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1 Introduction

The purpose of our paper is to provide sufficient conditions for ¥— instability of
trivial solution of a nonlinear Volterra integro-differential system of the form

' = A(t)r + /t F(t,s,z(s))ds (1)
and a linear system of the form ’
' =[A(t) + B(t)|z (2)
as a perturbed equations of
y' = A(t)y 3)

We investigate conditions on the fundamental matrix Y(t) for linear equation
(3) and on the functions B(t) and F(t,s,x) under which the trivial solution of (1),
(2) or (3) is ¥'— unstable on Ry . Here, ¥ is a matrix function. The introduction of
the matrix function ¥ permits to obtain a mixed asymptotic behavior of solutions.
The problem of ¥— stability for systems of ordinary differential equations has
been studied by many authors, as e.g. O. Akinyele [1], [2], A. Constantin [4], [5],
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T. Hallam [11], J. Kuben [13], J. Morchalo [16]. In these papers, the function ¥
is a scalar continuous function ( and increasing, differentiable and bounded in [1]
or nondecreasing and such ¥(t) > 1 in [4] ).

In our papers [8], [9], [10], we have proved sufficient conditions for various
types of ¥— stability of trivial solution of the equations (1), (2) and (3). In these
papers, the function ¥ is a matrix function.

Recent works for stability of solutions of (1) have been by C. Avramescu [3],
by T. Hara, T. Yoneyama and T. Itoh [12], by V. Lakshmikantham and M. Rama
Mohana Rao [14], by W.E. Mahfoud [15] and others.

Coppel’s [7] paper deals with the instability of solutions of systems of differ-
ential equations.

2 Definitions, notations and hypotheses

Let R™ denote the Euclidean n - space. For x = ( x1, Xa,... X, )T € R", let

| ll=max{| =1 [,| z2 |, .. | zn [}
be the norm of x. For an nxn matrix A = ( a;;), we define the norm | A | of A
by
| A= SUp|z||<1 | Az ||

; it is well - known that

n
| A| = maxicicn Y | aij |-

i=1

In the above equations, we consider that A(t) is a continuous nxn matrix on
Ry =[0, ) and F: D x R" —» R",

D={(t,s) € R*|0<s<t< o0},

is a continuous n - vector such that F(t,s,0) = 0 for (t,s) € D.
Let ¥; : Ry — (0,00),1=1, 2, ... n, be continuous functions and

U = diag[llll, lIlz,...an].

A matrix P is said to be a projection if P2 = P. If P is a projection, then so
is I - P. Two such projections, whose sum is I and hence whose product is 0, are
said to be supplementary.

Definition 1. The trivial solution of (1) is said to be ¥— stable on R, if for
every € > 0 and any to > 0, there exists a 0 = 0(e,tg) > 0 such that any
solution z(t) of (1) which satisfies the inequality || ©(to)z(to) || < d(e,t0) exists
and satisfies the inequality || € (t)z(t) || < € for all t > 1.

Otherwise, we say that the trivial solution of (1) is ¥— unstable on Ry.
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Definition 2. We say that ¢ : Ry — R™ is U— bounded on Ry if U(t)p(t) is
bounded on R, .

Remark 1. For ¥; = 1, i = 1, 2,...n, we obtain the notions of just stability ,
instability, resp. boundedness.

3 Preliminaries

In this section, we give two Lemmas which be useful in the proofs of our theorems
below.

Lemma 1. Let Y(t) be an invertible matriz which is a continuous function of t
on Ry and let P be a projection.

If there exist a continuous function ¢ : Ry — (0,00) and a positive constant
M such that

/t¢(5)|\1;(t)Y(t)Prl(s)\p1(s)| ds < M, forallt > 0,
0

and

+o0
/ p(s)ds = +o0
0

then, there exists a constant N > 0 such that

| URY )P | < Ne ™M Joeds gor gl t > 0,

Consequently,

limieo | U()Y()P| = 0.
Proof: If P = 0, the conclusion is obvious.
For P # 0, let q(t) = | ¥(t)Y(t)P |71, for t > 0. From the identity
t
([ eeraws) sovor -
0

= / t P(s) ()Y (6)PY ™ ()T (s)¥(5) Y (5)Pa(s)ds,
0

for t > 0, it follows that

( /0 t so(s)q(s)ds> | T)Y ()P | <

S/O () | TRYOPY ()27} (s) || T(s)Y(S)P | a(s)ds, ¢ > 0.
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¢
Thus, the scalar function h(t) = / p(s)q(s)ds satisfies the inequality
0
h(t)qg " (t) <M, forall t > 0.
We have

h'(t) = p(t)q(t) > M~ h(t)e(t), for all t > 0.

It follows that

M=t [ p(s)ds
h(t) > h(t,)e t , forallt > t1 >0

and hence

) M [ p(s)ds
Mh™"(t,)e t1 ,fort > t1>0

Because | ¥(t)Y(t)P | is a continuous function on [0, t1], it follows that there
exists a positive constant N such that

¢
7M—1/ p(s)ds
| T(t)Y(t)P| < Ne 0 , forallt >0.

Consequently,

limyyeo | T(t)Y ()P | = 0.

The proof is complete. 0

Lemma 2. Let Y(t) be an invertible matrixz which is a continuous function of t
on Ry and let P be a projection.
If there exists a constant M > 0 such that

/ | O )Y()PY " (s)8 (s)| ds < M, for allt > 0,
t
then, for any vector xg € R™ such that Pry # 0,

limsup;, o || ¥ (1)Y(t)Pg, || = +oo.
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Proof: Let q(t) = || (t)Y (t)Pxo ||7! for t > 0. From the identity

(/T q(s)ds) T(t)Y(t)Px, =
t

- / ' T()Y()PY ™ (5) T (s)T(5)Y (5)Pxya(s)ds

for T >t > 0, it follows that
T
( / q(s)ds> 1B Y(t)Px, || <
t

S/t | ZOYOPY ()T (s) || T(s)Y(s)Pxq || als)ds,

forall T >t > 0.
Thus, the scalar function q satisfies the inequality

T
q_l(t)/ q(s)ds < M, forallT > t > 0.
t

It follows that / q(s)ds exists. Thus, lim inf;__, ., q(t) = 0, which implies
¢

limsup, . || Tt)Y(t)Px, || = +oo.
The proof is complete. 0

4 U— Instability of linear equations

The purpose of this section is to study the ¥— instability of trivial solution of
the liniar equations (2) and (3).

The conditions for ¥— instability of the trivial solution of (3) can be expressed
in terms of a fundamental matrix for (3).

Theorem 1. Let Y(t) be a fundamental matriz for (3).
Then, the trivial solution of (3) is ¥— unstable on Ry if and only if there is
a projection P such that | ¥ (t)Y(t)P | is unbounded on R, .

Proof: If the trivial solution of (3) is ¥— unstable on Ry, then | T(t)Y(t) | is
unbounded on R ( see Theorem 1, [8] ).

Suppose, conversely, that | T(t)Y(t)P | is unbounded on R;. We may reason
by r.a.a. If the trivial solution of (3) is ¥— stable on R, then, for £ > 0 and
to > 0, there exists a & = d(e,to) > 0 such that any solution x(t) of (3) which
satisfies the inequality || ¥ (to)z(to) || < (e, to) exists and satisfies the inequality
|| T(t)x(t) €| < e for all t > to.
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Let to > 0 and x¢ € R™ such that | ¥(to)Y(to)P | # 0 and

| zo [|< 6% | ®(to)Y (to)P | "= do.
We have

|| ©(to)Y (to)Pzo ||< 6.
It follows that

| T()Y (t)Pxo |< ¢

for all t > tq.
Thus, for u € R, || u || < 1, we have | (t)Y(t)Pdou | < € for all t > to.
It follows that | ¥(t)Y(t)P | < edy ! for all t > to. This is contradictory.
The proof is complete. a

Remark 2. In the same manner as in just instability, we can speak about ¥—
instability of a linear equation (3).

Theorem 2. If there exist a projection P # 0 and a positive constant M such
that the fundamental matriz Y(t) for (3) satisfies the inequality

/ | O )Y()PY " (s)8 " (s)| ds < M, for all t > 0,
¢
then, the trivial solution of (3) is ¥— unstable on R, .

Proof: Suppose the contrary. Therefore, for every € > 0 and any tq > 0, there
exists § = 0(g,t9) > 0 such that any solution y(t) of (3) which satisfies the
inequality || ¥ (to)y(to)||<d(e,t0) exists and satisfies the inequality || ¥ (t)y(t)||<e
for all t > tq.

Without loss of generality, we may assume that Y(0) = I ( else, we replace
Y (t) with Y(t)Y~1(0) and P with Y(0)PY~1(0) ).

For to = 0, we can choose y(0) € R™ such that ( I- P )y(0) = 0 and 0 <
[| T(0)y(0) || < 6(e,0). Then, || T(t)y(t) || < e for all t > 0.

On the other hand,

T(t)y(t) = LY ()Y ' (0)y(0) = L)Y () Py(0).

From Lemma 2, it follows that

limsup,__, o || ¥(t)y(t) ||= oo,

which is contradictory.
The proof is complete. g
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Example 1. Consider the linear equation

2 = Ax

where A is an nxn real constant matrix.

Suppose that the characteristic roots of A are divided into two sets A; and
A such that every root in the first set has real part less than a and every root in
the second has real part greater than 3, where a < 8 are given. We can represent
the vector space R™ as the direct sum of two subspaces X;, X, invariant under
A such that all characteristic roots of the restriction of A in X; belong A; (i =
1, 2 ). The corresponding projections Py, P2 of R™ onto X;, X3 commute with
A, are supplementary and there exists a constant K > 0 such that

|et4P | < Ke®, fort > 0 (4)

| AP, | Keft fort < 0. (5)

It will be noted that P; # 0 if A; is not empty ( [6], Chapter III ).
Suppose that « and 8 are given such that Ay # 0.
Let v € [a, ) be and ¥(t) = e~ 71,. Then, we have

IN

| T(t)etr Pre=*2 T (s) | < Kel® - 7)(t-8) fort >,

| U(t)etA Pre * AT 1(s) | Kel#-7)(t-5) for ¢ <s.

IN

Thus, from the Theorem 2, it follows that the equation x' = Ax is ¥ — unstable
on R;.

Example 2. Consider the linear equation

x' = A(t)x

where A(t) is an nxn continuous periodic matrix of period 7.
From the Floquet’s Theorem, it follows that a fundamental matrix Y(t) for
the periodic linear equation above with Y(0) = I can be represented in the form

Y(t) = P(t)e'”,

where L is a constant matrix and P(t) is a periodic matrix with period .
Suppose that the characteristic roots of L are divided into two sets A; and A,
such that every root in the first set has real part less than « and every root in the
second has real part greater than 3, where a < 3 are given. We can represent
the vector space R™ as the direct sum of two subspaces X;, X5 invariant under
C = Y(r) = e and hence under L = 7 !log C, such that every characteristic
root of the restriction of C to X; ( X2 ) has absolute value less than e ( greater
than e™ ). Then all characteristic roots of the restriction of L to X; belong to
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A;. Since the projections Py, Py of R™ onto X;, X5 commute with L, it follows
from (4) and (5) that there exists a constant K > 0 such that

| Y(t)P,Y(s) | < Ke*(* %) fort > s,

| Y(t)P,Y(s) | < KeP(t %) fort < s.

It will be noted that P; is real and P; # 0 if A; is not empty ( [6], Chapter
111 ).

Suppose that « and 8 are given such that Ay # 0.

Let v € [a, ) and ¥(t) = e~ I,,. Then, we have

| B)Y ()P, Y 1 ()T (s) | < Kel @ 7)(t=8) fort > 5,

[ T()Y()P,Y L(s)T1(s) | < KelP-7)(t=8) fort < s.

Thus, from the Theorem 2, it follows that the equation x' = A(t)x is ¥—
unstable on R.

Theorem 3. Suppose that:

1. There exist supplementary projections Py, Ps, Py # 0, and a positive
constant K such that the fundamental matriz Y(t) of the equation (3) satisfies
the condition

/0 | O t)Y()P, Y (s)T 7 (s) | ds + /too|sz(t)Y(t)P2r1(s)sz—1(s)| ds < K

for all t > 0.
2. B(t) is a continuous nXn matriz function for t > 0 and satisfies one of
following conditions:
i. M =sup;sq | U(t)B(t)¥~1(t) | is a sufficiently small number ( MK < 1 ).
i, limy oo | U ()BT 1(t) | = 0.
Then, the linear equation (2) is ¥— unstable on R .

Proof: In the case i), suppose the contrary. Therefore, for every e > 0 and
any to > 0, there exists § = d(g,tp) > 0 such that any solution x(t) of (2)
which satisfies the inequality || ¥ (to)z(to) || < & exists and satisfies the inequality
|| T(t)x(t) || < e for all t > to.

Without loss of generality, we may assume that Y(0) = I. For to = 0, we can
choose x(0) € R™ such that P;x(0) = 0 and 0 < || ¥(0)x(0) || < d(g,0). Then,
|| ®(t)x(t) || < € for all t > 0.

We consider the function

t [e9)
y(t) = x(t) - /0 Y(t)PlY_l(s)B(s)x(s)ds+/t Y (t)P,Y ' (s)B(s)x(s)ds,
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for t > 0.
For v > t > 0 we have

| / Y(0)P,Y  (5)B(s)x(s)ds | <

< 1) | /tv [ TEY(OP,Y T (5)T 1(s) || T(s)B(S)T(s) [I| T(s)x(s) [l ds <

< (U0 M [ [¥OYORY @) |ds

It follows that the integral

/ Y ()P, Y (5)B(s)x(s)ds
t

is convergent.
Thus, the function y(t) exists for t > 0.
Clearly, the function y(t) is continuously differentiable on Ry and we have

y'(t) = x'(t) - /0 Y'(t)P, Y (s)B(s)x(s)ds - Y(t)P, Y ™' (t)B(t)x(t) +

+ /t b Y (t)P, Y~ (s)B(s)x(s)ds - Y(t)P, Y~ (t)B(t)x(t) =

= A(t)z(t) + B(t)z(t)—

t o)
- A(t) ( /0 Y(t)P,Y ' (s)B(s)x(s)ds - /t Y(t)P2Y1(s)B(s)x(s)ds> -

- B(6)x(t) = A(t)y(t).

Thus, the function y(t) is a solution on R of the linear equation (3).
Since

[E@)y®) | < [12E)x() || +

+/0 | TOYE)P, Y (5)T7(s) || TE)BE) T (5) [[] (s)x(s) || ds +
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+/too | T Y(OP,Y ™ (5)T 7 (s) || T(s)B(s) T (5) [l L(s)x(s) || ds <

<e(1+MK), fort > 0,
it follows that the solution y(t) is ¥— bounded on Ry.
On the other hand,
y(1) = Y)Y (0)y(0) = Y(6)[P1y(0) + Poy(0)] = Y(t)P,y(0).
If P2y(0) # 0, from the Lemma 2 it follows that

limsup, o [| ()Y () P2(0) [|= oo,

which is contradictory.
Thus, P2y(0) = 0 and then y(t) = 0 on Ry.
Thereafter,

x(t) = /tY(t)PlYl(s)B(s)x(s)ds - /OQ Y(t)P,Y ' (s)B(s)x(s)ds, for t > 0.
0 ¢
It follows that

[ w(O)x(t) | < MKsup;s, || ®(t)x(t) ||, for t > 0,

which is contradictory.
Thus, the linear equation (2) is ¥— unstable on R, .
ii). The proof is similar to that of i).
The proof of the theorem is complete. O

Remark 3. We can show furter that if z(t) is a Y— bounded solution of the
equation (2), then limt — oo || U(¢)x(t) || = 0 and there exists a constant N > 0,
independent of B, such that

I¥@z@) | < (1-MK)" N| Pz, fort > 0.

If the linear equation (8) is only ¥— unstable, then the linear equation (2)
can’t be ¥— unstable. This is shown by the next example transformed after an
example due to O. Perron [17].
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Example 3. Let a,b €R such that 1 <2a <1+ e ™, b#0 and

A(t) = ( sinln(t + 1) + c(())s In(t+1) —2a be—_azﬂ) ) ‘

Then, a fundamental matrix for the homogeneous equation (3) is

pelt + DlsinIn(t + 1) — 2a] 1t+1 e—® sinlnsq ot + [sinln(t + 1) — 2d]
Y(t) = o—alt+1) 0 :
Let
1 0
(t) = ( 0 ea(t+1) ) .
We have

belt + Dlsinin(t + 1) — 2a] ft +1 e—s sinlnsgo ot + 1)[sinln(t + 1) — 2d]

T(H)Y(t) = ( . . ) .

Let a € (0, %) be such that cos a > (2a — 1)e”. Let t,, = en=3)™ he for n =
1, 2... .For t, < s <t,e” we have s cosa < —s sinln s < s and hence

tne”™ )
etne (sinlnt,e 72a)/ e ssinlns 4o >
1

tne™
et"e (sinlnt,e —2a)/ e—ssmlnsds >
t

n

tne™
> etne (172a)/ e5e0s g —
tn

etn[(172a)e"+cosa} (etn(e"‘fl) cosa __ 1) (COS a)fl - 00

This shows that | ¥(t)Y(t) | is unbounded on Ry.
It follows that the equation (3) is ¥— unstable on Ry.

If we take
_ 0 _befa(t + 1)
so=(g ™).

then, a fundamental matrix for the perturbed equation (2) is

_ e(t 4+ 1)[sinln(t + 1) — 2d] 0
Y(t) = ( 0 e—alt +1) ) :
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We have

- e(t + 1)[sinln(t + 1) — 2a] 0
VY (t) = ( . X > .

It is easy to see that | ®(t)Y(t) | < 1 for all t > 0.

It follows that the equation (2) is not ¥— unstable on R.

Finally, we have | ¥(t)B(t)¥~'(t) | = be~2e(t + 1), Thus, B(t) satisfies the
conditions of the Theorem.

Theorem 4. In the conditions of the Example 1 or 2, if B(t) is a continuous
nxn matriz function on Ry such that

L= / )BT (1) | dt
0
is a sufficiently small number, then the linear equation (2) is ¥— unstable on R, .

Proof: The proof is similar to that of Theorem 3. a

5 U— Instability of the nonlinear equation (1)

The purpose of this section is to study the ¥— instability of trivial solution of
the nonlinear Volterra integro-differential equation (1).

Theorem 5. Suppose that:
1.There exist supplementary projections Py, P, P» # 0 and a constant K >
0 such that the fundamental matriz Y(t) of (3) satisfies the condition

/t | T()Y ()P, Y " (s)T"(s) | ds +
0

+/ | () Y(t)P,Y 1 (s)T '(s)|ds < K
t
for all t > 0;

2. The function F(t,s,x) satisfies the inequality

I ¥ @)F(tsa(s)) || < fts) | ¥(s)z(s)||, 0 < s < t< o0,

for every continuous function x : Ry — R™, where f(t,s) is a continuous
nonnegative function on D such that

t
/ f(t,s)ds < M, for all t > 0,
0

where M is a positive constant;
3. MK < 1,
Then, the trivial solution of (1) is ¥— unstable on R, .
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Proof: Suppose the contrary. Therefore, for every € > 0 and any to > 0, there
exists § = 0(g,t9) > 0 such that any solution x(t) of (1) which satisfies the
inequality || ¥ (to)z(to) || < d exists and satisfies the inequality || T(t)x(t) || < &
for all t > tq.

Without loss of generality, we may assume that Y(0) = 1.

For tg = 0, we can choose x(0) € R™ such that P1x(0) = 0 and 0</|| ¥(0)x(0)]|
< 4(g,0).

Then, || T(t)x(t) || < € for all t > 0.

Consider the function

¥(t) = x(t) - /0 Y(6)P, Y (s) /0 " F(s,ux(u)duds +

+ / Y(t)PQY_l(s)/ F(s,u,x(u))duds, for t > 0.
¢ 0

For v > t > 0 we have

I /t Y )P,y (s) /0 " F(s,ux(u))duds ||

IA

IN

|5 (0) | / B Y (P, Y ()T (s) | / () F(s.ux(w) || duds <

IA
IA

v (o) | / R YRR, 1T ) | / f(s,u) || (u)x(w) || duds

<MW | [ ROYORY 0¥ ) | ds

It follows that the integral

/too Y(t)P,Y ™' (s) /05 F(s,u,x(u))duds

is convergent.
Thus, the function y(t) exists on Ry.
Clearly, the function y(t) is continuously differentiable on Ry and we have

y'(t) = x'(t) - /0 Y'(t)P, Y (s) /Os F(s,u,x(u))duds -
SY()P,Y (1) / Bt x(w)du +
0

+ /too Y/ (t)P,Y ' (s) /03 F(s,u,x(u))duds -
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-Y(£)P, Y (t) /t F(t,u,x(u))du = A(t)x(t) + /t F(t,s,x(s))ds -
0 0
CA() /0 Y(6)P,Y 1(s) /0 " F(s,ux(u))duds -

Y () (P + P) YL (1) /0 t F(t,u,x(u))du +

+ A(t) /too Y(t)P, Y7 (s) /Os F(s,u,x(u))duds = A(t)y(t), for all t > 0.

Thus, y(t) is a solution on Ry of the linear equation (3).

Since
le@y© | <l ewx) || +
+/0t|111(t)Y(t)P1 |/ 1| ()P (s,u,x(u)) || duds-+
+/too|\I!(t)Y( |/ 1| B (s)F (s,u,x(w)) || duds <
<er [ L EOYOPR,Y (9 | / su) | ¥(u)x(u) || duds+
+/t°°|w<t)Y< |/ s0) || @ (u)x(w) || duds <

(14 MK),fort > 0,

<eg
y(t) is ¥— bounded on R..

it follows that the solution
On the other hand,

y(t) = Y(©)Y (0)y(0) = Y()[P,y(0) + P,y(0)] = Y(t)P,y(0).
If Poy(0) # 0, from the Lemma 2 it follows that

limsup ;o || T@)y(?) ||= oo,
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which is contradictory.
Thus, P2y(0) = 0 and then y(t) = 0 on Ry.
Thereafter,

t s
x(t) = /0 Y(t)PlYfl(s)/0 F(s,u,x(u))duds -

- / Y(t)PZY_l(s)/ F(s,u,x(u))duds, for t > 0.
t 0
In the same manner as above, it follows that

| Zt)x(t) | < MK || T(t)x(t) ||, fort > 0,

which is contradictory.
Thus, the trivial solution of (1) is ¥— unstable on R .
The proof is complete. 0

Corollary 1. If in Theorem 5 we consider that f(t,s) satisfies one of following
conditions
a). f(t,s) = g(t)h(s), where g and h are continuous functions on Ry such that

¢
g(t)/ h(s)ds < M, for allt > 0,
0

b). f(t,s) = k( t-s ), where k is a continuous function on Ry such that

/ k(u)du < +o0,
0

then, the conclusion of the Theorem is true.
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