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Abstract

IfACN={L,2,...,n,...} thenn+1,n+2,...,n+k (n > 0) is called
the gap in the set A provided that {n+1,n+2,...,n+k}NA =0. In the
paper we shall study a relationship between the gaps in sets A C N and
densities of sets A.
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Introduction and Notations
It is well-known (see [7], p. 23, Ex. 4) that the sequence
nl+2,n4+3,...,nl+n (n>2) (1)

contains no prime number. Therefore (1) is a gap in the set P of all primes.

By the definition of the gap in a set it could be expected that the size of gaps
and densities of sets will be related.

We recall the concept of the uniform and asymptotic density of a set (see [1]).

IfACN,t>0,s € N, then A(t+1,t+ s) denotes the number of elements
from the set A lying in the interval [t + 1,¢ + ], i.e.

A+ 1Lt+s)=|AN[t+1,t+ s]|

(|M] denotes the cardinality of the set M).

Set
a;=minA(t+1,t+s), @ =maxA(t+1,t+s)
>0 >0

Bs zligian(t-i—l,t-i—s), B° =limsupA(t+1,t+s).
o

t—o0
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Then
u(A) = lim = = lim &,
s—o0 S s§—00 8
u(A) = lim — = lim Be
s—o0 8 s—00 §
exist.

The numbers u (A) ,w (A) are called the lower and upper uniform density of
A, respectively.
Futher we put

d(A) = liminf AL, s); d(A) = limsup M
s

§—00 S §—00

The numbers d (A),d(A) are called the lower and upper asymptotic density of
A, respectively.

If u (A) = w(A) then u (A) denotes their common value and it is called the
uniform density of A. If d(A) = d(A) then d(A) denotes their common value
and it is called the asymptotic density of A.

We have

0<u(d)<d(A) <d(A)<u(4) <1 (2)

(see [1)).
The outstanding point of our investigation in the first section of the paper are
results established in [2], [4] concerning the sequences (1) and

() +k n>2 2<k<n. 3)

In [4] the sequence (3) is shown to be a gap in the set of all powers of primes.
In [2] it is proved that for n > 1 and 2 < k < n the number n! + k has either a
prime factor p > n or it is a power of k where k is a prime, k¥ > . Further for
n > 6,2 < k < n the number n!+ k£ has more than one prime divisor and at least
one of them is greater than n.

In Section 1 we shall give an effective construction of gaps in the set of integers
with bounded number of prime divisors.

In Section 2 we shall study a relationship between the gap density introduced
in [3] and both asymptotic and uniform densities of sets A C N.

In Section 3 we shall investigate the structure of Baire’s metric space X of
all sequences M = my < mg < ... of natural numbers (see [8], p. 95) from the
point of view of the gap density of its subsets. We denote by M such a sequence
and simultaneously the set {my,ms,...}. For its more detail study the notion of
porosity of a set in a metric space will be used in Section 4, too (see [10], [11]).
Let us recall the concept of porosity of a set.

Let (Y, d) be a metric space. If y € Y then B (y, d) denotes for § > 0 a ball in
Y,ie. B(y,0) ={z €Y :d(z,y) <d}.
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Let M CY,y€Y,d > 0. Set
v(y,d, M) = sup{t > 0: 32 € B(y,0) : [B(z,t) C B(y,d)] A[B(z,¢t) N M = 0]}.

If such a ¢ does not exist we put v(y,d, M) = 0.
We define
y,6, M)

B(y’ M) = lisminf %, P(y, M) = limsup M
0+ 6—)0+

The numbers p(y, M) and p(y, M) are called the lower and upper porosity of
the set M at y € Y, respectively.

If p(y, M) = B(y, M) then p(y, M) denotes their common value and it is called
the porosity of the set M at y.

Obviously we have p(y, M), p(y, M), p(y, M) € [0,1].

A set M is called porous (c-porous) at y € Y provided that p(y, M) >
0 (B(y, M) >c>0).

A set M is called very porous (very c-porous) at y € Y if p(y,M) >
0 (ply, M) > ¢ > 0). -

A set M is called strongly porous at y € Y if p(y, M) = 1.

A set M is called o-porous, o-very porous and o-strongly porous at y € Y
provided that M = US>, M,, and each of the sets M, ( n = 1,2,...) is porous,
very porous and strongly porous, respectively at y.

In a similar way the concepts of o-c-porous, o-very c-porous set are defined.

If a set M is porous at every y € Y then it is nowhere-dense in Y and if a
set M is o-porous at every y € Y then it is a set of the first Baire category in Y’
(see [10], [11]).

1 Gaps in the sets D(®

We say that a set A C N has gaps of arbitrary length provided that for each
k € N thete exists n € N such that

n+1l,n+2,....n+k

is a gap in A. The property “to have gaps of arbitrary length ”is closely related
to the uniform density.

Theorem 1.1 If u(A) = 0 then the set A has gaps of arbitrary length.

Corollary 1.1 Ifd(A) =0 then the set A has the gaps of arbitrary length (see
(2))-
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Proof of Theorem 1.1. We proceed indirectly. Suppose that A has not gaps of
arbitrary length.Then there exists such kg € N that for each ¢ > 0 the sequence

t+1,t4+2,...,t+ ko

contains a number from A.
Thus
A+ 1,t+ k) > 1 (4)

for each t > 0.
Let s > kg. Then there exists j € N so that

Jko <5 < (j + 1ko- (5)
For an arbitrary t > 0 a simple estimation gives from (4), (5):

A+ 1,t+s) > A(t+Lt+ko)+...+ A+ (G —Dko+1,t+ jko)

s
> j>-—-—1
z ) %o

From this we obtain

. s
as=rt1121(r)lz4(t+1,t+8) > k_o_l’

Therefore

a contradiction to the assumption of the theorem. [

In this way, every set A C N with zero lower uniform density has gaps of
arbitrary length. Theorem 1.1 guarantees their existence. In what follows we
focus our attention on the effective construction of gaps in the sets D(®), where
D) (s € N) denotes in agreement with [5] the set of all n € N the standard
form of which contains no more than s distinct primes. Clearly D) is just the
set, of all powers of primes. For this set the gaps of arbitrary length were already
described in [4] (see (3)). We shall extend this result to all sets D(*).

Tt is well-known that d(D()) = 0 (see [5], p. 255, Theorem 11.8). The
existence of required gaps already follows from our Theorem 1.1.

The next theorem enables us to give an effective construction of the gaps of
arbitrary length for every set D) (s > 2).

Theorem 1.2 Let
B+1,B+2,...,B+m (B€N) (6)

be a gap in the set D®) (s > 1). Put A= B+ m. Then
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(6*) (A +B+1,(AY?+B+2,...,(A)? +B+m
is a gap in the set DG+

Proof. We proceed indirectly. Suppose that a number of the form (6*) belongs
to DG eg let (A2 4+ ke DCEH), B+1<k<B+m.
Thus
(AD? + k=pi* - Pt (7)

where p; (j = 1,2,...,s,5s + 1) are mutually distinct primes, a; > 0 (i =
1,2,...,8,s+1).
Since k divides the left-hand side of (7), it divides the right-hand side, too.
So

k=pf - pleptt B >0(=1,2,...,55+1).

If 3 = 0 for some j, 1 < j < s+ 1 then k belongs to D®) | thereby
contradicting that (6) is a gap in D).
Hence 8; >0 (j =1,2,...,s,s+1)andsoa; >0 (j =1,2,...,s,s +1) as
well, since k divides the right-hand side of (7).
Observe that the inequality 8; > a; does not hold for all j =1,2,...,s,s+1.
In the opposite case (A!)2 = 0. So there exists an i, 1 <1i < s+ 1 with 3; < a;.
Dividing both sides of (7) by p;* we get

41 Qs41

C-Al+ gt - pli i i = pfr o p T pE it plet, (8)

1 . .
where C' = 4L is an integer.

p;
The prime p; divides both the right-hand side of (8) and C- A! but it does not
divide the second summand on the left-hand side, thereby we get a contradiction.
O

2 Gap density and densities d,u

In this section we shall be concerned with a relationship between the gap
density and densities d, u.

The gap density was introduced in [3] as follows:

If AC N, Ais an infinite set then [(A4,n) denotes the length of a maximal
gap after the number n in 4, ie. I(4,n) =vif {n+1,n+2,...,n+v}NA=10
andn+v+1€ A

If n+1 € A then we put I(A,n) =0.

The gap density A\(A) is defined as follows:

A(A) = lim sup (1 + %l(A,n)) .

n—oo

Evidently, 1 < A(A) < +oo0.
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It can be easily seen that if
A:{a1 <ar <...<ap < 0pg1 <}

then

A(A) = limsup 1
k—o0 g

(see [3])-
The gap density was introduced by G. Grekos and B. Volkmann in connec-
tion with their study of the set

S(4) = {(d(B),d(B)) € B? : B C A}.

The following proposition illustrates the relationship of the asymptotic den-
sity to the gap density.

ul

. A
Proposition 2.1 Ifd(A) > 0, then A(A) < (—A).

[N
~
|

Corollary 2.1 If A(4) = 400, then d(A) = 0.

Corollary 2.2 Ifd(A) exists and d(A) > 0, then A(4) = 1.
From this corollary and from relation (2) follows the following:
Corollary 2.3 If u(A) exists and u(A) > 0, then A\(4) = 1.

Proof of Proposition 2.1. Let A= {a; <as <...}. Then

A(A) = limsup Gr+L _ i sup k/ax .
k—oo Ok k—o0 k/ak+1

We recall that the asymptotic densities of the set A verify

d(A) = limsup ﬁ, d(A) = liminf ﬁ
ag ag

Let 0 < & < d(A). There is an integer ko = ko(€) such that, for each k > ko,
we have

L <d(A)+¢
k

and

1
Pl g -
Q41
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This combined with (9) gives

d(A) +¢

Letting ¢ tend to zero, we get the proposition. [

Remark 2.1 A slightly more general formulation, using the convention 0 x oo =
0, is the following one: 3
“For any set A C N, we have d(A4) x A(4) < d(4)".

Now we prove that all values of upper, lower asymptotic densities and gap
density, compatible with the above inequality, may appear. At first we prove this
for sets having zero density, because these constructions will then be used in our
general theorem (Proposition 2.3).

Proposition 2.2 Let
So = {A C N : A is infinite and d(A) = 0}.

Then
A(So) = {A\(A): A€ Sp} =[1,400].

Proof. For each y € [1,+00], we shall define a set A, such that d(A4,) =0 and
A(A,) = . We distinguish three cases:

Case 1: v =1.

We set A ={ay,az,...}, where
a1 = 1,a = 2,a4 = [klogk] (k> 3).
Then d(A) = limg_, % = 0. Further

(A a,) = [{[nlogn]+1,[nlogn]+2,...,[(n+1)log(n+1)] —1}|
= [(n+1)log(n+1)]—1—[nlogn]
(n+1)log(n+ 1) —nlogn.

A

Set g(t) = tlogt (t > 1). In virtue of Lagrange’s mean value theorem we
have

gn+1)—gn) =9'(yn), n <yn <n+1,

and so
(A, a,) < logy, +1 < log(n+1)+1

an an ~  [nlogn]
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if n — oo. Therefore A(4) = 1.
Case 2: 1 < v < 400.
We set A, = {[y"] : n € N}. Obviously d(A,) =0 and

A(4,) = lim ]

n—oo  [y7]

Case 3. v = +00.

Weput Ajoo = {n":n € N}. Wehave d(Aie) =0and A(Aje) =400
because -
(n+1)" 1
— = D1+ -)" -
S = D1+ )" oo
as n tends to infinity. O
Now we formulate and prove the general property.

Proposition 2.3 Let a, B be two real numbers, 0 < a < 8 < 1. Let €

[1,4+00]. Suppose ay < B (with the convention 0 x (+00) = 0). Then there is a
set A C N such that

d(A) = e, d(A) = B and A(A) = 1.

Proof. We consider two cases.
Casse 1. a =0.

If 8 = 0, then Proposition 2.2 provides the desired set. Suppose 0 < 3. Recall
that v may be any real number > 1 or +oc. Consider the set A, corresponding
to that value of v, constructed in Proposition 2.2. That is, A, C N is such that
d(Ay) = 0 and A(A,) = 7. We shall find a set A D A, such that d(4) = 0,
d(A) = 3 and A(A) = 1.

Let A, = {a1 < a2 < ...}. We shall define two sequences (p;) and (g;) of
integers

O<p<@aa<p<ge<...
and the set A will be of the form

+oo
A=J (@ia] N 4y) U (g, pisa] N N).

i=1
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Thus A, is a subset of A. Also the sequences (p;) and (g;) are such that, for all
i>1,
|(pi, @] N Ay| > 2.
This implies that the gap density of A remains equal to ~.

We define the sequences (p;) and (g;) by induction. Suppose that these
sequences have been defined up to the index i and that

A(g; 1
(@) 1
qi

~.

We suppose also that % < g For i smaller then /33 we may suppose that the
pi’s and the ¢;’s have been chosen arbitrarily.
Putting into A consecutive integers

the function

Az
.C(C), $:q1+17ql+27

increases tending to one. We stop at ¢ = p;4+1 such that

‘A(pz+1

ﬂ‘ i+1

After p;y1 the sequence A is for a while identical to A,. We require that

|(Pig1,qiv1] N Ay > 2

and that
A((Zi+1) < 1
Git+1 i+1

The last condition is verified for ¢; 4, large enough because d(A,) = 0.
Case 2: a > 0.

In this case 7y is necessarily a real number, 1 < v < <8 . Actually, if a = 1,
then A = Nis OK. Solet a < 1. If 8 = o, then v = 1. By Corollary 2.1, any set
A with d(A) = « verifies the required conditions. For instance, the set

o= 2] ven}

Now suppose that a < 5. We define the set A by induction. Suppose that
AN [0, p;] has been determined and that

‘A(pi) _a‘ <1
Di
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We choose an integer g; > p; such that, by taking

one has A .
‘M — ﬂ‘ < .
qi ?

The next, after g;, element of A will be 7; = 1+ [yg;]. Then take in A the

elements
T r; +1 r; + h
I:_]a 3 vy =:Pi+1
(6] (0] (0%

where p;41 is such that

A(p; 1
‘ (pz-i-l) _ Oé‘ < - )
Pit+1 t+1

Thus the induction step is accomplished. O

Remark 2.2 In [3], some more general results are proved. Our Proposition 2.1
follows from the Lemma in p. 144 of [3]. Also Proposition 2.3 is included in
Theorem 1, p. 134 of [3]. However, as the object in [3] was to find relations
between the gap density A(A) and the hole density set S(A), the proof are more
complicated, each one taking a few pages.

In our further considerations we shall use the notion of a dyadic value
(Dualwert) of an infinite set A C N. If A = {a1 < a2 < ...} is an infinite set
then the number p(A4) = Y72, 27% € (0,1] is called the dyadic value of A. In
this way a one-to-one mapping p : & — (0,1] onto the interval (0,1] is defined,
where U denotes the system of all infinite subsets of N.

If S C U then we put p(S) = {p(4) : A € S}. The magnitude of the set
p(S) C (0,1) provides a tool for measuring the  size of the class S (see [6], p.
189-195).

We say that almost all sets A C N have a property (V') provided that the
Lebesgue measure of the set p(S(V)) is 1, where S(V') denotes the class of all
A € U having the propery (V). It is well-known that almost all sets A € U have
the asymptotic density 1 (see [6], p. 190). In what follows (M) denotes the
Lebesgue measure of the set M.

Corollary 2.2 suggests the investigation of the class

SM ={AelU:\NA) =1}

from the standpoint of dyadic values.

() =

i.e. almost all sets A € U have the gap density A\(A) = 1.

Proposition 2.4  We have
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Corollary 2.4  Set CS") =Y\ S, Then p (p (08(1))) =0.
Proof of Proposition 2.4. Set

V) = {Ae%d(A):%}.
Then by Corollary 2.2 V(2) C 8M holds.
Therefore .
p(V(@)) C p(SM). (10)

Since pu(p(V(2))) = 1 (see [6], p. 190, Theorem 1) according to (10)
w(p(SW)) =1, to0. O
In what follows we shall study the sets A C N with bounded gaps. Put

Tm={A€lU:(¥n)l(A,n)<m} (m=1,2,...),

T=1) T (11)

1

R

Then
T={Ael:limsupl(4,n) < +oo}.

n—oo

Proposition 2.5  We have
u(p(T)) = 0.

Corollary 2.5  Take into account that
CT ={A €U :limsupl(A,n) = +oo}.

n—oo

That is p(p(CT)) =1 and so for almost all A € U we have
limsupl(A,n) = +o0.

n—oo

Proof of Proposition 2.5. According to (11) we have p(T) = U_; p(Trm). Hence
it suffices to prove that p(p(7,)) =0 for allm = 1,2, ...
For, let m € N. Denotes by N, the set of all dyadic normal numbers lying
in the interval (0,1]. Then we have

p(Tm) € (0, 1]\ Na. (12)

Indeed, if A € Ty, then p(A) does not contain any block consisting of
m + 1 0’s. Therefore p(A) & No. But u(N2) =1 (see [6], p. 193, Theorem 2b).
Therefore from (12) we obtain p (p(Tm)) = 0. O
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3 Baire’s space U and gap density

Denote by U the set of all increasing sequences of natural numbers. We define
the Baire metric p on U as follows:

If M ={m <mg < ...}, H={h1 < ha < ...} belong to U then
p(M,H)=0if M = H and p(M,H) = 1/ min{n : my,, # hp} if M # H (see [8],
p. 95).

The metric space (p,U) is complete.

Then A, A(A) being the gap density of a set A C N, A € U can be
considered as a real function defined on . We shall study the structure of the
space Y  from the standpoint of this function.

In the first place let us observe that it suffices to restrict ourselves to the
investigation of the behaviour of the sequence

(Mym , Melu (13)

n n=1

where [(M,n) =0ifn+1€ M and [(M,n) =vif {n+1,...,n+0v}NM=10
andn+v+1e M.

Obviously

M
n—oo

=AM)-1
whenever the left-hand side is a finite number, further

M
AM) = +o0 = limsupw = 400

n—oo

We shall deal with limit points of the sequence (13) more precisely. An ap-
plication of Baire categories explains the structure of the space U from viewpoint
of infiniteness of the gap density.

Theorem 3.1 The set
R={AelU:\A) =+}

15 a residual Gs-set in U.

Corollary 3.1 ) The set
K={AelU: A4 < +oc}

is a set of the first category in U.
b)Each of the sets S1), V(@) is the set of the first category in U.
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Proof of Theorem 3.1. For fixed k, K € N set

w0 = {ar eas 060 )

We shall show that W (k, K) is an open set in U.
Let M = {m1 < ma < ...} belong to W (k, K). Then there exists an index

i so that m; < k < mj;1 (we can restrict ourselves to k > mq). Let us construct

the ball (in U):
B{M 1 =¢{HelU:p(M,H) < !
i+1) P i+1f°
IfH e B(M,HLI), H={h<hy<. }thenhj=m; (j=12 .. i+1).
This implies I(H, k) = I(M, k) and so
I(H,k)
K
PR
ie. He W(k,K).
We shall prove that
R=) U W, K). (14)
K=1n=1 k>n
Indeed, if M € R then there exists a sequence k1 < ko < ... < kr < ...
with
lim LM’ ) =
r—o0 r

But then for each K > 1 there exists a k, > n such that

i.e. M belongs to the right-hand side of (14).
Conversly, suppose that M belongs to the right-hand side of (14).

Choose K =1, n = 1. Then there exists k1 > n =1 so that
l(M7 kl)
k1

> 1.

Choose K = 2, n = k; + 1. Then there exists kz > k; + 1 so that

M > 2, and so on.
ko
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By induction we construct the sequence of natural numbers k1 < ko < ... <

k, < ... such that
(M, k)

T>r, (r=1,2,...). (15)
From (15) we get
: UM, k)
limsup ———= = 4+
k—oco k

and so AM(M) = +oo.

Since W (k, K) (k,K € N) are open sets, on account of (14) R is a Gs-set
inU.

To finish the proof it suffices to show that R is a dense set in U (see [9], p.
49).

Take an arbitrary ball B(A,e), AelU, A={a1 <az<...}, e>0.

It suffices to show that

B(A,e)NR # 0. (16)

For, choose p € N so that % <e.

Define H = {h1 < he < ...} as follows: h; =a; (j = 1,2,...,p). Let
t € N be chosen in such a way that (p+1)3 > a,. Set hpr1 = (p+1+1)%, hpia =
(p+2+1)3,....

Then )
HeB (A’E> C B(A4,e¢).

Further it is easy to check that
I(H,n) _

lim ——— =

n— 00 n

Hence H € R and so (16) holds. O
Since for A = {a; < ag,...} € U we have

an+1

A(4) = limsup

n—oo  Qn
(see [3]), we shall study the structure of the space U from the standpoint of the
set of limits points of the sequence <%):;1
If (b, )52, is a sequence of real numbers then (b,),, denotes the set of all its
limit points.

Theorem 3.2  The set R* of all A= {a1 < as,...} €U for which

]

(), ==

18 a residual set in Y.
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Proof. We shall realize the proof in several steps.

Step 1. Let r € (1,400), r = £ € @ (a rational number). We shall prove

7

that the set W(r) of all A € U, A = {a1 < ag,...} for which r € (%) is a
residual set in U. "

Step 2. Then the set [, con(1,+00) W (r) is a residual set in U, too. (Since
the intersection of a countable system of residual sets is a residual set.)

Step 3. It is well-known that the set of all limit points of a sequence is
closed. Therefore if A € (),con(1,400) W(r) then

!

(‘“—“)n = [1,+00],

Qn

A:{a1<a2<...}.

We shall detail our procedure.

Step 1. Set
W(Tjkjn) = {A E Z/{: aZ+1 _T‘ < %}7 (17)
o oo oo n 1 ,
W(r):ﬂﬂU{Aeu: “a+1—r‘<g}. (17)
k=1 j=1n=j n

The fact that W(r, k,n) is an open set in I can be verified in a similar way
we proceeded in the proof of Theorem 3.1 to show that W (k, K) is an open set
in Y. But then (17), (17') imply that W (r) is a Gs-set in U.

We shall check that the set W(r) is a dense set in U:

Let P={p1 <p2 < ...} €U, € > 0. Construct the ball B(P,e). We shall
show that

B(P,e) nW(r) # 0.

Let s € N, %<5. Define H = {h; < hy < ...} as follows:
h]' =DPj (j:].,...,s).

Choose an integer t1, so that t1q > hs (= ps).
Set
hsy1 = t1q, hsia =tip.

Then hgy2 > hsy1, as p > q and Z:—ﬁ =r= %'
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Choose t2 € N so that taq > hsyo.
Set

hsyz =1t2q, hsyqa = tap.

Then hsyq > hsts, and ,’:—jr: =r (= %), and so on.
By induction we obtain H = {h; < hy < ...}, H € B(P,¢) with

hsyaj D .
a2 P9,
Foro1 (J )

ie. B=re (%) . Therefore H € W(r). This ends the Step 1 of the proof.

n

Step 2. According to Step 1 the set (),con(1,400) W (r) is a residual set in
U.

Step 3. If A € N,egn(i,+00) W(r); A ={a1 < az < ...} then the set

<a;¢) contains all rational numbers lying in the interval (1,400). Since this

n

set is closed,we have

]

(“Z“)n =[1,400]. O

n

4 Applications of porosity to the study of the function A : U — [1, +]

In this section the outstanding point of our investigation will be Theorem 3.1.
According to this theorem the set

CR = {A€lU:\A) < +o0}

{A € U : limsup Intl +oo}
n—oco Qn
is a set of the first category in U.
By Proposition 2.5 (in our notation we have T = CR) we have u(p(7T)) = 0,
i.e. CR is a null-system from the Lebesgue measure viewpoint. Hence it is natural
to examine the set C'R in terms of porosity.

Theorem 4.1 The set T =CR ={A €U : A\(A) < +oo} is a o-strongly porous
set at each point of U.

Proof. As

)\(A) = limsup an—i—l’ A= {al <ag <.. ‘},

n—oo Qn
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the set T can be expressed in the form

where
T = {Aeu: (Vn) Lntt gm} (m=1,2,...).

Therefore it suffices to prove that each of the sets 7, is strongly porous at each
point of A € U, i.e. p(A,Ty) = 1.
Let B(A,¢) be an arbitrary ball, e > 0. Choose v € N so that
1
v+1

1
<e< -
v

(we already suppose that € < 1).

Construct the ball B (A, ﬁ) CB(A<e).

We define the sequence D = {d; < d3 < ...} as follows:
dyn=ap, n=12,...;0+1.

Further we choose

dyy2 = (m+Layts,
dv+3 = dv+2 +1,
dyts = dyy3+1, as.o.

Obviously we have

DeB<A,L)
v+1

and p
2 m+1>m.
dv+1
It H={h <hy<..} €B (D) then
hv+2 = dv+2; hv+1 = dv+1
and so

hy
—+2=m+1>m.
hv+1

Therefore H & T,, and so

B(D,L)rﬁm:@_
v+ 2
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Further, it can be easily verified that

1

But then
(A,e,Tm) > 1
’y ) ) m . /U+27
v(A, e, Tm) S 1/(v+2) v
€ - /v — v+2

If ¢ —» 04 then v — 400 and the above inequality implies p(4,7,,) =1. O

Theorem 4.1. is a best possible result. Namely, it is easy to see that the

set T is dense in U.

We shall examine the porosity character of the set T = {4 = {a; < as <
..} 1 A(4) < 400} in the space (U, d), where d is Fréchet’s metric,

o
AZY) =S ok BTl p e e ey
( ) ) ; 1+|zk_yk|, (Zk)k—lﬂ (yk)k_l eu

Lemma 4.1 (i) If z; =y; (j = 1,2,...,k) then d(Z,Y) < 27k,
(i) If d(Z,Y) < 27k~ then z; = y; (j = 1,2

, - k).
Proof. (i) A simple estimates gives
S 2 — yj S 2 — 1
- L S
= 1t —yJI St Tl
< 2R lgah?g =2k
(1) Let z; # y; for some j, 1 < j < k.
Then 1
d(Z,Y)>277 =277l > 97kl
141

By help of Lemma 4.1 we obtain the next result.

Theorem 4.2 In the Fréchet space (U,d) the following assertions are true:
(a) The set T is o-very %— porous at each point A € U.
(b) The set T is o-strongly porous at each point A & T .

Proof. (a) Construct the ball B(A,d), § > 0 (in &/). We can already suppose
that § < 1 and so we can choose | € N with

27l <5< 27l
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Let m € N. Define a sequence D = {d; < dy < ...} as follows:

d]’ = aj (j:1,2,...,l—|—1)

diy2 = (m+ D)dig,

div3 = diya +1,

diys = diys+1, as.o.

Obviously
d
2 1> m,
di4+1
ie. D& Tp.

By Lemma 4.1 (i) we have
D e B(A,27""Y) C B(4,6).

Further if H = {hy < hs < ...} € B(D,2'?) then again by Lemma 4.1
(ii) we obtain

hive = diya, g1 = dia

and so H & Tp,.
Since B(D,27!73) C B(A,§) we obtain

(A, 8, Tm) > 27173,

By the choice of § we conclude p(4,Tp) > 273 (m=1,2,...).
(b) Let A ={a; < ay < ...} € Trm. Then for each m € N there exists [ € N such

that

aj+1
19
: >m ( )

(because A & T,)-
Choose § > 0. We can already suppose that § < 27¢=2.
Take Y € B(A,d). Then Y belongs to B(A4,27'?) as well, and so y; =
aj (j=1,2,...,141). But then by (19) £ > m holds, i.e. Y & Ty
Therefore
B(A,0) N Ty = 0.

But then for each § < 2712 we have
(4,8, Tm) =6 (m=1,2,...).

From this we get p(4,Tm) =1 (m=1,2,...). O
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