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Abstract

A necessary and sufficient condition is found so that Goldberg order
of a multiple Dirichlet series defining an entire function remains unaltered
under rearrangements of coefficients of the series.
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1 Introduction and notations

We denote the complex and real n—space by C™ and IR" respectively. We indicate
the elements
(s1,82,.-.,8n), (Res1, Resa, ..., Resy),

(0'1,0'2,...,0'n),

(m1,ma,...,my)

etc. of C" by their corresponding unsuffixed symbols s, Res, o, m etc. and make
use of the standard notations of the single variable which are easy to undersand
from the context.

For z,y € C", we define

x = (21,T2,...,%n),

Y= (y17y27“‘7yn)’

xy = (T1Y1,T2Y2, - - -y TnYn),
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l|lz|]| = &1 + z2 + -+ - + Ty,

z4+r=(@ +r,za+r,...,0,+7)

for r € R.
Also, we use

Ar(m) = Qr(mi)m(ma)...v(mz)>

m(m) = (7(mq), m(ma2),...,m(my,)),

and
[[m(m)|| = m(m1) + 7(m2) + -+ - + w(my,).

Let us consider the multiple Dirichlet series

f(81,$2,...,8n) =

oo

= > Ay ;maye.mn €XD (8121, + 82X2,, +°** + Sndn,., )

m1,Mm2,...,Mp=1

that is
o
F(8) =Y amexp|lsin,, |, (1)
m=1
where s; = 0; +itj, j =1,2,...,n; an, € C; Ay, denotes the real-tuple

()\1""1 ) )‘2—,”2 R )\nm" )

0< A <Apy < Ap, 700ask—sooforp=1,2,...,n.
Janusauskas [1] had shown that if there exists a tuple p > 0 = (0,0,...,0)
such that

lim 72’“:1 log

=0 2
llm]| 00 lpAr,., Il ®

then the domain of absolute convergence of the series (1) coincides with its domain
of convergence.

Throughout we shall consider only those multiple Dirichlet series whose coor-
dinate of associated abscissas of convergence will be all of finite or infinite, but
not both.
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2 Known results

In this section we state some known results in the form of lemmas which will be
needed in the sequel.

Lemma 1 (Sarkar [2]) The necessary and sufficient condition that the series (1)
satisfiying (2) to be entire is that

log [a
oglaml _ o, 3)

Iml=oo [|An,., I

If F stands for the family of all multiple Dirichlet series of the form (1)
satisfiyng (2) and (3), then f € F denotes an entire function over € and we
have:

Lemma 2 (Sarkar [2]) The Goldberg order p(D) of f with respect to the region
D={s:s€C" Res=0 <A\ \e€IR"} is given by

Anm,, 1108 [[ A, |

lim sup = p(D) = p, 0<p< oo, 4
S  Ham@n(myy PPV =P P )
where ®p(m) = sup,cp |exp [|5An,n., ||| =exp || An,,, |-

3 Main Results

Lemma 3 Let 7 : IN — IN denote a rearrangement of all non-negative integers
by which the integers m; are replaced by the integers
71—(Tnl) =mi+0(mi)7 1=1,2,...,n,

then the rearranged multiple Dirichlet series

f1(8) = D anim) exp 1820, |

m=1

represents an entire function.

Proof: From (3) it is known that the multiple Dirichlet series f(s) represents an
entire function if and only if

1
|| Prmat -0 as  ||m|| — co. (5)

This gives, for any 1 > & >0
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1
|am| Prmal < &

for all large values of ||m]|.
Since distinct values of the pair m correspond to distinct values of the pair
w(m) and vice versa, it follows that

1
|an(my| "m0t < e (6)
for all large values of ||m]|.
From the given condition, we get
llw(m)ll = llmll + o([[ml])
and so for all large values of ||m]|,
1-46< ()l <146, d > 0. (7

lml|

From (6) and (7), we get, by choosing § > 0 sufficiently small

1
|a7r(m)| Pnma < 2

for all large values of ||m]|.
Hence f1(s) represents an entire function. O

Theorem 1 A necessary and sufficient condition that a rearrangement © : IN —
IN keeps unaltered the Goldberg order p(D) of an entire multiple Dirichlet series

f(8) = amexp|lshn,, |

m=1
is that m(m;) = m; +o(m;), i =1,2,...,n.

Proof: If f(s) is an entire multiple Dirichlet series then, by Lemma 1, the rear-
ranged series

F1(8) =) t(myexp ||sAn,,, |

m=1
also represents an entire multiple Dirichlet series.
Let p1(D) be the Goldberg order of f1(s). Then

o A, (1108 [ An, I
Imll—oo = —log{|ar(m)|®D(m)}

Sufficient part
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Let w(m;) = my; + o(m;), i = 1,2,...,n. We want to show that p; = p. To
this end, first we supose that 0 < p < co. Then for any ¢ > 0 and sufficiently
large values of ||m],

A, I

lam|®p(m) <|[[An,,, |7 @

Since ||7(m)]| = oo with ||m|| and distinct values of pair m correspond to
distinct values of the pair 7(m) and vice versa, we have for large m that

g

I
|t (m)| @D (w(m)) < [|An, ., |7 FF.

Since % — 1, for sufficiently large ||m|| we have

[P

|a7r(m)|(§D(m) < ”)\nmn ||_ Gpte) . (9)

Further, since ||7(m)|| — oo with ||m]|, it follows that for infinitely many ||m/||

() |20 (1 (M) > Ay, |7 0
Choosing £ > 0 suitably, this give for infinetly many m

3y I
|a7r(m)|<I)D(m) > ”)‘nmn ||7 =e) . (10)

From (9) and (10) we get

lim A, 1108 [ An, I
[mll—oo * —log{|ar(m)|®p(m)}

7

so that

p1L = p-

The above argument with suitable alterations solve the case p = 0 and p = .
Necessary Part

Let p1 = p. Then for a given € >0

[Ann,, 1108 [[ A, [l < (p + €) 10g{| @ (m)| @D (M)} ",

or

An.n,, 1108 X, M| = (0 + )AlIAn,,, Nl < (p + ) 108 |ar(my| 7", (11)

for large ||m|| and so for ||w(m)||, while

||An1r(m") || log ||)‘nﬂ(mn) || - (p + E)’\”’\nw(mn) ” > (p - E) IOg |a7r(m) |_17 (12)
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for an infinity of ||w(m)].
From (11) and (12) we get

A7 () 1108 1 Ary sy | = (2 = E)ANAn, ) [l o =€
1Ann,, 1108 [1An,,., | = (0 + €)Ml A, I pte

for an infinity of ||m||. Hence

||/\n,r(mn) || log ||)‘nw(m") || - p)\”)\n.,r(m")”

lim inf >1
l[m]|—c0 IAn...,, Nog [ An,.., | = PAN AR, I
Interchanging ||m|| and ||w(m)||, we get
An,. [log || An,. || = pAllAn
i in P 1108 A = A |
lmli=oo " [[Any i, 1108 [ Ans ) | = PA AR ) l
Therefore
)\n lo /\n —pA An
e sy P98 o = P
l[m]|—c0 IAn,.., 110 [ An,.., [l = PAll AR, |l

Combining (13) and (14) we get

A7y 1108 A5, () [ = PAI AR o
IAn.... [[10g |An,.., [| = Pl An,,,, ]

=1 as |[|m|| = oo.

This gives
Dortmn) 41 as |ml| = .
Ao,
Hence
™M) 1 s flml] = oo,
i
Thus we have
W(mi):m,-+o(m,-), 1=1,2,...,n.

This completes the proof of the theorem

Theorem 2 Let f € F be of Goldberg order p (> 0) and

lim inf logM;.n(r) =t(D) =t,
reo exp(rp)

L lim inf (1A, [{lam| @ ()} | = 6(D) =6,

ep |lm|l—oo

(13)

(15)

(16)



On the coefficients of entire multiple Dirichlet series 201

where

My p(r) =sup{|f(s)| : s € D+ r,r € R},

then

t>0 (17)

Proof: Let 0 < 6§ < co. Given ¢ > 0, we can find N so that
1 e
;H)\nmﬂ [[{|am|®p(m)}Prmall > —¢ forall |m| > N.
Also, we have (Sarkar, [2]) for r > 7o

My,p(r) > [am|®p(m) exp [|rAn,, ||

Therefore, for ||m|| > N

logMy p(r) S log |am| +1og @p(m) + [rAn,,, |l
exp(rp) ~ exp(rp)

1 1 1
—{—||An,. ||log(ep(d — €)) — —||An,.. ||10g]||An,. || + 7l|An,. >
> eXp(rp){pll . [Tog(ep(d — €)) pll o og [ An,. Il + 7l An,, I}

po (1 1 )
> —————{ —||An... || 1og(ep(8 — €)) — =||An... || log(pf) | =
> D 51 pll . [lTog(ep(8 — €)) pII . 1Tog(pf)

Moy

0

Therefore

which obviously holds when § = 0. If § = oo, the argument shows that ¢t = oo.

This proves the theorem.

O
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