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Visser’s inequality and its sharp refinement

by
V.K. JAIN

Abstract

For a polynomial p(z) = 37 _, ckz® of degree n, with max,, = |p(z)| =
M, Visser had obtained
Jcol + len] < M.

Using certain integral inequality for a polynomial, we have suggested a
different proof of Visser’s inequality (in a new but equivalent form)

|alleol + [Bllen| < M{max(|al, |8])}-

Further for polynomial p(z) having all its zeros, either in |2] < 1 or in
|z| > 1, a sharp refinement

lallcol + 1Bllen| < MA{(la] + [B1)/2},

of new form of Visser’s inequality, has also been obtained.
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1 Introduction and statement of results

While suggesting simpler proofs of certain inequalities associated with the
polynomial P(z), of degree n and leading coeflicient 1, Visser [8] obtained the
following analogous inequality for polynomial of a complex variable

Theorem A. Ifp(z) =Y}, cx2¥ is a polynomial of degree n with arbitrary
complez coefficients, then

|col + len| < max, = [p(2)]- (1)

There is equality if and only if p(z) = ao + anz™.
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In the literature, there exist many generalizations and improvements [7, 5, 4,
3, 6], of Visser’s inequality (1). In this note, we have used the following interesting
result due to Arestov [1, 2].

Theorem B. Let ¢ be a nondecreasing function defined on (0, 00), absolutely
continuous in any finite interval (o, ], (C (0,00)), and such that u¢'(u) is non-
decreasing. Further, let

v =(V0,71,7%2, - -5 Tn), (€ C™H),

be such that the polynomial

Ay(2) = Y Cln,R)meat

has all of its n zeros in the |z| <1 or in |z| > 1, with the convention that if the
precise degree m of the polynomial A (z) is less than n, then z = oo will be a
zero of A,(z) of order (n — m). Then for any polynomial P(z) = 3 ,_, arz® of
degree at most n

2w 27
o(|A, P(e)])dt < | $(Dn(A)|P(e")))dt,
where
Dy(Ay) = max(|yol, |[7al)s
AWP(Z) = Z::(Jykakzk

and suggested a different proof of Visser’s inequality (in a new but equivalent
form), leading to the result

Theorem 1. Let p(z) =Y, cx 2" be a polynomial of degree n with
max|,|—1 |p(z)| = M.

Then for arbitrary compler numbers a and B

lallcol + |Bllen| < M{max(|a, |5])}- 2)
Equality holds in (2) for p(z) = M2", |a| < |5|.
We, then used another interesting result due to Arestov [2], namely

Theorem C. Let ¢ be a nondecreasing function defined on (0, 00), absolutely
continuous in any finite interval [a, ], (C (0,00)), and such that ud'(u) is non-
decreasing. Further, let

Y= (90,7572, - - > ), (€ C™H,
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be such that the polynomial

Az =Y Ol ket

k=0

has all of its n zeros in |z| < 1. Then for any polynomial P(z) = > ,_, axz® of
degree at most n, having all its zeros in |z| > 1

2 2w ) ) 2w 2 ) )
| [ sta+enapenaas < [ [ ollon + e 7, P s,
0 0 0 0

where

_\" k
AP = st
and obtained the following refinements of inequality (2).

Theorem 2. Let p(z) = Y./, cx2® be a polynomial of degree n, having no
zeros in |z| < 1, with max,— |p(z)| = M. Then for complex numbers o and j3,
with |af < B

lallco| + [Bllenl < M{(la| + [B])/2} ®3)

Equality holds in (3) for p(z) = (M/2)(A + pz™), with |\| = |u| = 1.
On applying Theorem 2 to the polynomial z"p(1/z), we obtain

Corollary 1. Let p(z) = Y p_, ckz* be a polynomial of degree n, having all
its zeros in |z| < 1, with max ;| [p(2)| = M. Then for complex numbers o and
B, with |a| > |B|

lal|co| + |Blen| < M{(la| + |B])/2} (4)

Equality holds in (4) for p(z) = (M/2)(X + pz™), with |\ = |u| = 1.

2 Proofs of the theorems.

Proof of Theorem 1. On applying Theorem B to the polynomial p(z),

with
o(u) =u®, (s >0),
Y=o ="Y2=...=Y-1 =0, =0,
we get
2 . 2m .
/IM+MWWKMMMMW/MWW%
0 0
ie.

1 o int|s 1/s 1 2m s 1/s
(%/0 |acg + Bene™ | dt) < {max(|a|;|ﬂ|)}(§/0 [p(e)| dt) ,
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which implies, by letting s — oo,
max| ;=1 |aco + fen2"| < {max(|al, |B])} M,

and inequality (2) follows.
Proof of Theorem 2. On applying Theorem C to the polynomial p(z)

with
P(u) = u®, (s > 0),
Yo=a,n=7Y=...= V-1 =0, =0,
we get
/27r " 27 - )
1+ e"|°do / acy + Beqe’™ |7 dt
(f merras)( ] laco |
2 — o 2 .
< ([ tasBerpa) ([ imenpar),
(/ )(/ )
i.e.

1 g2 2 io1s 10 "/ ° . ,
(7l 5e1) (o [ wterar) "

1 27 . 1/5
(—/ |aco +ﬂcnemt|sdt) < -
2w /o 1 2w 0 /
(& S 11+ ei|=do)

which implies, by letting s — oo,

max|; — |a + Bz|)
?

ax|, = " <<
m |z|=1 |aCO + ,BCnZ | max‘z|:1 |1 + Z|

and inequality (3) follows.
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