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Abstract

We study the proximal continuity of multivalued maps in proximity
spaces and we discuss the relations between proximal continuity and semi-
continuity.
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We show some properties of multivalued maps in proximity spaces. We will
deal with the following definition:

Definition 1. (see [3]) A relation & on the power set of X is called a prozimity
on X if and only if § satisfies the axioms:

(1) A6B implies BSA

(2) (AU B)4C iff ASC or BSC

(3) A6B implies A # ) and B # ()

(4) AN B # 0 implies A6B

(5) ApB implies that there exists a subset E such that AJE and (X\E)B
for each A,B,C C X

Let X and Y be nonempty sets.
If F: X - Y is a multivalued map, then for any M C Y we use the standard
notations [1]:

Ft(M)={z € X:F(z) C M},
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F-(M)={zeX:Fx)nM # 0}

and

F(A) =] F=)

z€A

for any A C X.

We define the proximal continuity of multivalued maps.
Let (X, 1), (X, d2) be proximity spaces.

Definition 2. A multivalued map F : X =Y is called upper (lower) proximally
continuous (shortly: p — continuous) if and only if

Va,pcy[Af2B = F+(A)6, F*(B)]
(resp.
Va,Bcy[Af2B = F~(A)f1F~(B)))
A multivalued map F : X — Y is called p*— continuous if and only if
VaBcy[Af2B = FT(A)f1F~ (B)]
Remark 1. For a single-valuated function f : (X,01) — (Y,02) above forms of

the proximal continuity are equivalent

As an immediat consequence of definitions we have:

lower p — continuity = p* — continuity = upper p — continuity
and none of these implications is invertable.

Example 1. Let IR be the real line and let § be defined by AGB < AN B # ().
This relation determines the natural topology. Let a multivalued map F : (R, 0) —
(R, ) be defined as follows:

(—00,00\{-3,-2} for =z € (—o0,1],
F(ZC) = {_3a_1a5} fO’f‘ T € (173)a
(2,7YU{=5} for =z €[3,+00)

We will show, that F is not p*— continuous but is upper p— continuous.
For instance, there exists two sets

C = (—0,0)
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and

D = (1,6)
such that C§D and F+(C) = (—o0,1], F~(D) = (1,400). Certainly

FH(C)NnF~(D) ={1} # 0,
SO
F*+(C)§F~ (D).

Then F' is not p*— continuous.
Let us notice, that for each A,B C R we have F(A) N F(B) # 0. Thus

F(A)NF(B) #0,

S0

F(A)6F(B).
Then F is upper p— continuous.

Example 2. Let TR be the real line and let § be defined by AOB < ANB # 0. This
relation determines the discret topology. Let F : (R, 6) — (IR,d) be a multivalued
map defined by:

(—=00,00\{=3,-2} for =z € (—oo,)\{l-21:n=1,2,..},
Flg) — {-3} for re{l-1:n=1,2,.}
(@) = {=2} for ze{l++:n=12.}
(2,7) for =z€ [1,oo)\{1+% n=1,2,...}

We show, that this multivalued map is p*—continuous but is not lower p—
continuous.
Let C,D CY and C§D # 0, then CN D # (. Suppose that

F*(C)6F~ (D).
Then

FH(C)NF~(D) #90,

so ezists © € R such that x € F*(C) and © € F~ (D). Hence F(z) C C and
F(z)ND # 0, cosequently CND # Q. Then CSD and this is a contadiction. All
i all, F is p*— continuous.

We are going to show that this map is not lower p—continuous. Let C' =
(—5,—3) and D = (—3,0). Of course CND =10, so C#D. But
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F~(C) = (—o0,1)\{1- % n=1,2..}

and
F=(D)=F~(C)uU{l+ % n=1,2.}
So
F(C)NnF (D) # 0,
then

F~(C)YoF (D).
Corollary 1. The upper p—continuity does not imply the lower p— continuity.
Let (X, 1), (Y, d2) be the proximity spaces.

Theorem 1. For a multivalued map F : (X,01) = (Y,82) the following condi-
tions are equivalent:

(1) the multivalued map F is upper p— continuous,

(2)Va,Bcx[Afr1B = F(A)d6,F(B)]

(8) YacxVcy[F(A)p2B = A F*(B)]

Proof: We will show the implication (1) = (2).
Suppose, that exists two sets A,B C X such that A6 B and F(A)#F(B).
From (1) we have
FH(F(A)p FH(F(B)).

Because A C F*(F(A)) and B C F*(F(B)), so Af1 B and this is a cotradic-
tion.
Now we suppose that exists the sets C, D C Y such that C§;D and

FT(C)6, FT(D).
With (2) we have

F(F*(C)8.F(F*(D)).

Because F'(F+(C)) c C and F(FT(D)) C D we have Cé,D and this contra-
diction finishes the proof.

Now we will show the equivalence (1) < (3). Let A C X and B C Y be such
that F'(A)f>B. By the upper p—continuity we have

FH(F(A)p F(B).
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But A C F*(F(A)), then A§; F*(B). Suppose that F is not upper p—conti
nuous. Then exists the sets A1, As C X such that A;6; 42 and
F(A;)f2F(Ag).

From assumption we have

AL f1FT(F(A)).

Of course Ay C FT(F(As)). Then A;f1As. This contradiction finishes the
proof.
g

Lemma 1. If a multivalued map F : (X,61) — (Y, d2) is lower p—continuous,
then

VacxVpcy[F(A)foB = Api F~(B)]

Proof: The proof is as previously a

Theorem 2. For a multivalued map F : (X,01) = (Y,82) the following condi-
tions are equivalent:
(1) the multivalued map F is p*— continuous,

(2) VacxVpcy[F(A)fB = Af F~(B))
Proof: Let A C X,B CY and let F(A)p2B. From the assumption

FH(F(A)pF (B).

Because A C F+(F(A)), then AfF~(B). Now we will show the implication
(2) = (1). Let C,D C Y and let CfsD. If F+(C) = 0, then F*(C)§ F~ (D).
Now let F*(C) # (. Because F(F*(C)) € C and C§yD, then F(F*(C))p2D.
From assumption F*(C)§ F~ (D). 0

A multivalued map F : (R,01) — (IR,d2) is always p*—continuous, where
A61B & AN B # () but & is any proximity relation. Obviously F is upper
p—continuous too.

Now we will show some properties of the lower semi-continuity.
Let (X, 1), (Y, d2) be proximity spaces.

Theorem 3. If a multivalued map F : (X,01) — (Y, d2) is lower semi-continuous,
then

(%) VoexVacx[zd A = F(2)52 F(A)]
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Proof: Let z € X, 4 C X and let 201 A. Then z € A. Since F is lower semi-

continuous we have F'(A) C F(A), hence F(z) C F(A). Of course F(z)NF(A) #
0, s0 F(x)62F(A), i.e. F(x)d2F(A). 0

This theorem is not invertable; i.e. the condition (*) does not imply the lower
semi-continuity.

Example 3. Let § be the natural prozimity in IR induced by the euclidian metric
and let Z denote the set of all integers. The map F : (R,8) — (IR, d) defined by

_ [ [0,1] for zeZ
F(w)—{ 0 for 2¢Z

is not lower semi-continuous at each © € Z. Let xo € Z then for the set G =
(1,3) we have GNF(z) # 0, but for each neighbourhood U of zo exists x € U\Z
such that GNF(xo) = 0. On the other hand the map F satisfies (*). For instance
let ACIR, x € R and let z6A. Of course x € A and

[ [0,1] for ANZ#D
F(A)_{ 0 for ANZ=10

We consider two situations. First, letx ¢ Z. Then F(x) = {0}. So F(x)dF(A).
Second, let x € Z. Then F(z) =[0,1] and F(z)6F(A).

The standard proof of the following theorem we shall omit.
Let (X, 61), (Y, d2) be proximity spaces.

Theorem 4. For a multivalued map F : (X,61) — (Y, d2) the following condi-
tions are equivalent:
(1) the map F' is lower semi-continuous,

(2) Vz6XVACx[Z'51A = Vyep(gc)yéQF(A)]

Let X,Y be topological spaces.

Definition 3. A multivalued map F : X — Y is called semi-continuous at o
point xo € X if and only if for each open set W C Y with F(xo) C W there
exists a neighbourhood U of xo such that F(x) "W # 0 for each x € U.

Lemma 2. For a multivalued map F : X — Y the following conditions are
equivalent:

(1) F is semi-continuous;

(2) F+*(W) C IntF— (W) for each an open set W CY;
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(3) F+(D) C F~(D) for each a closed set D CY;
(4) Vecy F*(IntB) C IntF~(B);

(5) Vecy FH(B) C F~(B).

Remark 2. If a map F is upper semi-continuous or lower semi-continuous then
1t 18 semi-continuous.

Let us notice, that it is not invertable; i.e. semi-continuity does not imply
the upper nor lower semi-continuity. In Example 1 the multivalued map F is
upper p—continuous so it is semi-continuous but F' is neither upper nor lower
semi-continuous.

Now we will discuss the relations between p—continuity and semi-continuity.
Let (X,d1), (Y, d2) be the proximity spaces and let F': X — Y be a multivalued
map.

Theorem 5. If a map F : (X,81) = (Y, 02) has compact values and F is upper
p—continuous, then F : (X, 15,) — (Y, 7s,) is semi-continuous.

Proof: Suppose that F'is not semi-continuous. Exists a set D C Y such that
F+(D) ¢ F~(D). Let

zo € FH(D)\F (D).
Then F(zo) N D = . Since F has compact values we have F(z)gf2D, so

{zo} 1 F (D), i.e. zog ¢ F+(D) and this contradiction finishes the proof O

This theorem is not invertable.

Example 4. Let IR be the real line and let § be defined by AGB < AN B # ().
Let a multivalued map F : (R,d) — (IR, ) be defined as follows:

[3,5] for z<2,
F2)={  [14] for o=2,
[3/2, 2] for x>2
The map F is semi-continuous but is not upper p— continuous.
For instance, there ezist two sets C = [3,5] and D = [3,2] such that C§D
and F*(C) = (—00,2), FT(D) = (2,00) so F*(C)dF (D). Then F is not upper
p—continuous.

Theorem 6. Let F : (X,81) = (Y,d2) be a p*—continuous map. Then
(1) F is lower semi-continuous;
(2) if F has compact values, then it is a upper semi-continuous.
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Proof: We will show the implication (1) = (2).
Let B,W CY be such that Bg,(Y\W). With assumption

FH(B)pF~(Y\W),
S0
FT(B)fuF~ (Y\W).
Then F+(B) C F*(W); i.e. we have shown, that

Bpa(Y\W) = F+(B) Cc FH(W).

Let us notice, that

F+(B) C ({{F*(W): BR(Y\W)} = FH(({{W : BR(Y\W)}) = F*(B).

This means, that F' is lower semi-continuous.
Now we will show (2) = (1). Let 2o € X and let W C Y be an open set such
that F(xg) C W, then
F(zo) N (Y\W) =0.

Because F'(z) is a compact set and Y\W is closed, we obtain

F(zo)p2(YAW).

From assumption we have

F*(F(zo))p1 F~(Y\W).

Of course zg € Ft(F(x0)), so zof1 F~(Y\W). Hence exists a set £ C X
such that zof(X\E) and Ef F~(Y\W). So zqg ¢ X\E. ie. zo € IntE. Let
z € IntE. Then z ¢ F—(Y\W), consequently z € IntF+(W) C F+(W). Hence
F(x) C W,ie. F is upper semi-continuous. O

Theorem 7. If a map F : (X,81) — (Y,82) is lower p-continuous; then it is
upper and lower semi-continuous.

Proof: Let B,W CY be such that Bf»(Y'\W). With assumption

F~(B)§ F~ (Y\W),

SO

F=(B)p1(X\FF(W)).
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Then F—(B) C F(W); i.e. we have shown that

B (Y\W) = F-(B) Cc F*(W)
for each W C Y. Hence

F+(B) c F~(B) C ({{F*(W) : Bh:(Y\W)} = F*(([{W : Bf:(Y\W)}) =

= F*(B) c F (B).
That means that F+(B) C F*(B) and F~(B) C F~(B) i.e. F is upper and
lower semi-continous g

Let us notice that the upper and lower semi-continuity does not imply the
p*—continuity and lower p—continuity.

Example 5. Let IR be the real line and let 01,02 be defined by

A6 B & [dist(A,B) = 0A A # 0 # B

and

Both relations determine the same natural topology. Let a multivalued map

F: (IR, (51) — (]R, 62)
be defined by F(x) = {z} for each z € R.
Evidently this multivalued map F is upper and lower semi-continuous but F
is neither p*—continuous nor lower p—continuous.
Now we will show that this map is not upper p—continuous. Let

1
A={1,2,3,...}, B={n—ﬁzn€]N}.

The A and B are closed sets in (R, 61). We denote by a, =n and b, =n—1,
then |a, — by| = =, for each n € IN. Of course

1
dist(A, B) < |an — by| = -

for n € N. So dist(A,B) =0 and A # 0 # B Then A5 B. We have

F(AYNF(B)=AnB=ANB=4.

It means that F(A)p2F(B). So the map F is not upper p— continuous. Obvi-
ously F' is not p*— continuous and lower p— continuous.
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Let us notice, that the upper p—continuity does not depend on the up-
per and lower semi-continuity. In Example 1 the multivalued map F' is upper
p—continuous but it is neither upper nor lower semi-continuous.

Really, taking the open set G = (—6,—4)U(2,7) in Y the set F'*(G) = [3, +00)
is not open in X. Similarly for the closed set E = {-3,—1,5} C Y the set
F+(E) = (1,3) is not closed in X. On the other hand, in Example 5 the map F
is upper and lower semi-continuous but F' is not upper p—continuous.

Now we will show some properties of superposition, sum and product of mul-
tivalued maps.

Let (X,01), (Y,d2),(Z,d3) be the proximity spaces. Let F : (X,d1) — (Y,02)
and G : (Y,d2) = (Z,d3) be the multivalued maps.

Theorem 8. If F' and G are lower p-continuous (upper p— continuous, p*- con-
tinuous) then the superposition GoF is lower p-continuous (upper p— continuous,
p*—continuous).

Proof: Let A,B C Z and Af3B. Since G is lower p- continuous we have
G~ (A)p2G™(B).
So by the lower p-continity of the map F we have
F= (G~ (A) A F~(G™(B)),
that is

(GoF)"(A)pi(G o F)™(B).

So G o F is lower p-continuous. Remaining proofs are as previously. d

Let (X,81),(Y,d2) be the proximity spaces and let F,G : X — Y be the
multivalued maps.

Theorem 9. If F and G are upper p-continuous, then FUG is upper p-continuous.

Proof: Let C,D C Y and CgyD. From the asumption F*(C)# F*(D) and
G+ (C)$GF (D). Because

FH(C)NGH(C) C F(C)

and
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FH(C) NGH(C) c GT(0)

then
Fr(C)nGT(C)§ FH(D)uGH (D).
But
(FUG)*(C) = FH(C)nGH(0),
S0
(FUG)T(C)f FT(D)u Gt (D).
Furthemore
(FUG)*(D) c FY(D)UG™*(D),
then
(FUG)HO)M(FUG)T(D),
that is (F U G) is upper p—continuous. O

Corollary 2. If the maps F and G are lower p—continuous (upper p— continuous,
p*—continuous) then F' UG is upper p— continuous.

Theorem 10. If F' and G are p*—continuous, then F'U G is p*—continuous.
Proof: Let C,D C Y and CpD. From the asumption F*(C)§ F (D) and
GH(C)$G (D) so
FHC)nGH(C)pF~ (D) UG~ (D).
Because

(FUG)T(C) = FT(C)nGH(C)
and

(FUG)~(D) = F~(D) UG~ (D),
)

(FUG)H(O)A(FUG)™ (D)
i.e. (FUQG) is p*—continuous. O
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Corollary 3. If the maps F and G are lower p—continuous or F is lower
p—continuous and G is p* — continuous, then FUG is p*— continuous consequently
upper p— continuous.

Let us notice, that union of two multivalued maps which are lower p—continuous
need not be lower p—continuous.

Example 6. Let R the real line and let § be defined by A0B & AN B # {.
Let the multivalued maps F,G : (R,0) — (IR, ) be defined as follows: F(x) =
{1},G(z) = {2}, for z € IR. The maps F,G are lower p—continuous. For
instance, let C,D C R and C§D, then CND = 0.
We consider two situations. First, let 1 € C, then 1 ¢ D. We have
F~(C)=R, F(D)=4§.

Hence F~(C)JF— (D). Second, let 1 ¢ C, then1 € D or1 ¢ D. If1€ D
then we have

but

F~(C)pF~ (D).

If 1 ¢ D then we have F~(C) =0, F~(D) =0 so F~(C)§F~ (D).

And analogous for G. Of course (FUG)(z) = {1,2}, for each x € R. We will
show that F UG is not lower p— continuous. Let C = {1},D = (1%, 5). Because
CND=0soCHD. But (FUG)"(C)=TR and (FUG)™ (D) =R then

(FUG) ™ (C)N(FUG)" (D) =R #0.

So

(FUG)~ (C)§(FUG)~ (D).

That means (F'U Q) is not lower p— continuous.

Theorem 11. If F' and G are lower p—continuous, then FNG is lower p— conti-
nuous.

Proof: Let C,D C Y and Cg»D. From assumption

F(O)pF (D)

and
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G (C)pG7 (D),
o)
(F(C)nG (C)pF (D)
and
F~(C)nG (C)pG™ (D).
Because
(FNG) (C)c F (C)nG (C),
o)
(FNG) (C)pF (D)
and
(FNG) ()G (D)
then
(FNG) (C)}hF~(D)UG— (D).
Of course
(FNG) (D) Cc F-(D)UG— (D),
o)
(FNG) " (D)/(FNG)~(O).
Then
(FNG) (O)p(FNG) (D),
i.e. NG is lower p—continuous. a

Corollary 4. If the maps F and G are lower p—continuous then F N G is
p*—continuous, so upper p— continuous.

Let us notice that product of two multivalued maps which are upper p—conti-
nuous need not be upper p—continuous.
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Example 7. Let R be the real line and let § defined by AGSB <& ANB # (). Let
the multivalued maps F,G : (R, §) — (IR, ) be defined as follows:

— (_ aO) _37 -2 f € (_ 71
F(”’)_{ > {\—{3,—1,5{ fZ? 26(1,04200]),

| (-52] for z€(—00,1)
G(z) = { [1,8) for =z € (1,+00),

The maps F, G are upper p— continuous.

For instance, for all A, B C IR we have F(A)NF(B) # 0. Thus F(A)NF(B) #
0, i.e. F(A)OF(B). Analogously we have that G is upper p—continuous. Of
course:

_f (=5,00\{-3,-2} for =z € (—00,1]
(FNG)(z) = { {5} for ze(1,+00),

F NG is not upper p—continuous. Really, exists two sets A = (-3,1) and B =
(1,5). AdB because AN B = {1} # 0. But F(A) = (—5,0)\{-3,—-2} and

F(B) = {5}. Hence F(A)NF(B) =0, i.e. F(A)JF(B). That means that FNG
18 not upper p—continuous.

In a topological space (Y, 7) we denote by S(Y) the family of all nonempty
subsets of Y. For an open set U C Y we write

Ut={BeS(Y):BcU}, U ={BeS(Y):BNU # 0}

The families BY = {U*t : U € 7} and P~ = {U~ : U € 7} form a base and
a subbase of the upper and lower Vietoris toplogy respectively. These topologies
will be denoted by 7+ and 7. We write A € 7~ —limA; and A € 77 —lim 4;
if the net {A4; : j € J} converges to A in the space (S(Y),77) or (S(Y),71),
respectively.

Let X be a nonempty set and (Y, d) be a proximity space.

Definition 4. A net {Fj : j € J} of multivalued maps F; : X =Y is said to be
convergent in a sense of Leader to a multivalued map F : X =Y if

Vacx,pcy[F(A)PB = JjoesVj>j, F(A)pB].

Let X be topological space, (Y, §)—the proximity space and let F, F; : X - Y
be the multivalued maps for each j € J.
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Theorem 12. If a net {F; : j € J} of maps F; : X — Y is convergent in a
sense of Leader to a multivalued map F : X — Y and F has a compact value,
then F € 7+ —1lim Fj.

Proof: Let o € X and let U be an open set such that F(zo) C U. Of course
F(zo) N (Y\U) = 0. Moreover F(z¢) is a compact set, then F(zo)$(Y'\U). From
the Leader convergence exists jo € J such that Fj(zo)§(Y'\U) for each j > jo. So
Fj(zo) N (Y\U) = 0. That means Fj(zo) CU. Le. F € 7t —lim Fj. 0

Let (X,d1),(Y,d2) be the proximity spaces and let F,F; : X — Y be the
multivalued maps for each j € J.

Theorem 13. If a net {F; : j € J} of maps F; : X — Y is convergent in a
sense of Leader to a multivalued map F : X — Y and the maps F; are upper
p—continuous then F is upper p— continuous.

Proof: Let A, B C X and Aé; B. Suppose that F(A)f2F(B). Then exists a set
E C Y such that F(A)fE and (Y\E)p,F(B). Since F; : X — Y is Leader
convergent to F' : X — Y then exists jo,j1 € J such that F;(A)#E for each
J > jo and (Y\E)p2F;(B) for each j > ji. Of course Fj(A) C (Y\E) for
all j > jo. Hence F;(A)p2F;(B) for each j > max{jo,j1}. From assumption
each multivalued map F; is upper p—continuous, so Ay B and this contradiction
finishes the proof. g

Theorem 14. If the maps F; : X — Y are lower semi-continuous and {Fj :
j € J} is convergent in a sense of Leader to a multivalued map F : X — Y and
F € 7= —lim F}, then F is lower semi-continuous.

Proof: Let A C X and 2o € A. Suppose that F(zo) ¢ F(A). Then exists
y € F(zo) such that y ¢ F(A). That mean yfF(A). So exists aset E C Y
such that y§E and (Y\E)JF(A). Because y$E, so yfE, consequently y € Y\ E.
We have F(zo) N (Y\E) # 0. Because F € 7~ — lim F}, so there exists jo € J
with Fj(z9) N (Y\E) # 0 for each j > jo. Moreover the Leader convergence of
the net {F; : j € J} to F implies the existence of j; € J with the property
Fj(A)f(Y'\E) for every j > ji. Let us fix jo > j; for i € {0,1}. We can choose
j > j2 such that Fj(z) N (Y\E) # 0. Then exists a point p € F;(z¢) N (Y\E).
Of course p € F;(A). Because Fj(A) C E then (Y\E)N Fj(A) = 0. Since the set
(Y\E) is a neighbourhood of p then p € F;(A). In consequence, we have shown

F;(A) ¢ F(A) and this contradiction finishes the proof. d
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Let (Y, 6) be the proximity space. In the sequel we will consider the set J =
{€: £ < 0}, where Q is the first uncountable ordinal number. By C?(F),C~(F)
we denote the set of all points at which F' is semi-continuous and lower semi-
continuous respectively.

Theorem 15. Let X be a first countable space and let a net {Fy : £ € J}
of multivalued maps Fr : X — Y be convergent in the sense of Leader to a
multivalued map F : X —» Y.

(1) If F has compact values and F € 7+ —lim Fy, then

) Ucr(F) ccr(F)

a<Q &

(2) If F' has compact values and F € 7= — lim Fg, then

N Uc(F) cc=(F)

a<l<) &

where the union is taken under all & satisfying a < £ < (.

Proof: Let o ¢ CP(F) and let {U, : n € IN} be neighbourhood base of z.
Exists an open set W C Y such that F'(zg) C W and exists z,, € U, such that
F(z,) N W = 0 for every n € IN. Because (Y, 7s) is a regular space, so exists an
open set V C Y such that

F(zg)CVCVCW.

Then F(z,)NV = { for all n € IN. Because F has the compact values, so
F(z,)pV. Since F(zo) C V and F € 77 —lim F¢ so exists & < 2 such that
Fe(zo) CV for & <& < Q. As F(z,)pV, then from the convergence we have

Vnew3e, <aVe[n < €< Q= Fe(z,)pV].
Thus F¢(z,) NV = 0, then

Fe(z,) CY\V CY\Y,

for every n € IN and &, < £ < Q. From the property of ordinal numbers there
exists a < Q with &, < a for every n € IN. Then F¢(z9) C V and F¢(z,) C Y\V,
for each £ such that a < £ < Q and for each n € IN. Because z,, — xo then
xo ¢ CP(Fy) for £ such that a < & < Q and the proof is finished.

Using similar arguments we can prove (2) |
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