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Abstract

In this paper we study some properties of the classes T}, A (A, B, a, 8,7)
of univalent functions with negative coefficients.
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1 Introduction

Let U denote the open unit disc: U = {z; 2€ C, |z| <1}, let A denote the
class of functions

fz)y=z+ Zajzj (1)

which are analytic in U, and let S denote the class of functions of the form (1)
wich are analytic and univalent in U.
A function f(z) € A is said to be starlike of order & (0 < @ < 1) in the unit
disk U if
2f'(2)

Re= )

> o

for all z € U.
For f € S we define the differential operator D™ ( Siligean [3])
D°f(z) = f(2)
D'f(z) = Df(2)=2f'(2)

and
D"f(z) = D(D™" ' f(2)) ; neN ={1,2,3,..}.
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We note that if -
fR)=z+ Zajzj,
j=2
then

o0
D"f(z)=2z+ Zj”ajzj ; z€ UL
=2

Let T denotes the subclass of S containing the functions which can be ex-
pressed in the form:

f@) =2 aek; ax >0, VE>2
k=2

We say that a function f € T is in the class T), A(4,B,a,3,7) ,0<a <1,
0<B<1,-1<A<B<1,0<B<1land

B
<75{(B—ma 3 a?0

B-A

1 ; a=0
if
ZFA,,\(Z)
Fn,)\(z) B
(B - A) |:ZF71L,)\(Z) ] B|:ZF7{L,)\(Z) 1] <h , zelU
T Fn Foup()
where

Fup(2) = (1= XN)D"f(2) + AD™ ' f(z) ; A>0 ; feT
For this class T, A(A, B, a, $,7), in Holhog [1] it is showed the following lemma:
Lemma 1. Let f€T , f(2) =2 — Y. ap2®; ar >0, YV k>2. Then f(2) is in
k=2
the class Tp \(A, B, o, B,7) if and only if

D ark™ [L+ Ak = D]{(k = 1)+ B[(B — A)y(k —a) - B(k - 1)]} < By(B-4)(1—a)
o @
and the result is sharp.

If we denote
D (k, A, By, B,7,0) = k" [L+ A (k = D] {(k — 1) + B[(B — 4) v (k — o) — B (k — 1]}
then (2) can be rewritten

f:aan (k‘,A,B,OZ,ﬂ,’)’, A) S B’Y(B - A)(l - a)'
k=2
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2 Some properties of the classes T, x(4, B, a, 3,7).

Remark 2. From the definition of the class T, A(A, B, a, B,7) it is easy to see
that if 0 < B1 < B2 <1, then Ty A(A, B, a, B1,7) C Tua(4, B, a, fB2,7).

Theorem 3. Let 0 < as <a; <1;0< 81 <B2<1 and

B .
(B—_A)a’ a#0
1, a=0

< <
B_A<’71_’Y2_{

Then we have Tny)\(AaBaa1761771) C Tn,X(AaBaa27:32772)-
Proof: Let f € Ty A(A,B,a1,81,m) and oy = o +8; f1 = Pa—eg; 11 =72 — 0

where d,¢,6 > 0. Then, by using Lemma 1 we have

Zaan (k7AaBaalaﬂ17717)‘) S /BIVI(B - A)(l - al) A4
k=2

> akDy (k, A, B,as + 6,5 — &,7 — 6,)) < Bim (B — A)(1 — )
k=2

because
Dn (k‘,A,B,a2 +67ﬂ2 _6772 _07A) = Dn (k7A7B7a27ﬂ27727A)_
—k"[1+AX(k=1)]B2(B—A)[0(k—az—9)+ 720]
KL+ A (k= D] e [(B = 4) (32— 6) (k — a — 8) — B (k — 1)

we have

zaan (kaArB:aZaﬂZaf)/?:)‘) S BI’YI(B - A)(]' - a1)+
k=2

+iakk" L4+ A(k—1)]82(B—A)[0(k—az—3d)+ 10+

£ gk (14 Ak — 1] [(B — A) (o — ) (k — a0 — &) — B (k — 1)] =

k=2

=pm(B—A)(1-a1)+ B2 (B—A) Hiakk" [T+ X(k=D](k -0z —0)+

k=2

+B2 (B — A) 725iakk" [T+ A(k-1)]+

k=2
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3 0k [+ A (k — 1)][(B — ) (72— ) (k- — &) — B(k — 1)] <
k=2

<BmB—-A) (1 —ar)+pB2(B—-A)0(1—ay)+ B2 (B~ A)yd+
+en (B—A) (1 —a1) = Boya(B — A)(1 — as)

According to Lemma 1 we obtain f € T, (A, B, a2, 82,72) and Ty A(A, B, a1, B1,71) C
Tn,)\(A;BJaQHBQa’y?)' O

Corollary 4. Let 0 < a1 < as < 1. Then we have Ty (A, B,a1,3,7) D
Tn,)\(AaBaa%/Ba’Y)‘

Corollary 5. Let

(B—BA)a; OZ#O
1, a=0

B < < <
B_A T S72 S

Then Tn,)\(AJ B7 a, ﬂ: '71) - Tn,)\(A7 B7 a, 57 72)
Definition 6. Let f,ge T ,

f(Z):Z—Zakzk; akZO,VkZQ (3)

k=2

and .
9(z) = 2= b2k b >0, V> 2, 4)

k=2

then we define the Hadamard product of f and g by
fxg(z)=2z— Zakbkzk.
k=2

The folowing teorem is proved in [2].

Theorem 7. If the functions f and g defined by (3) and (4) belong to the same
class Ty A (A, B,a, 8,7), then the Hadamard product f+g belongs to T, A(A, B, a, 3,7).

Theorem 8. Let 0 < a; <a; <1;0< 8, <B2<1 and

o @70
1; a=0

< <
B—A<71_72_{

If the functions f defined by (3) be in the class Tn (A, B, a1, 81,71) and g defined
by (4) be in the class Tn (A, B, a2, f2,72), then the Hadamard product f * g
belongs to the class T z(A, B, o, B,7), where o = min (a1, a2), 8 = max (81, B2)
and v = max (y1,72) -
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Proof: Since
a=min(oq,a2) > a<a; and a <

B = max (B1,B2) = B> 1 and § > f3»
v =max (y1,72) =¥ > and v > 7o

from Theorem 3 we have f € T, x(4, B, o1, 01,m) = f € Tpa(4,B,a, 3,7) and
g € Tn,)\(A;B;aQa/B?a’YZ) = g€ Tm,\(A,B,Oé,B,’Y)- From Theorem 7 we have
f*geTn,/\(AaBaaaﬂa’Y)' 0

Theorem 9. Let —1 < Ay < A; < By < By <1, 0 < B;. Then we have
Tn,/\(AI;Bha:/B77) C Tn,A(A2yB2;a;/857)'

Proof: Let f € T, A(41,B1,0,8,7), A1 > Az and By = By + § where 6 > 0.
Then, by using Lemma 1 we have

Zaan (k;AlaBlaa565’Y:)‘) S BFY(BI - Al)(]‘ - Oé)
k=2
and
D apk™ 1+ A (k=1 B[y (k—a) — (k—1)] <> arDy (k, A1, B, @, 8,7, ).
k=2 k=2
From this

Zaan (k7A27323a5/8577)‘) S Zak-Dn (kaAlaBZ;a;/Ba77 )‘) =
k=2 k=2

= Zaan (kJAlaBl + (5,0&,6,’7,)\) = Zaan (kaAlaBlaaaﬂa’yﬂ A) +
k=2 k=2

+5Y auk” [14 A (k= D)8 [y (k= ) — (k — 1)) < By(Bx — A)(1— )+

+6p7(1—a) < py(Br — A3)(1 —a) + 68y (1 —a) = By(B2 — A2)(1 — )

and according to Theorem 2 we obtain f € T, x(A2, B2, , 3,7) which implies
that Tn,/\(Altha’/B)'Y) CTn,k(AQera;Ba’Y)' O

Theorem 10. Tn,)\(A7B7a7B7’Y) D) Tn+1’)\(A,B,O[,ﬂ,’)’).
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Proof: Since f(2) € Tht1,0(A, B, ,8,7), by using Lemma 1 we have

Zak-Dn-l-l (kaAaBaaaﬂa’)/))‘) < /B’Y(B - A)(l - Oé);

k=2
if
k" < k" VE>2and Vn >0,
then
Dn(k7AaBaaaﬂ7’YaA) SDn-H (k,A,B,OZ,ﬂ,’)@A) 5 V’I’LZO
and

Zaan (kaAaBaaaﬁa’)/a)‘) S Zaan-l—l (k,A,B,a,B,’y,)\) S ﬂ’Y(B—A)(].—Oé)
k=2 k=2

According to Lemma 1 we obtain f € T, A(4, B,a,8,7) = Th (4, B,a,3,7) D
Tn-l—l,)\(A:B:a:ﬁafY)' O
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