol

yle%fV ly — yo| = p(y0,0V) = po.

Step ITI. Similarly ,we show lemma for U # R¥ and V # R™.

a) We prove that p(zg,0D) > po. Let € AU be to fulfilling distance from
o at OU, that is

p(z0,0U) = inf {p(z0,7)|z € OU} = p(ao, z)
and let be y' € 9V fulfilling distance from yo at OV, that is
p(0,0V) = inf {p(yo,y)ly € OV} = p(yo,y)
yedv

Let be p(2", 20) = p(20,0D) where 2" € 8D.

n

Assuming that p(z , 20) < po, then
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Furthermore,

D@ —ai)? < Y )

Hence p(xo,z ) < p(x0,z ) = p(x0,0U) = & € IntU, analogously y~ € IntV.
Thus, 2 = (:c”,y”) € IntD, what leads to a contradition.

Hence p(z", 20) > po-

b) Suppose that 2 € 8U,y € 8V as in case (a) and consider the points
21 = (2 ,y0) and 2, = (zo,y ), which belong to dD.

Then

|21 — 20| = |(z',50) — (0, %0)| = |& — 0| = plzo, V),

|22 — 20| = |(z0,y') — (w0, %0)| =y — w0l = p(yo, V).
We obtain p(z9,0D) < p(zg,21) = p(z9,0U) and p(z9,0D) < p(z¢,22) =

p(yOJ 8V)
Hence
p(ZOa 6D) S min(p(xo, 6U)5 P(i‘/o; 6V) = Po-
The cases (a) and (b) imply (1.3). O

2 Relation between regularity and compatibility of the families of
neighborhoods

Let {U:|t € (0,1]} and {V;|t € (0,1]} be regular families of neighborhoods of zg
and yg respectively.

Definition 5 We say that families of neighborhoods {U;} and {V;} are com-
patible at zog = (xo,Y0), if there exist a sequence t, = 0, p € N, and a constant
¢ < 0o such that the following conditions are satisfied:

2, 17— o0

(@) ———— <c¢=c(2)
min |y —
§ ly — ol
and
max |y — yol
€V,
(") YTt <c=c(z).

.2, 17—
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Remark: Definition 5 expresses Condition 2 from Introduction.

Lemma 2 Family of neighborhoods {Wy|t € (0,1]} = {Us x V;} of the point
zo s regular, if and only if families {U:} and {V;} are compatible at the point
z0 = (o0,Y0)-

More ezxactly if {W;} is h-regular at the zg, then {U}, {V;} are compatible at
2o with the same constant h. Conversely if {U;} and {V;} are c-compatible at the
point zy, then {W;} is (¢ + c)-reqular at zo point.

Proof: Necessity
Let

2.1 R(zo,t) = — ) = min |z — zol-
(2.1) (0, 1) JEE%i'”” zo|,7(x0, 1) mrg(;gtlw ol

Similarly, we can define the functions R(yo,t), 7 (yo,t), R(20,t),7(20,1).
Suppose that a family of neighborhoods {W;} of the point zj is referred to as
regular of parameter h, in accordance with (1.1)

max |z — 2|

(2.2) liminf 22% < p.
t—0 min |z — 2|
zEOW,

We choose 2 = (¢',y') € 8W; such that & € dUy, y € 8V, and

! ’
Inax |z — 2| = |z — o), max lv— ol =¥ — ol

hence ) , ) ,
|z — 20| > |t —mo|,[2 — 20| > |y — yo| and

17
— 2| >z — 20| > ' — ' — .
max |z — 20| > |z — 20| > max{|z' — zo], |y’ — yol}

On the basis of (2.1) and Lemma 1 we obtain

(2.3). R(z9,t) > max{R(xq,t), R(yo,t)},7(20,t) = min{r(zo,t),r(yo,t)}

Obviously,
R(Zo, t) R(.’L’o, t) . R(.’L'(), t) . R(yg, t) . R(y(), t)
(2:4) r(20,t) = max{ r(zo,t) " r(yo,t) " r(zo,t)’ T(yo,t) }

By Definition 1
lim inf M <h
t—0  7(20,t)

therefore for any € > 0 there exists sequence t, = 0, p € N, with

R(Zo, tp)

<h+e.
r(20,tp) —
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By (2.4)
R(zo, tp) R(yo, tp)
T’(yo, tp) T(xo, tp)
Hence, families of neighborhoods {U:} and {V;} satisfy the compatibility condi-
tions () and (a ) of Definition 5 and are h-compatible. Thus the necessity is
proved.

<h+e¢ and <h-+e.

Sufficiency

Consider that the families of neighborhoods {U;} and {V;} are c-compatible
at zp. We have to show that family {W;} is regular at the point 2.

Let d(z,20) = |2 — 20| = (|z — 0|2 + |y — yo|?) 2 be the distance in the direct
product space U x V. Then |z — zo| < [(z,¥y) — (z0,y)| + |(Z0, y) — (%0, Y0)|, hence
R(20,t) < R(z0,t) + R(yo,t) and by Lemma 1, r(z0,t) = min{r(zo, t),r(yo,t)}-

Obviously,

R(z0,t) _ _R(xo,t) + R(yo,1)

T(Zo,t) - min(r(wo,t),r(yo,t)) ) ( )
—-m R(zo,t) + R(yo,t) R(zo,t) + R(yo,t
B ax{ T(.’I,‘(),t) ’ 'f'(y(],t) } .

By Definition 5, there exists a sequence ¢, — 0, p € N, such that

(2.5)

R($07tp) SC-
r(yOatl’)
and
R(y07tp) <ec
r(zo,tp) —
Consequently,
R(woatp) < R(wOJtp) R(yOatp) <C2 :>Iim1nf ( 07t) 2
(2.6) r(To,tp) ~ T(o,tp) T(2o,tp) i50 p(mg,t) —
R(y05tp) < R(yOatp) . R(x05tp) <c2 #hmlnf R(y07t) c2
T(yo,tp) ~ (o tp) T(Yo,tp) T t=0  7r(yo,t) —

by HSing ,r(y()a tp) < R(y(): tp)7 r(m():tp) < R(:L.Oa tp)

This means that families {U;} and {V;} are regular at the points zy and y
respectively, of parameter c?.

Obviously, by (2.5)

Rlz0,tp) <2 +c¢= liminf Rz,

<c+e
(20, tp) i~0  7(z0,1) se e

2.7)

It follows that family {W;} is regular at the point zo of parameter ¢* + c.
g
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Remarks:

(i) The regularity condition of family {W,;} implies {U;} and {V;} regular.

(i) The compatibility condition of families {U;} and {V;} also implies {U;}
and {V;} regular.

3 Compatible mappings and quasiconformality of the direct product

Definition 6 We shall say that the homeomorphisms f : U — U' and g:V = V'
are compatible, if there ezist the c-compatible families of neighborhoods {U;} and
{W} at the point zo = (x9,y0) € U XV, such that {f(Uy)} and {g9(V;)} are the
c'-compatible at the point zj = (f(20),9(y0)).

This means that there is a sequence t, — 0, p € N, and a constant ¢ < oo
such that the following conditions are satisfied:

max |f(x) = f (o)

!

" ,2in l9(y) = 9(uo)| <c =d(20,f,9),
! Jmax [g(y) —gwo)l
(ﬁ ) zénai[%p |f(1")_f($())| SC :c(z(]:f:g).

Definition 7 We call p(z0) = p(z0, f,9) = infc ¢ the compatibility char-
acteristic of the homeomorphisms f and g at 2y, where c, ¢ are compatibility
parameters of the families of neighborhoods {U;} and {V;i}, {f(Uy)} and {g(V})}
respectively, and infimum is taken for all families {U;} and {V;} (Definition 5
and 6).

Definition 8 We say that the homeomorphisms f and g are K-compatible if
they are compatible at every point zg € U XV, the compatible characteristic p(xo)
is bounded in D and there is a constant K, 1 < K < oo, such that p(z9) < K
a.e. inD.

Theorem 1 Suppose f : U — U and g:V = V' are homeomorphisms.
Then F(z) = f(z) x g(y) is quasiconformal in the domain D = U x V, if and
only if the homeomorphisms f and g are compatible in D.

Proof: Let F = f x g be a quasiconformal homeomorphism. By Definition 2, we
have that there is a h-regular family of neighborhoods {W;} of the point zy such
that family of neighborhoods {F (W)} is regular of parameter h'.

This means that there is a constant A’ < 0o, such that linear liminf-dilatation
is

(3.1) h(z0, F) = liminf
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for almost all zg € D and bounded in D.

Necessity
Step 1
We shall show that if homeomorphism F' is quasiconformal then f and g are
compatible.
Denote by
Dy = {Zo S D|h(z0,F) < hl}

for which mesD = mesDy.

Fix 20 = (20,%0) € Do, where zg € U and yo € V with U; C U, V; C
V. Evidently that families of neighborhoods {U;}, {V;} at the points ¢, yo
respectively, are h-compatible at the point 2, satisfying conditions (a') and (a').

By (3.1) h(z, F) < h', what implies that family of neighborhoods {F(U; x
Vi)} = {£(U) x g(Vi)} is K'-regular at point F(20) = (f(z0), g(yo))-

By virtue of Lemma 2, if family of neighborhoods F(U; x V;) is h'-regular
then families of neighborhoods {f(Uy)}, {g(V:)} are h'-compatible at point F(zp)
satisfying conditions (8'),(8"), what implies that f and g are compatible in
29 € D.

Step 2

Let Zo € D\Dy, to repeat reasoning used above families of neighborhoods
{U:},{Vi} are h-compatible at the point Zy = (Zo, Jo). Family of neighborhoods
{f(U;) x g(V;)} is regular at the point F(%y) with parameter A’. Similarly, as in
Lemma 2, families of neighborhoods { f(U;)}, {9(V%)} are compatible of parameter
R’ at the point F(Zp).

It follows that the homeomorphisms f and g are K-compatible, because are
compatible at each point z € U; x V; and their compatibility characteristic
p(20) = inf h(zo)h'(20) < K, (1 < K < 00) in Dy and p(z) is bounded in D.

Sufficiency

Let f and g be K-compatible homeomorphisms in domain D.

Denote by Dy = {29 € D|p(z0) < K}.

Since p(z) < K for almost all 29 € D, mesD; = mesD.

We can choose zg € D; and for all € > 0 arbitrary number there exist fam-
ilies of neighborhoods {U;},{V;} c-compatible at the point zop = (xo,y0) such
that families of neighborhoods {f(U;)},{g(V;)} are ¢ -compatible at the point
{f(0),9(yo)} and ¢(z0) - ¢ (20) < K +¢.

By Lemma 2, (2.7) family {W;} = {U; x V;} is (¢ + ¢)-regular at the point
20 and family {F(W;)} = {f(U;) x g(V4)} is (c'? + ¢')-regular at the point F(2).

Obviously, homeomorphism F' is quasiconformal at the point zy with quasi-
conformality characteristic.

a(z0) < (¢ +e)(c” +¢).
Because ¢, ¢ > 1, we have that

&+ <26, c?+c <22
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hence ¢(z0) < 4(c-¢)? < 4(K + ¢)? and homeomorphism F' is 4K?2-quasicon-
formal in D.

This completes the proof. a
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