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Common fixed point theorems in metric spaces
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Abstract

Results on common fixed point theorems for a class of mappings have
been obtained in complete metric spaces. The results extend the theorems
of Chatterjea, Iseki, Kannan, Khan, Ne§i¢ , Rhoades, Rus and others.
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1 Introduction

In [5] we proved the following result.

Theorem A Let (X, d) be a metric space and T a self-mapping of X satisfying

[1+pd(z,y)]d(Tz, Ty) <

< pld(z, Tx)d(y,Ty) + d(z, Ty)d(y, Tz)] +

rqmax {d(o,). o To),dly, 7). (o Ty) + dly, T2)

for all x,y in X, where p > 0 and 0 < ¢ < 1. If (X,d) is T—orbitally complete,
then T has a unique fized point in X
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2 Pairs of mappings

We prove the following theorem for two mappings S and T which extends Theo-
rem A.

Theorem 1. Let S and T be mappings of a metric space (X,d) into itself satis-
fying the inequality

[1+ pd(z,y)] d(Sz, Ty) <

< pld(z, Sz)d(y, Ty) + d(z, Ty)d(y, Sz)] +

+amaz {d(z.v).d(e, 50, dy, T), e, Ty) + d, 521} (1)

for all z,y in X, where p >0 and 0 < ¢ < 1. If (X,d) is (T, S)—orbi-
tally complete, then S and T have a unique common fized point u in X

Proof: Let zo be any point of X. Define the sequence {z,} by

Toan—1 = San—27$2n =Txop_1, (n =1,2,3, )

By (1) for = 2,2 and y = 2,1 We get

1+ pd(®an—2,T2n-1)] d(T2n—1,%2n) <

pld(zan—2,Zan—1)d(T2n—1,T2n) + d(Tan—2, T2n)d(T2n—1,Tan—1)] +
+gmax {d(@2n—2, Tan—1), d(T2n—2, Tan—1), d(T2n—1,T2n),

[d(z2n—2,T2n) + d(T2n1,T2n1)]}

DN | =

or equivalently
d(x2n—1,Tan) <
< gmax {d(mgn_z, ZTon—1), d(T2n—1,%2n), %d(wzn_z, xgn)}
The inequality

d($2n—13 $2n) < qd(x2n—1 s $2n)

implies d(z2n—1,Z2n) = 0.
Assume now that z, # z,41 for each n =0,1,2,....
If
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1 1
mazx {d($2n2,$2n1), §d($2n2;$2n)} = Ed(x2n72;$2n);

then we have

1
d(x2n—1,%2n) < q§d($2n72,3§2n) <

1
< 54 [d(Z2n—2,%2n—1) + d(T2n—1,%2,)]
and hence
d(z2n—1,%an) < 2qqu($2n72;x2n71) < qd(z2n—2,T2n—1)
Therefore
d(®2n-1,T2,) < qd(Ton 2,T2n 1)
Similary
d(z2n-2,%2n—1) < qd(T2n—3, Tan—2),
so that

d(Ton1,Ton) < ¢?d(T2n—3,T2n—2) < ... < @™ td(zo,21)

For any m > n,

m—1

d(Tn,zm) < Z d(zk, k1) < ¢

k=n

n a0, ¥1)
1—-¢q °
Hence, {z,} is a Cauchy sequence. Since X is (T, S)-orbitally complete, there

exists a point v in X such that u = lim,, x,,.
Using (1) and the triangle inequality we have

d(S’LL,U) < d(SUJZ'Qn) + d(uaan) =
=d(u, Tapn) + d(Su, Tx2,—1) <

d(ua Su)d($2n—1: 7;271,) + d(u, m2n)d(x2n—1: SU) +

<
< d(u, m2n) +p 1 +pd(’u; 1'2"*1)

q
LT me— {d(u, Zan_1),d(u, Su),d(Tan_1,T2n),

% [d(u, z2n) + d(z2n_1, Su)]} <
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d(u, T2p) + pd(u, Tan)d(u, Tan—1) + p[d(u, T2pn) + d(z2n—1,u)] d(u, Su) N

<
- 1+ pd(u, o, 1)

+p [d(z2n—1,u) + d(u, Su)] d(u, T2,) + q[d(u, 22n) + d(z2n—1,u) + d(u, Su)]
1 +pd(u,$2n,1)

)

which implies
1
d(u, Su) < m{(l + q)d(u, Zap) + 2pd(u, T2p) [d(22n—-1,u) + d(u, Su)] +

qd(T2n—1,u)}.

Letting n tend to infinity we see that d(u, Su) = 0. Hence, u is a fixed point
of S. Similarly, Tu = u.

Suppose that u and v are common fixed points of S and 7. Then by (1) it
follows

[1+ pd(u,v)] d(u,v) < pd*(u,v) + qd(u,v),

which implies u = v. Therefore, u is a unique common fixed point of S and T'.
This completes the proof.
0

Corollary 1. (Kannan) Let (X, d) be a complete metric space and f,g: X — X,
two mappings for which there exists a number b, 0 < b < %, such that

d(f(z),9(y)) < bld(z, f(z)) + d(y,9(y))]

for all x,y in X. Then f and g have a unique common fized point.

Corollary 2. (Chatterjea ) Let (X,d) be a complete metric space and f,g :
X — X, two mappings for which there exists a number c, 0 < ¢ < %, such that

d(f(x),9(y)) < cld(z, 9(y)) + d(y, f(2))]

for all z,y in X. Then f and g have a unique common fized point.
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Corollary 3. (Rus) Let (X,d) be a complete metric space and f,9: X — X,
two mappings for which there exists numbers a, 3,7 > 0, a + 28 + 2y < 1, such
that

d(f(z),9(y)) < ad(z,y) + Bd(z, f(x)) + d(y, 9(y))] +
+7 [d(z, g(y)) + d(y, f(2))]

for all x,y in X. Then f and g have a unique common fized point.

Corollary 4. (Rhoades, Theorem 14) Let f and g be mappings of a complete
metric space (X,d) into itself satisfying

d(f(x), 9(y)) <

< tana {d(a,), d(o, 1), . 90), 5 4o, 96) + . S

for all x,y in X, where 0 < h <1 and let xg in X. Then f and g have a unique
common fized point z and (fg)"(xo) = 2z and (gf)"(xo) — =.

Corollary 5. (Khan) Let S and T be mappings of a complete metric space
(X, d) into itself satisfying

d(STz,TSy) <

< kmaz {d(x, y),d(z, STa), d(y, TSy), = [d(z, TSy) + d(y, sm]}

1
2

for all x,y in X, where 0 < k<1 in X. Then S and T have a unique common
fized point .

Proof: By Theorem 1, u is a unique fixed point of ST and T'S. Then

ST(Su) = S(T'Su) = Su,

and so Su = u. Similarly, Tu = u. So we proved that « is a common fixed point
of S and T. 0
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3 Sequences of mappings

We prove the following:

Theorem 2. Let (X,d) be a complete metric space and let {T,,} be a sequence
of mappings of X into itself satisfying

[1+ pd(z,y)] d(Tfz, T}y) <
S p [d(.’lj‘, Tzkm)d(ya T]ky) + d(ZU, Tgkw)d(ya Tzkx)] +
+qmax{d(z,y),d(z,T}z),d(y, T}y),

5 lda, Th) + d(y, THo)}

for every x,y in X and some fixed positive integer k, where p > 0,0 < g <1 and
i,7=1,2,3,.... Then {T,,} has a unique common fized point.

Proof: By Theorem 1, u is a unique fixed point of T} and Tf. Then

THTiw) = Ty(TFu) =Tou (i =1,2,3...)

andso Tju =wu (i = 1,2,...). So we proved that u is a unique common fixed point
of {T},}. O

Remark 1. In case p = 0 and k = 1 in Theorem 2, we obtain Theorem 1 of
Iseks.

Remark 2. In case p =0 in Theorem 2, we obtain Theorem 20 of Rhoades.
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