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1 Introduction
In this note we study the parameterized differential-difference inclusion
z(t) € F(t,z(t),z(t — A),s), z(to) =a(s) (1)
and its relaxation
z(t) € coF(t, z(t),z(t — A),s), xz(to) = a(s) (2)

wheret € I :=[t,,T],A € (0,T—t,), s€ S, F(,,.,.,.) : RxR"xR"” xS — P(R")
is a set-valued map and S is a Banach space.

A fundamental result for Lipschitz differential inclusions is the Filippov-
Wazewski Relaxation theorem, which provides approximations of trajectories of
a relaxed inclusion in terms of the solutions of the initial inclusion. In this paper,
we obtain continuous versions of Filippov theorem and Filippov-Wazewski Re-
laxation theorem for differential-difference inclusions. Such results can be found
in literature also for other classes of differential inclusions (e.g., [2], [5], [6], [§]
etc.).
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The results obtained in this note may be interpreted, on one hand, as exten-
sions of the results in [5], [6], [8] to the differential-difference inclusions and, on
the other hand, as extensions to the parametric (continuous) case of the results
in [4]. We mention that our proof is based on an argument different from the
one used in [4]; namely, it relies on a selection theorem of Bressan and Colombo,
concerning selections of l.s.c. set-valued maps with decomposable values ([1]),
instead of the selection theorem due to Kuratowski and Ryll-Nardzewski, used in
[4].

The motivation for this work is given by its possible applications to the study
of optimal control problems defined by differential-difference inclusions. In more
precise terms, the obtained results play an important part in study both of nec-
essary optimality conditions and in the study of local controllability sufficient
conditions for control problems defined by differential-difference inclusions ([3]).

Definitions, notations and basic results are given in the next section and the
main results are presented in Section 3.

2 Preliminaries

In what follows, X is a separable Banach space whose norm is denoted by ||.|| and
P(X) will stand for the set of all subsets of X. If A C X, by cl(A) and coA we
mean the closure and the closed convex hull of A, respectively. For any interval
I := [a,b] C R, denote by L(I) the o-field of Lebesgue measurable subsets of
I and by B(S) the family of Borel subsets of S. Let L'(I,X) be the space of
integrable functions #(.) : I — X equipped with norm ||z(.)|}s = [; [lz(s)||ds
and AC(I, X) the Banach space of absolutely continuous functions z(.) : I — X,
endowed with the norm ||z(.)||ac = ||z(a)|| + [|£(.)]]1-

A subset K C LY(I,X) is said to be decomposable if, for any u,v € K and
any A € L(I),

u'XA"_U'XI\A € K,

where x 4 stands for the characteristic function of A. The family of all nonempty
closed and decomposable subsets of L' (I, X) is denoted by D(I, X).

Given a set A € P(X) and z € X, by d(z, A) we mean the distance from the
point z to the set A. For any A, B € P(X), the Haussdorff distance between A
and B is defined as

du(A,B) = max{ sup d(a, B), sup d(b, A)}
a€A beB
Denote by F([to— A, T], R™) the family of all functions z(.) : [tc —A,T] — R®
which are absolutely continuous on I and essentially bounded on [to — A, ).
Given s € S, a solution to the differential-difference inclusion (1) is a function
z(.) € F([to — A, T],R™) which satisfies (1) for almost all ¢ in I. Let Sg be the
solution set of (1) and let Rr(T) be the ”reachable set” of (1), defined by:

Rr(T) := {(T); z(-) € Sr}.
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The following lemmas are useful in proving the results in Section 3.

Lemma 2.1. ([9]) Let u(.) : I — X be a measurable function and G(.) : I —
P(X) a set-valued map with nonempty closed images.

Then, for any measurable function r(.) : I — (0,00), there exists an integrable
selection g(.) : I = X of G(.) (i.e. g(t) € G(t) a.e.(I),) such that

llu(®) — 9@ < d(u(?),G() +r() a.pt.(]).

Lemma 2.2. ([5]) Let F*(.,.) : I xS — P(X) be a set-valued map with
nonempty closed images, L(I) ® B(S)-measurable and such that F*(t,.) is lower

semi-continuous (l.s.c.), for all t € I.
Then, G(.) : S = D(I,X) defined by

G(s) ={v() e L'(I,X); w(t) € F*(t,s) a.pt.(I)}

is lower semi-continuous from S to D(I, X) iff there exists a continuous function
p(.): S — LY(I,X) such that

d(0,F*(t,s)) <p(s)(t) a.pt.(I), VseS.

Lemma 2.3. ([1]) Let G(.) : S = D(I,X) be a l.s.c set-valued map and the
continuous functions ¢(.) : S — L*(I,X), ¥(.) : S — L*(I,R) such that H(.) :
S = D(I,X) given by

H(s) = cl{v(.) € G(s); [[v(t) — d(s)(D)[| < ¢ (s)(t) a.p-t.(I)}.
has nonempty values. Then H(.) admits a continuous selection.
Lemma 2.4. ([7]) Let H(.) : I — P(X) be a measurable set-valued map, inte-
grable bounded, with nonempty closed values. Then:

T T
cl coH (t)dt = cl H(t)dt.
to to
Lemma 2.5. ([6]) Let (S,d) be a separable metric space, J C R, and let G(.) :
S — D(J,X) be a ls.c set-valued map. Then, for each continuous selection
f(s) € F(s) := cl(f, 9(s)(t)dt) and for any ¢ > 0, there ewists a continuous
selection h(s) € G(s),Vs € S such that

17(s) - /J W)t <&, Vs € S.

We shall assume the following Hypothesis on F(.,.,.,.) and a(.).

Hypothesis 2.6. (H1) F(.,.,.,.) : RXR*XR"* xS — P(R") is L(I)@B(R™ x R" x
S)-measurable, with nonempty closed values and a(.) : S = R™ is a continuous
function.
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(H2) There ezists a continuous map r(.) : S — L*(I,R%.) such that, for any s € S
and almost all t € I, F(t,.,.,8) is r(s)(t)-Lipschitz, i.e. for all x;,y; € R*,i =
1,2,

dH(F(t7x17y17s)7F(t7m27y278)) < T(S)(t) |:|-Z'1 _$2| + |y1 _y2|]

H3) For any (t,z,y) € I x R" x R", the set-valued map F(t,x,y,.) is L.s.c. on
S.

(H4) There exists a continuous map po(.) : S — LY(I,R) such that, for any
so € S there is a neighborhood V (so) € V(s0), satisfying:

(
d(ona F(t7 0n7 0n7 8)) S po(S)(t) a'e'(‘[)a Vs € V(SO)'

Remark 2.7. In view of assumption (H2), the assumption (H4) may be replaced
by:
(H4") For any map y(.) : S — F([to — A, T],R™) such that s = y(s)(.)|1 is
continuous, there exists a continuous map py(.) = L'(I,Ry) such that, for every
ses

d(y(s)(t), F'(t,y(s)(t), y(s)(t — A, 5)) < py(s)(t) a-e(I). 3)
Indeed, it easily follows from the inequality

d(y(s)(t), F'(t,y(s)(t),y(s)(t — A, ) <
< 19()B) + d(On, F(t,0n,0n, 5)) + 7(s) (&) [[ly(s) )| + y(5)(t = A)[], a-e.(T).

3 Main results

We prove first a continuous version of Filippov’s theorem for Lipschitz differential-
difference inclusions. For this purpose, let m(s,t) = ftto r(s)(u)du and b(s) =
lla(s) — y(s)(to)||; for y(.) = S = F([t, — A, T],R") and p,(.) — L'(I,R;)
verifying (3) and for any s € S, we define

£,(s,1) = { 2D [e(t —to) + b(s)] + j;i py(8)(w)e2(ms)-msW) gy ¢ > ¢,
Y0, t € [to — A, to).
Theorem 3.1. Assume that Hypothesis 2.6 is satisfied.

Then, for any € > 0, any function y(.) : S — F([to — A, T),R™) such that
s = y(s)()|r is continuous and for any map p,(.) : S = L*(I,R) satisfying (3),
there exists o function z(.) : S = F([to — A,T],R™) such that:
i) for every s € S, s = x(s)(.)|1 is continuous, x(s)(.) is a solution of (1) and
z(s)(t) = y(s)(t),Vt € [to — A, to),s € S;
i1) for every s € S and t € I,

llz(s)(t) = y(s) (D] < &y(s,1); (4)
ii1) for every s € S and almost every t € I,

l&(s)(2) = 9(8) (DI <))€y (s,8) + & (5,8 = A) +py(s)(t) +e. (5)
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Proof: Let ¢ >0 and ¢, = s"—“ n > 0. For any s € S, we define the following
sequence

(en(t — to) + b(s)),Vt € (to,T]

€ [to — A, to] and every n > 1.

and p,(s)(t) =0,V
)(t) and consider the set-valued maps Gg(.), Ho(.) given by

Set zo(s)(t) = (
Go(s) = {v e L'(I,R"),v(t) € F(t,y(s)(t),y(s)(t — A),s) ae.(])},

Ho(s) = cl{v € Go(s) : [lv(t) — 9(s)(D)I] < py(s)(t) + €0}
Since d(y(s)(t), F'(t,y(s)(t),y(s)(t—A),s)) < py(s)(t), from Lemma 2.1, it follows
that Ho(s) # &,Vs € S. Moreover,

d(0, F'(t,y(s)(t),y(s)(t — A),s)) < [[§(s) )|l + py(s)(¢)

and s = [|g(s)(t)|| + py(s)(t) is continuous from S into L'(I,R). Due to Lemma
2.2, Go(.) : S = P(LY(I,R")) is Ls.c., with decomposable values and, applying
Lemma 2.3, there exists a continuous selection fo(.) of Hy(.) such that fo(s)(t) €
F(t,y(s)(t),y(s)(t — A),s), for almost every t € I,Vs € S and

1fo(8)(t) — 9(s) (B < py(s)(t) + 0, s€S.

Define ft
_ [ a(s) + J,, fo(s)(w)du, tE€ [to,T]
Z'I(S)(t) - { y(S)(t), to /0 te [t((; _ A,to).

One has ;1 (s)(tg) = a(s) and #1(s)(t) = fo(s)(t),Vt € (to, T]. Notice that

1 (s)(#) — 2o () = [l fo(s)(t) — 4(s) (D) < py(s)(t) + €0;

1 () (£) — 0(5) (1) = [Jas) / fos) (u)dul| <
< lla(s) — y(s)(to) ||+||/ Fo(8)(w) — (s) (w)]dul] <
<b(s)+ " fo(s) () — i(s) (u)du < b(s) + t[py<s)<u)+eO]du=

t

— b(s) + eo(t — to) + / py(8)(w)du < p1(s)(8).

to
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We shall construct a sequence z,(.) : S = F([to — A, T],R"),n > 1 such that

zn(s)(t) = y(s)(t),t € [to — A, o) and z,(s)(to) = a(s); (6)
n(s)(t) € F(t, 2n1(s)(t), 2n-1(s)(t = A), 5); (7)

1 (8)(8) = En-1(s) ()| < r(5)()[Pr—1(5)(t) + Pn—1(s)(t = A)]. ®)

Now, assuming that for ¥ = 1,n we have defined z(.) satisfying (6)-(8), we
obtain z,1(.) as follows. From (7) and (8), for any n > 2 one has

[ (s)(t) — 2n-1(s) (D[] < /t 7(s) () [pn-1(8)(w) + pn—1(s)(u — A)]du <

t
<2 / #(8)(u)pn_1 () (u)du =

to

i

[ [ ot =m0

[5n(t - tO) + b(s)]

(2m(s,t))" 1 _
(n—=1)!

= /t py(s)(1) [2(m(s) (t()n—_rrll)(;s)(T)]"l dr + [en(t — to) + b(s)]
= pn(8)(t) — W[(en —en—1)(t —to) + b(s)]

We conclude that

e ()(®) = 21 (GO < pals)6) = <o
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Set de,(s)(t) = E&Jfg))([iﬁg)(:)]:),lr(s)(t). From (7) and (9) one may infer

d(@n(s)(), F(t,2n(s)(t), 2a(s)(t — A), 5)) <
< d(@n(s)(t), F(t, 20 1(5)(t), on-1 ),8))+
+du (F(t, 2n—1(s)(t), 2n-1(s)(t — A), ), F(t, wn( )() n(8)(t = A),s)) <
<

(t—
< r(s)(1) (Ilwn(é’)(t) — 21 (8) D + |2 (s)(t = A) — 20 1(8)(t A)II)
< r(8) (&) [pn(8)(t) + pa(s)(t — A)] —cnls

For every s € S, consider the set-valued maps
Gn(s) = {v € LYI,R"),v(t) € F(t,2n(5)(t), zn(s)(t — A),5), a.e.(I)}

Hn(s) = cl{v € Gn(s), [[v(t) =& (s) (D) < 7(5)(t)(Pn(s)()+Pn(s)(t—A)), a-e.(I)}

As the map ¢t — ¢,(s)(t) is Lebesgue measurable, Vs € S, due to Lemma 2.1,
there exists v(.) € L' (I, R™) such that v(t) € F(t,z,(5)(t),zn(s)(t—A), s), a.e.(I)
and

lo(t) = @n(s) (B < d(En(s)(t), F(t, 2a(s)(t), 2n(s)(t = A),5)) + cn(s)(t) <

< 7(s)()[pn(s)(t) + pn(s)(t — A)],
hence H,(s) # &,Vs € S. Moreover,

d(0, F(t, zn(s)(t), zn(s)(t — A), 5) < [|Zn(s) )] + 7(5) () [Pn(5)(£) + puls)(t — A)]
and f,(.) : § = LYI,R"), Ba(8) (t) := [|&n(s) (&) +7(s)(t) [P (5)(t) +pn(s) (= A)]

is continuous. Lemmas 2.2, 2.3, provide the existence of a continuous selection
fn() of Hy(s), fu(.) : S — LY(I,R"), satisfying the following

fn(8)(t) € F(t,2n(5)(t), 2n(s)(t — A), 5), a-e.(I);

12 (s)(8) = &n ()| < 7(5)()[pn(8)(2) + pn(s)(t — A)], a-e.(I).

Define t
Tpp1 = { (8) + [y, fn(s)(w)du, teT ‘
! y(s)(), t € [to — A, to)

Clearly, z,41(.) satisfies conditions (6)-(8) and we have

T

ln+1(s)(-) = 2n(s)Ollac = [ lEn41(s)(u) — @n(s)(u)lldu <

to

T
< /t 7(s)(u)[pn(s)(u) + pn(s)(u — A)]du < ppia(s)(T).  (10)
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Further,

pm(‘lﬂ [ ! Ipy (s)(w)|du + €ny1 (T — to) + b(s)] <
! to (11)

< Pm(;ﬂmpy(s)(_)ul +e(T = to) + b(s)]-

P (s)(T) <

Thus, from (10) and (11), we have

e (5)0) —an)Ollac < L 1 ()0l + 27— 10) + b09)]. (12

The latter inequality combined with the continuity of the map s — ||py(s)(.)|l1
implies that the sequence {x,(s")(.)}, satisfies the Cauchy condition uniformly
in s’ on some neighborhood of s, in the Banach space AC(I,R"). Let z(.) :
S = AC(I,R™),z(s)(t) = lim,— 00 25 (5)(t). Hence z(.) is continuous from S into
AC(I,R™). Now, we shall prove that z(s)(.) is a solution of (1). For any s € S
and a.e.(I), we have

(1 (5)(2), F(t, 2(s)(2), 2(s)(t — A),5) <
< du(F(t,2n(s)(t), 2 (s)(t = A), ), F(t, 2(s)(t), 2(s)(t = A), ) <
< r(s)@)[llzn(s)(t) — 2(s) D) + [lzn(s)(t — A) — z(s)(t = A)[]]-

Passing to the limit along a subsequence of the sequence {z,(.)}, which point
wise converges to z(.), we find that

z(s)(t) € F(t,z(s)(t),z(s)(t — A),s), a.e(l),Vs€S.
Taking into account (8), for every s € S, the following estimates hold

n+1

| fr+1(s)(2) @l = ”Z[fk = i1 (8) (O] + fo(s) () —9(s)(B)]] <
+
Z O)pr-1(s)(#) + pe—1(8)(t = A)] +py(s)(t) + €0 <

< py(s) (1) +e+r(s)(8) | / tpy<s)(t)-eﬂm(s)“)*m(s"“”dwem(s)“) [e(t—to)+b(s)]| +
to

t—A
+r(s)(8)] /t Py (8) (8)-€2m (08 m W] gy 2N g (1 A—to) +b(s)] | =
0

=7(s)®)[&y (s, 1) + & (st — A) +py(s)(t) +&.
Similarly, by adding (9), we get

n+1

ons1(5)(E) — 9O < 3 prl(8)(®) < 3 prls)(t) < & (5,1).
k=1

k>1
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Finally, by passing to the limit as n — oo, we find (4),(5). O

The next result is a continuous version of Filippov-Wazewski Relaxation the-
orem.

Theorem 3.2. Assume that Hypothesis 2.6 is satisfied and for any (t,z,y) €
R x R® x R", the set-valued map F(t,x,y,.) is continuous.

Then, for every e > 0 and any map y(.) : S = F([to — A, T],R™) such that
s = y(s)()|r is continuous, there exists a function z(.) : S — F([to — A, T],R™)
such that
i) for every s € S, s = x(s)(.)|1 is continuous, x(s)(.) is a solution of (1) and
z(s)(t) = y(s)(t),Vt € [to — A, tp),s €S;
it) for every (t,s) € I x S,

ll(s)(®) —y(s) D) < e+

+ O () + [ d(i(s) (), Fuyy(s) (), y(s) (u — A), 5)du].

to

Moreover, if we assume, in addition, that there exists a function q(.) € L*(I, R:)
such that

dp (O, F(t,z,y,5)) < q(t) aetel, Vr,yeR* se S

then, for any map z(.) : S — F([to — A, T],R™) such that for every s € S,
s = x(s)(.)|1 s continuous and the function z(s)(.) is a solution of the (relazed)
differential-difference inclusion (2), there exists T(.) : S — F([to — A, T],R"),
satisfying the following:

iii) for any s € S, s — T(s)(.)|r is continuous, T(s)(.) is a solution of (1) and
z(s)(t) = z(s)(t), Vi € [to — A, 10), s € S;

iv) for every (t,s) € I x S,

1Z(s)(t) —x(s)(@)]l <€
Proof: In order to prove the first assertion, let us define

p(s)(t) = d(y(s) (1), F(t,y(s)(t), y(s)(t — A), s))

and note that, by Theorem 3.1, it suffices to prove that the function p(.) : S —
L'(I,R) is continuous at s, for any fixed so € S.
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Let £ > 0. Following [8], for every s € S, we have

T
/ 10(8)(£) — p(s0) (D)t <

to

T
< [ [0 i )i+

to
+ du(F(t,y(s0)(t),y(s0)(t — A), s0), F(t,y(s)(t),y(s)(t — A), 8))] dt <

T
< [ [hi)e) s+

+r()Ollly(s) (@) —y(s0) Dl + [ly(s)(t — A) — y(s0) (¢ - A)II]] dt+
T
+ t du (F(t,y(s0)(t),y(s0)(t — A), s0), F(t,y(s0)(t),y(s0)(t — A), 5))dt.

The map s — y(s)(.) is continuous at sg, thus we can find 6; > 0 such that
Vs € 5, [ls - soll <

| i) - o ol+
() Olly(s) 1) — ()OIl + (5)t — &) — y(so)(t — M)t < 5.
Setting

p1(8)(t) = du(F(t,y(s0) (), y(s0)(t = A), 50), F (2, y(50) (%), y(50) (¢ — A), ),

it is easy to note that p(.) is continuous at sg. Further, using the condition in
(H4'), there is a neighborhood V() of s, such that

Pr(3)(2) < 2[po50)(8) + r(5)(0) (ly(s0) 1) + lly(s0) (¢ = A)I)].

As the function defined by the right hand side of the above inequality is continuous
from S to L'(I,R) we can state, in view of Lebesgue dominated convergence
Theorem, that s — |, tf p1(s)(t)dt is continuous at sg. We can pick a d2 > 0 such
that, Vs € S, [|s — so| < §:

T
t du (F(t,y(s0)(t),y(s0)(t — A), 50), F(t,y(s0)(t),y(s0)(t — A), 8))dt < %
Choose § := min{d;, d;}. Consequently:
T
[ 1s)(®) = plao)®)de <, Vs = soll <6

to
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Due to the integrably boundedness of F'(t, ., .,.) in the second part of the theorem,
then if € > 0 there is 6 > 0 such that

T
O[1 4 e2mEIN(T — g + / 2e2mE ) (s, t)dt] < €. (13)
to

Pick n > 1 large enough so that for any measurable set A C I, satisfying p(A4) <

I=to "one has
[ et <
A

For j =T,n, set t; = to + (T — to) and I; := [t;_1,¢;]. For all s € S consider
the set-valued maps

M;(s) = {v e L'(I;,R™) : v(t) € F(t,z(s)(t),z(s)(t — A), s) a.e.(I;)}.
From Lemma 2.2, it follows that M;(.) is Ls.c.. On the other hand, the maps
x(s)(t;) — x(s)(tj—1) are continuous selections of cl(ij coF (t,x(s)(t), z(s)(t —
A), s)dt) which coincide, by Lemma 2.4, with cl(flj F(t,z(s)(t),z(s)(t—A), s)dt).

Applying Lemma 2.5 we obtain the existence of continuous selections g;(.) : § —
L'(I;,R™) of M;(.), such that

||/g, ot~ [ i@t < 5, Vs € 5.5 =T

I

= >

It enables us to consider a function g(.) : S — L'(I,R") equal to g;(.) on I;.
Define y(.) : S = F([to — A, T],R"™) by

_ J,_J; du, t e [t 7T]
v ={ 20 telto— A to).

Let t € I. There exists jo € 1,...n such that ¢ € I;,. Then,

ly(s)(®) — z(s) (B = II/t [9(s)(w) = @(s)(u)]dul| <

Jjo—1

< Z I / 195(5) (u) — () ()] + / Tlgs(s) )l + () ) ek <
(o — 1) + 2% <46

On the other hand, from Hypothesis (H2) it follows

d(y ()() F(t,y(s)(®),y(s)(t — A),5)) <
< du(F(t,2(s)(t), z(s)(t = A), ), F (2, ()(t),y(S)(t—A),S))
< r(s)@)llz(s)(#) —y(s)@ + [l (s
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Let &, (s,t) := e2m()(1) [6(t—t0)+ft'; e~2m(3)(W).2p(s)(u)ddu]. Applying Theorem
3.1 with € := §, we find that there exists a function Z(.) : S — F([to — A, T],R™)
such that Vs € S, s = z(s)(.)|r is continuous, Z(s)(.) is a solution of (1), satisfies
Z(s)(t) = z(s)(t),Vt € [to — A, t9),Vs € S, z(s)(to) = a(s),Vs € S and

1Z(s)(t) —y(s) (D < &(s,1),VE € I,Vs € S.

Recall that § is assumed to satisfy (13), hence

IZ(s)(t) —z(s)@)Il < [[Z(s)(E) — y(s) D + lly()(E) — 2(s)(B)]] <
< gls,)+6<E(sT)+5<e
and the theorem is completely proved. g
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