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Abstract

We analyze a condition referred as ”finite modularity”, necessary and
sufficient for the modular extension of a group valued function phi from an
inf-semi-lattice S of elements of a Riesz space E to the lattice generated by
S. If E has a weak order unit, we investigate the modular (respect. linear if
phi is vector valued) extension of phi to the oval (respect. vector subspace)
generated by S.
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Throughout this paper E denotes a Riesz space and S an inf-semi-lattice of
elements of E, namely S is a nonempty subset of E such that inf(z,y) € S for
all z,y € S. A function ¢ : S — G,where G is an abelian group, is said to be
modular iff p(sup(z,y)) = p(z) + ¢(y) — p(inf(z,y)) for all z,y € S such that
sup(z,y) € S.

We begin with studying when there exists a modular extension of ¢ to gen-
erated lattice [(S) by S. This extension problem has been considered for a set
function defined on a N-semi-lattice in a nonvoid set (see [3], [4], [5], [9]). We
study the extension problem in Riesz spaces following an order of ideas similar
to those that have been used from H. KONIG in [5] for real set functions. In
particular H. KONIG has used a definition introduced in [4] from H. GRAMER for
set functions, said ”general addivity”. Here we introduce a definition suggested
from Gramer’s, which is a natural extension of the modularity. We say that a
function ¢ : § — G is finitely modular iff

psupz;) = Y (=) p(infz;) (1)
iel ieJ
0#£JCI
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for all finite non empty family (z;)scs in S such that sup;c; z; € S.

The finite modularity, which is in general stronger than modularity, is a nec-
essary and sufficient condition to obtain the existence of a modular extension
of ¢ to I(S) (see Theorem 2). Also we study the increase of the above modu-
lar extension under the hypothesis that G is an ordered group (see Theorem 2).
Moreover the o-continuity of the same extension has been caracterized if FE is
Dedekind-o-complete and ¢ is with values in another Riesz space (see: Theorem
3).

Finally if E has a weak order unity and elements of S are unitary, then we
study the existence of the unique modular extension of ¢ to the generated oval
by S. Further, when ¢ is vector valued, 0 € S, and ¢(0) = 0, we study the
existence of the unique linear extension of ¢ to generated vector subspace of E
by S. Using some results of [1] and [7], we prove that in these mentioned cases the
finite modularity is necessary and sufficient for the existence of the above unique
extension of ¢ (see Theorem 4 and Theorem 5).

Throughout this work we will use some definitions and results contents in [2]
and [7].

Now we start by proving one lemma.

Lemma 1. Each modular function on a lattice of elements of E is finitely mod-
ular.

Proof: Let L be a lattice of elements of E and let ¥ be a modular function on
L with value in G. We have to prove that for all of the finite non empty families
(zi)ier in L, we have

— card(J)—1 :
Ylsup) = Y. (per g (infz). (2)
0#£JCI
Let n := card(I).
The cases n = 1,2 are obvious. Let (2) be true for n > 1 and let (x;);cs be
in L such that card(I) =n+1.If | € I, then J — J U {l} is an one to one map
of {JCI\{l}:J#0}onto {JCI:leJ#{l}}andforal JCI\{l}, J#0,

we have

_1)eerd(d) ) (infi ) _ (_1)card(Ju{l})-1 . )
(=1 ¢(;2§1nf($u$l)) (=1 Wielfg{l}m’)'

It follows that

p(supx;) =( sup ;) + Y(x;) —( sup inf(x;,x))
iel iel\{1} ieI\{l}

— Z (_l)card(J)—l . ¢(1n§xz) + ¢($l)
0£ICI\{1} i€
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+ Z (_l)card(J)—l . w(zlgg xz)

JCIleJ£ {1}

= 30 (DO (ink ).

0£JCI

By Lemma 1, if L = E and ¢ is identity map of E, it follows the

Theorem 1. If (z;);cr s a finite nonempty family in E, then

supx; = Z (=1)cerd(D=1 inf g, (3)
iel btTer icJ

Now, let S be an inf-semi-lattice in E, G an abelian group, and ¢ : S — G.
The generated lattice I(S) by S is the set of all sup;c; x;, where (z;);cr is a finite
nonempty family in S. We observe that, if 1 is a modular extension of ¢ to (),
then as a consequence of Lemma, 1, we have

P(sup x;) = Z (—DCMd(J)_l - (inf z;)

: ieJ
iel 0£ICI

for all of the finite non empty families (x;);cr in S. Hence it follows the uniqueness
of the modular extension of ¢. In order to get some conditions for the existence,
we introduce the map

P((zi)ier) = Y (=1)*m D7 p(inf ;) (4)

0#£JCI et
where (z;);cr is a finite non empty family in S. In particular we put
P(@p, -+ -, 2q) := P((Tk)p<k<q)
for all finite sequence (z)p<k<q in S with p,g € IN and p < gq.
We shall need two lemmas.

Lemma 2. We have:
i) if 1 <n € N and (zk)o<k<n 15 a finite sequence in S, then

@(20,- -, Tn) = G(x0) + G(21, ..., &n) — G(inf(z0, 71), ..., inf(z0, 7n));

i) if 1 <n € N, (zr)o<k<n is a finite sequence in S, and there exists k =
1,...,n such that zo < xy, then

(ﬁ(mO;---;mn) = @(mla"'axn);
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i) if 1 <m,n € IN and (zr)1<k<n and (Yn)i1<h<m ore finite sequences in S,
then
@(mla"'amnayla"'aym) = 95(-7:1,---;1'71) +¢(y177ym)
_(tb(inf(xhyl)a R 7inf('rl7ym)7 .- ,inf(mn, y1)7 .. 7inf($n7 ym))7

w) if 1 <m,n € IN and (z1)1<k<n and (Yn)i<h<m are finite sequences in S,
then

(p(xl;---;xn;yly---;ym) = Z (_1)Card(.])71'Sb(ligrelf.]mk:yla"'aym)'
0£JC{1,...,n}

Proof: i) Since J — J\{0} is one to one map from {J C {0,....n}:0 € J # {0}}
onto {J C {1,...,n}:J # 0}, we have that

@(inf (o, 21), . .., inf(x0,z,)) = Z (=1)car 41 o(inf inf(zo,zx)) =
0£IC{L,...,n} keJ
=Y (C1)en O inf inf(z, 7h) =

Jc{0,...,n},0€ J£{0} keJ\{o}

=— Y (DO (it )
Jc{o,...,n},0eJ#{0} €

and, hence,
95(‘7‘.05 v an) = Z (_1)card(.])71 ) (P(I}:nfj .Z'k) =
0£JC{0,...,n} €
=p()+ > (DO p(inf ae)+
0£IC{0,...,n},0¢] €
_1\card(J)—-1 : —
+ > (=1) p(int zx)

JC{O,,’I’L},OEJ#{O}
= @(xo) + (1, .-, 2n) — G(nf(xg, x1), . . . ,inf (20, Tp))-
ii) We suppose that zo < z1. Using i) for n = 1 we have
@(zo, 21) = P(x0) + G(21) — P(inf(20,21)) = G(21)-
After, if n > 2, then
(,5(3]0,.731,...,.’137,,) —¢($1,...,$n) =
= @(xo) — P(x0,inf(zg, T2),. .., inf(ze,z,)) =

= @(z0) — P(m0) — (inf (2o, 22), - . ., inf(zg, zn))+

+¢(inf (o, 22), - . . ,inf (zo, ,)) = 0.
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iii) By 1), iii) is obvious for n = 1. Let the same be true for n > 1 and let be
(k)1<k<n in S. Applying i) we deduce that

(X0, 1y Tn) + PW1y- ooy Ym) — POy 1y - ey Ty Y1y -+ o Ym) =
= @(x1,---,Tn) — @(inf(zg, x1), - - . ,inf(zo, z,))+
FPEW1y - Ym) — P(T1y - Ty Y1y - -, Ym )+
+@(inf(zo, 1), . . ., inf(zg, ), inf (zo, y1), - - -, inf (20, ym)) =
= @(inf(z1,v1), ..., inf(z1,ym), . - -, inf (T, y1), . . ., Inf (Tp, Ym ) )+
+@(inf (2o, y1), - - -, inf (2o, Ym))—

—@(inf (zg, z1,y1), - - -, inf(zo, 1, Ym), - - - , inf (o, T, Y1), - - -, Inf (X0, Ty Y )) =
= ¢(inf (o, y1), - - -, Inf (20, Ym)) — B(x0)+
+@(xo,inf(z1,v1), - - -, inf(XT1,Ym), - - -, inf (T, y1), - - -, I0f (Tr, Yrm))-

Furthermore by ii) and i), it follows that

P(xo, inf(z1,91), ..., inf (1, ym), ..., inf (Tn,y1),...,i0f(Tn,ym)) =

= @(xo,inf(zo,y1),- .., inf(zo,Ym),inf(x1,y1),
woinf(z,ym), - - - inf (T, y1), - - -, inf (T, Ym)) =
= @(xo) + G(inf(xo,v1), - - -,inf(To, Ym), - - -, I0f (Xr, 1), - - -, iDL (X, Yrn ) ) —
—@(inf(zo,y1), - - -, inf(z0, ym ), inf(z0, T1,41), - - - , inf (To, T1, Ym),
winf(2o, Zr, Y1), - - -, inf (X0, Tn, Ym)) =
= @(xo) + @(inf (x0,y1), - . .,inf (X0, Ym), - - -, 0L (Tp,41), - . ., Inf(XTp, Ym))—
—@(inf(zo,y1), - - -, inf(z0, ym))

and, hence,
Qa(l'(),.%'l,...,.'lfn) +¢(y1;;ym) _¢($0;$17"'7y1a"'7ym) =

= @(inf(:ﬂo,yl)i s 7inf($05 ym)a s Jinf(xna yl); s ,Hlf(.’ll'n,ym))

iv) We suppose m = 1 and observe that

5D g )

k=1 0£JC{1,...,n},card(J)=k k=1

and, hence,

Z (_l)card(.])—l - 1. (5)

0£JC{1,...,n}
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By (4), (5) and i), we obtain

0£J

(ﬁ(mla' "7xn7y1) =
= (ﬁ(mla S amn) + SO(yl) - (ﬁ(inf(yl:xl)a cee 7inf(ylaxn)) =
_1\card(J)—1 : _ <o _
(-1) (p(inf zx) + ¢(y1) — p(inf inf(y;, 1))

C{ly"':n}

Yo (DI (p(inf i) + o(yn) — p(inf(inf zx,91))) =

0£JC{1,...,n}

= > (YOt (@(int o).
0#£JC{1,...,n}

Let iv) be true for m > 1 and let be (y4)1<h<m+1 in S. Using again i), it follows

@(mla"'7$nay1a"'aymaym+1) =

= ¢($13 ce Tny Y1, - - ;ym) + So(ym—i—l)_

—@(inf(l']_, ym+1): s ainf(wn) ym+1)a inf(yh ym+1)a v ainf(yMa ym+1)) =

Z (_l)card(.])—l ) ((ﬁ(érelf.] TkyY1y--- 5y‘m) + So(ym-l—l)_
0#£JC{1,...,n}

—(,Z?(lnf(kl:felfJ Tk, ym+1)7 inf(yla ym-l—l)a LR lnf(yTnJ ym—i—l))) =

= Z (_l)caTd(J)—l '@(;ggxkayla---;ym;ym-i-l)
0#£JC{1,...,n}

and iv) is verified.

Lemma 3. Let be ¢ finitely modular, 1 < n € IN, (zx)i1<k<n in S, y € S, and
Y < SUPi<p<p Tk- Then

@(yawlr'wwn)295('7:17"'7'7;”)' (6)

Proof: From i) of Lemma 2 it results

(ﬁ(y;ml;---;mn) _Qb(l'l,...,l'n) =

= ¢(y) — P(inf(y,21), .. .,inf(y, z,)).

Hence, being sup; <<, inf (y,xx) = y and ¢ finitely modular, we obtain

P(inf(y, 1), ..., inf(y, zn)) = ¢(y)-

From this it follows (6). g
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Now, we may prove the following

Theorem 2. There exists a modular extension ¢’ of ¢ to I(S) iff ¢ is finitely
modular. In this case ¢' is unique. Furthermore if G is an order group, then ¢’
is increasing iff for oll x € S and for all finite non empty family (x;);cr in S, it
results

SUp Z; <z = P((@i)ier) < p(z). (7)

Proof: Let ¢’ a modular extension of ¢ to I(S). Let € I(S) and (x;):cs a finite
non empty family in S such that £ = sup;c; ;. From (4) and Lemma 1 we obtain

! — _1\card(J)—1 - .
¢ (z) w;gd( 1) (inf ;).

Moreover, for (4),
¢'(z) = ¢((zi)ier)- (8)
Hence ¢ is finitely modular, while ¢’ is unique.
On the contrary, we suppose ¢ finitely modular. Let be 1 < n,m € IN and

(zk)1<k<n and (Yn)i<h<m in S such that sup;<p<, Tk = SUP1<p<m Yn- Being
Y1 < SUPj<k<y Tk, by Lemma 3 we have

@(ylamla"'amn):Sb(wl)""wn)' (9)

After, because y2 < SUPj<p<n Tk < sup(y1,Z1,---,%n), using again the Lemma
3, it follows @(y2, Y1, T1,---,Tn) = @(Y1,%1,- - ,%n). From this and (9) we have

Qb(yZ;yI,-Tl; v ,l'n) = 95(2717 EER an)'
Going on in the same manner, we prove that
@(yla"'ayMlea"'axn) :95(:”1:"'7'77”)‘

Hence @(z1,---,2n) = @(W1,---,ym). Then it is possible to define the function
@' 1(S) = G by (8) where z € I(S) and (z;)icr is a finite non empty family in
S such that z = sup;c; ;. Obviously ¢’ is an extension of ¢ to [(S). In order
to prove that ¢’ is modular, let be z,y € I(S), 1 < n,m € N, ()i1<k<n and
(Yn)1<h<m in S such that = sup, <<, x and y = sup, <<, Yn- Thus we have

Sup(may) = sup(xl, s Tnsy Y1, - Jym)
and
inf(z,y) = sup(inf(x1,y1),- - -, inf (21, ym), - - -, inf(zn,91), - - -, inf (X0, Y ))-

Using iii) of Lemma 2, it results

cp'(sup(m',y)) + (pl(lnf(may)) = Sb(mla - Tny Y1, .- Jym)+
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+@(inf (z1,91), - - -, inf (21, Ym), - - -, i0f (T, Y1), - . ., Inf (T, Y )) =
= Q@15 Tn) + QY15 Ym) = ¢' () + ¢'(y)-

Now we suppose that G is ordered and ¢’ is increasing. Let be 1 < n € IN,
(k)1<k<n in S and z € S such that SUPy <j<n Tk < 2. Then

G(x1,.-520) = @' ( sup x1) < @' (2) = @(x)
1<k<n

and (7) is true.
On the contrary we suppose (7) true. Let 1 < n € IN, (zx)i<k<n in S, and
y € S. Then, by i) of Lemma 2, it results

G, T, Tn) — P(®1, -, 20) = ©(y) — p(inf(y, 21), - - ., inf(y, 2,)).
From this and by (7), being sup; <<, inf(y, z) < y, we have
@(inf(y, z1), ..., inf(y, 2a)) < @(y).
Hence @¢(z1,.--,%n) < (Y, Z1,---,Tn)-

Moreover, if z,y € I(s), z <y, 1 <m,n € IN and (zr)1<k<n and (Yn)i<r<m
are in S such that x = sup; <<, r and y = sup;<p<,, Yn, then we have

o) = @@, 20) <@L, -, Ym, T1, - - -, Tn) = @' (sup(z,y)) = ¢'(y).

At the last, we suppose E Dedekind o-complete and F' another Riesz space.
Let still S be an inf-semi-lattice in E and ¢ : S — F. We prove the following

Theorem 3. There exists a modular extension ¢' of ¢ to 1(S) such that, for all
increasing sequence (x,) in I(S) and for all z € I(S), it results

Supzn =& = (0) ~ lim¢'(zn) = ¢'(2) (10)

iff for all sequence (x,) in S and for allx € S

supz, = z = (0) — lim @¢(zo, . .., Tn) = p(x). (11)

Proof: We suppose that there exists a modular extension ¢’ of ¢ to I(S) satis-
fying (10). Let be (z,) a sequence in S and x € S such that sup,, , = . Thus
sup,, (Supg<k<n k) = 2. Hence, by (10),

(0) —lim @(zo, - -, &) = (0) —lim w’(oitégnwk) = ¢'(z) = p(z).
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On the contrary, now we suppose (11) true for all sequence (z,) in S and for
all z € S. Let (2x)o<k<n in S and x € S such that = supg<y<, - For all p € IN
we put T

_ ) oz, if 0<p<im;
yp'_{mn, if n+1<p.

For all p > n, using ii) of Lemma 2, we have

@(yor'wyn:"wy[)) 295('/1707"'7"1:”)

and, hence,
(o) —liglgb(yo,...,y",...,yp) = @(zo,...,Zn)

Being sup,y, = =z, from (11) it follows that @(zo,...,zs) = ¢(z). Then ¢ is
finitely modular and, hence, there exists a modular extension ¢’ of ¢ to I(S) (see
Theorem 2).

Finally, in order to prove (10), let (z,) be an increasing sequence in [(.S)
and z € [(S) such that sup, , = z. In connection with (z,), there exists a
sequence (y;) in S and a tightly increasing sequence (k) in IN, such that, for all
n € N, x, = supy<;<p, yi- It follows that, for all n € IN, y, < z, and, hence,
yn < . Thus, there exists sup,, y, € E. Furthermore, being z € [(S), there exists
(2n)o<n<p in S such that

x = sup zp. (12)
0<h<p

Let, now, @ # J C {0,--- ,p}. Hence

inf z, <z =sup( sup y;) <supy, <z
heJ n 0<I<k, n

and

inf zj, = inf(inf = sup inf(inf .
inf 2, = in (;relJZh,sgbpyn) sup in (inf zn,yn)

Therefore, by use of (11),
— lim @(inf (inf ...,inf(inf = p(inf 2).
(0) — lim G(inf (inf 2n, yo), ..., inf(inf zn,yn)) = p(inf 2)

From this and for i) of Lemma 2,
(O) - hTIln((')a(;Lrelg Zh>Y05- -5 yn) - (;b(yO) s 7yn)) =0.
Otherwise, for (5),

(0) - hTILn( Z (_l)card(J)—l : 95(’11615 Zhy Yoy - yn) - Qa(yoa v ayn)) =0.
0£JCA{0,...,p}
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Hence, using iv) of Lemma 2,
(0) - IITI'LH(@(Z(), <oy Zpy Yoy, yn) - Sb(y(h .- 7yn)) =0.
Consequently, applying Theorem 2, (12) and Lemma 3, it results

P(@) = (a0, 12) = (0) =T 0, y) = (0) ~ lim o' (2.

Remark 1. If
(Vz,y € S)((Fz € S)(z,y < 2) = sup(zx,y) € 9), (13)

then ¢ is modular iff it is finitely modular. Moreover, in this case, if G is or-
dered, then ¢ is increasing iff the modular extension ¢’ of ¢ to 1(S) is increasing.
Finally, if E is Dedekind o-complete and ¢ is with value in another Riesz space,
then for all increasing sequence (x,,) in 1(S) and for all z € I(S), we have

supz, =z = (0) —lim¢'(z,) = ¢'(z)

iff for all sequence (xy,) in S and for all x € S we have

(o) — lirrbn Tp =n= (0) — liTan o(zn) = p().

Let, now, E be a Riesz space with a weak order unity 1 and let U(E) be the
set of unitary elements of E (see [2] and [7]). Furthermore, let S be an inf-semi-
lattice in E with S C U(E). Let o(S) be the generated oval by S and r(S) be
the generated ring by S (see [7]). Evidently it results I(S) C o(S) C r(S) and,
hence, o(S) = o(l(S)) and r(S) = r(o(S)). If 0 € S, then o(S) = r(S) (see [7]).
If, again, ¢ is a map from S to an abelian group G, then we have the following

Theorem 4. There exists a modular extension ¢" of ¢ to o(S) iff ¢ is finitely
modular. In this case ©" is unique.

Proof: Let ¢ be finitely modular and let ¢’ be the modular extension of ¢ to
1(S) (see Theorem 2). Thus, as a consequence of Theorem 3.1 in [7], there exists
an unique modular extension ¢" of ¢’ (and, hence, of ¢) to o(S).

On the contrary, if " is a modular extension of ¢ to 0(S), then the restriction
of ¢" to 1(.9) is a modular extension of ¢ to I(s). Hence, by Theorem 2, ¢ is finitely
modular. d
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Remark 2. Let ¢ be finitely modular and ¢" its modular extension to o(S)
(see Theorem 4). If x € o(S), by Theorem 2.5 in [7], there exists a finite non
empty family (z;)icr in 1(S) and (oi)ier in Z, such that ) ;. ; =1 and x =
Y icr @i - Ti. Thus (see Theorem 3.1 in [7])

@) = Y i) (14)

iel

Remark 3. Let A be a ring of elements in E and G an abelian group. A function
p in A in G such that ¢(0) = 0 is finitely modular (otherwise modular) iff it
is additive. Indeed, if z,y € U(E), then y = sup(inf(y,1 — z),inf(y,z)) and
sup(z,y) = sup(z,inf(y, 1 — z)).

From Theorem 4 we deduce the following

Corollary 1. If 0 € S and ¢(0) = 0, then ¢ is finitely modular iff there exists
an (unique) additive extension of ¢ to r(S).

Now, for all X C E, we denote with v(X) the generated vector subspace of
E by X. The following lemma holds.

Lemma 4. We have that
v(8) = v(r(5))- (15)
Proof: Let be z € [(S) and let be (z;)icr a finite non empty family in S such
that & = sup;; ;. Since, from Theorem 1, we have z = Y, (—1)crd(/)=1.
inf;cy ;. It follows that x € v(S). Consequently
I(S) Cv(S). (16)

Further, as a consequence of Theorem 2.4 in [7], we obtain that (1(S)) C v(I(S)).
Then r(S) C v(I(S)) and also v(r(S)) C v(I(S)). Hence v(I(S)) = v(r(S)). From

this, being for (16) v(I(S)) C v(S) C v(r(S9)), it follows that v(S) = v(I(S)) =
v(r(S))- 0

Remark 4. We have r(S) C v(S) and, hence,

v(8) = v(l(S)) = v(o(S)) = v(r(S))- (17)
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Finally let F' be a real vector space and ¢ a function of S in F.

Theorem 5. If0 € S and p(0) = 0, then there exists a linear extension L, of ¢
to v(S) iff ¢ is finitely modular. In this case L, is unique.

Proof: Let ¢ be finitely modular and let " be the unique modular extension
(hence additive for Remarque 3) of ¢ to r(S) (see Corollary of Theorem 4). Using
Prop. 1, pag 875 in [1], it follows the existence of an unique linear function L,
of v(r(S)) in F such that

(Vz € r(8))(Ly (2) = 9" (2)).

Thus, by the previous lemma, L, results a linear extension of ¢ to v(S). More-
over, if L another linear extension of ¢ a v(S), then the restriction of L to r(S)
results additive, while the restriction of L to S is equal to ¢. Consequently the
restriction of L to r(S) is equal to ¢" and, hence L = L. Finally, if there exists
a linear extension of ¢ to v(S), then its restriction to r(S) is the (unique) addi-
tive extension of ¢ to r(S). Hence, by Corollary of Theorem 4, ¢ results finitely
modular. |

Example 1. 1) Let f1, fa, f3 be the real functions on [—1,1] such that for all
z € [-1,1]

_f “2-1 if -1<z<-1/%
fi(z) -—{ 2z +3)/3 if —1/2<z <1,

—z if —-1<xz<0;

fa(z) := 1 if =0
z if 0<z<1

and

_f A=20)/3 if —1<z<-1/%
f3(-75)-—{ 20 -1 if —-1/2<z<.

Moreover, let

S = {flaf23f3ainf(f17fQ)Jinf(flaf3)iinf(f27f3)iinf(f17f27f3):sup(f17f27f3)}‘
It is easy to prove that such S is an inf-semi-lattice in the Riesz space R,
S is not a lattice. Furthermore 0 ¢ S, S does no t verify the condition (13),
and each function on S with value in an abelian group G is modular. Finally, if
G # {0} and a € G\ {0}, then the function ¢ : S — G defined ¢(inficy f;) :==a
for all O # J C {1,2,3} and ¢(sup(f1, f2, f3)) := a + a, is not modular.
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Example 2. Ifa,b € R, a < b, then the real function f — f:f(x)d:c is finitely
modular on all inf-semi-lattice of integrable functions in [a,b] (see: Theorem 1).

Example 3. Let S be the set of real positive functions on [0,1] such that the
set Z(f)(:= {x € [0,1] : f(z) = 0}) results non empty and countable. S is an
inf-semi-lattice in the Riesz space ]R[O’I]) and it is not a lattice. Let, again, G
be an abelian group with G # {0} and a € G \ {0}. We consider the function
@ :S — G such that for all f € S

_Jo if Z(f) is countable;
w(f) = { a if otherwise.

Now let f,g € S such that

_Jo if =0 orif (GneN)(z=1/2n+1));
f(a) = { 1 if otherwise.
and
[0 if z=0 orif (IneN)(z=1/2n+1));
9(x) = 1 if otherwise.

It results that sup(f,g) € S, p(sup(f,9)) = a,o(f) = ¢(g) = ¢(inf(f, g)) = 0,
and hence ¢ is not modular.
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