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Abstract
In this paper, we investigate what happens with the natural product
manifold of two paraquaternionic Kahler manifolds. We also construct the
curvature tensor of the product manifold of two paraquaternionic space
forms.
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1 Introduction

The product of two Kahlerian manifolds is also a K&hler manifold([10]),
but, the natural product manifold of two quaternionic K&hler manifolds does not
become a quaternionic Kahler manifold([7]). In the present paper we investigate
what happens in the paraquaternionic geometry.

In section 2 we present the definition and basic properties of paraquaternionic
manifolds.

In section 3 we prove that the natural product manifold of two paraquater-
nionic Kahler manifolds is an almost paraquaternionic non Kahler manifold.

As application of the results obtained in the previous section, in the last sec-
tion we construct the curvature tensor of the product manifold of two paraquater-
nionic space forms.

Acknowledgements. 1 would like thank to prof. Stere Ianus for his useful
suggestions and remarks.

2 Paraquaternionic manifolds

Following Garcia Rio, Matsushita, Vasquez-Lorenzo ([2]), we first recall the
definitions of almost paraquaternionic structures, almost paraquaternionic ma-
nifolds, paraquaternionic K&hler manifolds, paraquaternionic sectional curvature
and paraquaternionic space forms.
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Definition 2.1. Let M be a smooth manifold. An almost paraquaternionic struc-
ture on M is a rank-3 subbundle o C End(T M) such that a local basis {J1, Ja, J3}
exists of sections of o satisfying:

J2 = —eaId, Yo =T1,3 W
o = —JoJy = Js

where € = 1,63 = €3 = —1.
Libermann ([6]) calls this structure quaternionic structure of second kind.

Definition 2.2. Let (M,g) be a semi-Riemannian manifold and o an almost
paraquaternionic structure on M. The metric g is said to be adapted to the
paraquaternionic structure o if it satisfies:

g(JaX;JaY) =€ag(XaY),Va=m (2)

for all vector fields X,Y on M and any local basis {J1, J2, J3} of o.

Moreover, (M, g,0) is said to be an almost paraquaternionic manifold.

Definition 2.3. An almost paraquaternionic manifold (M,g,c) is said to be
paraquaternionic Kahler manifold if the Levi-Civita connection of g satisfies the
following conditions:

VXJ1 = —CU3(X)J2 +w2(X)J3
VXJQ = —CU3(X)J1 + wl(X)Jg (3)
Vng = wQ(X)Jl —wl(X)JQ

for any vector field X on M, wy,ws, ws being local 1-forms over the open for which
{J1,J2, J3} is a local basis of o.

Definition 2.4. Let (M, g,0) be a paraquaternionic Kdhler manifold.

1. A subspace m of T,M, p € M is called non-degenerate if the restriction of g
to m is no degenerate. In particular a 2-plane 7 in T,M is non-degenerate
if and only if it has a basis {X,Y} satisfying:

A(Tr) = g(X7X)g(Y> Y) - g(X7 Y)2 7é 0.
2. If X e T,M, p€e M, the 4-plane PQ(X) spanned by {X, 1 X, ]2 X, J3 X}
is called a paraquaternionic 4-plane.

3. A 2-plane in T,M ,p € M, spanned by {X,Y} is called half-paraquaternionic
if PQ(X) = PQ(Y).

Note that if X is a non-lightlike vector of T,M, PQ(X) is a non-degenerate
subspace.
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Definition 2.5. Let (M,g,0) be a paraquaternionic Kahler manifold and let ©
be a non-degenerate 2-plane in T,M,p € M, spanned by {X,Y}. The sectional
curvature K () is defined by:

K(r) = R(X,Alz;r))(, Y)

In particular, the sectional curvature for a half-paraquaternionic plane is called
paraquaternionic sectional curvature.

Definition 2.6. A paraquaternionic Kdhler manifold of constant paraquater-
nionic sectional curvature is called a paraquaternionic space form.

It is clear that any paraquaternionic manifold is of dimension 4n and any
adapted metric is necessarily of neutral signature (2n,2n).

Moreover, we have the following important fundamental properties concerning
paraquaternionic manifolds ([1],[2],[5],[9]):

1. Any paraquaternionic Kahler manifold is an Einstein manifold, provided
that dimM > 4.

2. A paraquaternionic K&hler manifold with dimension 4m > 4 and zero scalar
curvature is a locally parahyperK#hler manifold.

3. Any paraquaternionic space form is a locally symmetric space.
4. The curvature tensor of a paraquaternionic space form is:
3
R(X,Y)Z = g{g(Z, V)X = g(X,2)Y + 3 €alg(Z, JoY ) JoX —
a=1
—9(Z, JoX)JoY +29(X, JoY)Jo Z]} (4)
for all vector fields X,Y, Z on M and any local basis {Ji, Ja, J3} of o.

Some recent results concerning the hypersurfaces of quaternionic and para-

quaternionic manifolds we find in Mangione([8]) and Ianus([4]) .

3 Product of paraquaternionic manifolds

Let M be a smooth manifold endowed with a tensor F' of type (1,1) such that:
F? =1Id.

Then (M, F) is called to be an almost product manifold with almost product
structure F'.

Let (M, F) be an almost product manifold and let g be a semi-Riemannian
metric on M such that:

g(FX,FY) = g(X,Y),VX,Y € T(TM).
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Then we say that (M, F, g) is an almost product semi-Riemannian manifold.
Let (M1, g1,01) be a paraquaternionic Kahler manifold. Then, in any coor-

dinate neighborhood U; of Mj, there exists a local bases {Jl(l), Jz(l), J?El)} of o1
satisfying (1) and (2). Moreover, the Levi-Civita connection V(1) of g; satisfies
the following conditions:

VT = 0O LY ) (0.1

V'L = V(05D + ) (0.7 ©)
1 1 1 1 1 1

Vg = @00 - w05

for any vector field X on My, w% ),wél),w( ) being local 1-forms over the open for

which {J(l) (1), J?El)} is a local basis of oy.
Let (Ms, g2,02) be an another paraquaternionic Kahler manifold. Then, in

any coordinate neighborhood Us of Mo, there exists a local bases {.J; (2) J22), 2)}
of o2 satisfying (1) and (2). Moreover, the Levi-Civita connection V(z) of go
satisfies the following conditions:

VT = w01+ (0.1,
VI = i (X)) 4w (X).13 (6)
2) 7(2 2 2 2 2
VORI = W () - wf (X)17
for any vector field X on M, w£2),w§2), (2) being local 1-forms over the open for
which {JI(Q), JQ(Q), J§2)} is a local basis of .
Let M = M; x M> be the product manifold of M; and M. We define a
semi-Riemannian metric g on M by:

9(X,Y) = (I, X, I, Y) + go (Tl X, T1,Y') (7)

for any vector fields X and Y on M, where II; and Il denote the projection
mappings of T'(T' (M1 x Ms)) to I'(T'(M;)) and T'(T'(Mz)), that is:

I, : T(TM) — T(T M), T : (T M) — T(TM,).

Lemma 3.1. (M, F =1I; — I, g) is an almost product semi-RRiemannian mani-
fold.

Proof. Because we have:
M3 = 0,115 = Iy, I Ty, = TI,I0; =0
we deduce that:
F?=(I; - IL)(I; —-I,) =I; — I, = F.
On the other hand, for any vector fields X and Y on M we have:

g(FX,FY) = g(IL FX,IL FY) + g2 (I, FX, I, FY) =
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= gl(Hl (H1 — HQ)X, Hl(Hl — HQ)Y) + gz(Hz(Hl — HQ)X, H2(H1 — HQ)Y) =
= gl(HlX, H1Y) + gz(HQX, HQY) = g(X, Y)

Thus, the proof is complete.

We define the endomorphisms of tangent space of M by:
JoX = IV X + TP, X, Va = 1,3, (8)

for any vector field X on M, where {Jél)}a:m and {Jg)}a:ﬁ are local bases
of o1 and o5 respectively.
If we consider the vector bundle o over M generated by {J,}, then we have:

Lemma 3.2. (M, g,0) is an almost paraquaternionic manifold.

Proof. For any coordinate neighborhood U; x Uz of M, we have the local
bases {Ji, Ja, J3} of o. By using (8), for any vector field X on M we derive:

J2X = J,(JVIL X + JPILX) =
= JOIL (JOIL X + JOILX) + JOIL(JOM X + JOILX) =
= JW W X) + JD TP, X) =
= —eo(IL X +11,X) = —e,X,Va =1,3.
On the other hand, we have:

N X = L (JVL X + JPTLX) =

= JOM (VI X + TP X) + TP (VT X + SV, X) =
=TI X + TP TP ML X =
= JVILX + I X = BX

and similarly:
B X = LIV X + JPILX) =

= BV (VX + I X) + IO (X 4 ST, X) =
= I IO X + I TP X =
=—JVm X - JPM,X = -7, X.

Thus, we conclude that ¢ is an almost paraquaternionic structure on M. More-
over, the metric g is adapted to the paraquaternionic structure o, because it
satisfies:

9(JaX, JoY) = g1t (Il Jo X, 111 JoY) + g2 (12 Jo X, 15, Y) =
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=g (JOML X, JVILY) + g2 (JOTL X, JPTLY) =
= €01 (I X, TLY) 4+ €492 (M2 X, TTY) = €,9(X,Y).

Thus, we deduce that (M, g,0) is an almost paraquaternionic manifold.

Now, for any local coordinate neighborhood U; x Us of M we define local
1-form wy, ws, w3 by:

wa(X) = wD(M, X) + w? (M, X),Va = 1,3, 9)

for any vector field X on M.
We remark that the Levi-Civita connection V on M is:

VxY = VL ILY 4+ Vi LY, (10)
for any vector fields X and Y on M.

Lemma 3.3. The Levi-Civita connection V of g satisfies the following conditions:

{ VxJi = 3[—ws(X)J2 + wa(X)Jz — wa(FX)JoF + wy(FX)J3F]
VxJy = %[—wg(X)Jl +CU1(X)J3 - wg(FX)J1F+w1(FX)J3F] (11)
VxJs = [ wo(X)Ji —wi(X)Jo + wa(FX) 1 F — wi (FX)JoF]

for any vector field X on M.

Proof. For any vector fields X and Y on M we have:

(Vx )Y = Vx 1Y — J;(VxY) =

= VXL LY + VO LAY — LVE LY — VS LY =
= VO JVLY + V) JPILY — IOV LY - TPV LY =
= (Vizlx 3L Y) + (Vi J)(ILY).
Thus, taking account of (5) and (6), we obtain:
(Vx )Y = —w§) (T, X) J0 (L Y) + w0 (11, X) S0 (M, V) -
—wP (LX) T2 (IL,Y) + w? (T, X) JP (ILY). (12)

On the other hand, by using (9) we obtain:

—(U3(X)J2Y + wg(X)J:;Y - w3(FX)J2(FY) + (.4)2(FX)J3(FY) =
2{ —w{ (1, X) ISV (I, V) + w8 (1, X) 70 (0, Y) -
— (LX) ISP (IL,Y) + wi (M, X) JP (ILY)}. (13)



Product of paraquaternionic Kdhler manifolds 351

From (12) and (13) we deduce:

(Vx )Y = %[—ws(X)Jzy + w2 (X) J3Y — w3 (FX) L(FY) + wa(FX)J3(FY)]

and similarly we obtain:

(Vx )Y = %[—% (X) Y +w1(X)TsY — ws(FX) T2 (FY) + wn (FX)Jy(FY)]
and

(Vi Js)Y = %[ (X)L = wi(X) Y + ws(FX) I (FY) — w1 (FX)Jo(FY)].
Thus, the proof is complete.

Finally, from above lemmas, we conclude:

Proposition 3.4. The natural product manifold of two paraquaternionic Kihler
manifolds is an almost paraquaternionic non Kdihler manifold.

4 The curvature tensor of the product manifold of two paraquater-
nionic space forms

Now we consider the paraquaternionic space forms M (¢;) and My(c2). Then,
from (4) we have:

3
Ri(X,Y)Z = %{gl(Z, )X - g1(X,2)Y + 3 ealg1(Z, IVY) IV X —
a=1

~91(Z, IV X)TMY +20(X, JY) IV Z] (14)
for all vector fields X,Y, Z on M; and any local basis {Jl(l), JQ(I), Jél)} of o; and
similarly:

3
Ry(X,Y)Z = %{gz(z, V)X — (X, 2)Y + Y ealga(Z, JPY)ID X —
a=1

—92(2, I X)IPY +20(X, V)P 2]} (15)
for all vector fields X,Y, Z on M» and any local basis {J1(2), JQ(Q), J§2)} of 7.

Proposition 4.1. Let M = M; x My be the natural product manifold of two
paraquaternionic space forms Mi(c1) and Ma(ca). Then the curvature tensor of
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M is given by:

for all

R(X,Y)Z =
c1+co

= {9Z, V)X —9(X,2)Y +9(Z,FY)FX — g(X,FZ)FY +

16
3

+ Z €al9(Z, JoY)Io X — 9(Z, JoX)JoY + 29(X, JY)JoZ +

a=1

+ g(Z,FI.Y)FJX — g(Z, FI,X)FJ,Y + 29(X,FJ,Y)FJ,Z]} +

C1 —C2

{9(Z,FY)X — g(X,FZ)Y + g(Z,Y)FX — g(X, Z)FY +

3

+ Z €al9(Z, FJ,Y)Jo X — 9(Z,F I, X)J,Y + 29(X,FJ,Y)JoZ +

a=1

+ 92, J.Y)FIX — g(Z,J,X)FI,Y +
+ 29(X,J.Y)FJaZ) (16)

vector fields X,Y,Z on M, where F is the almost product structure on M

as in lemma 4.1 and J, is given by (8).

Proof. A straightforward computation leads to the following expression for
the curvature tensor of M:

C
R(X,Y)Z = {g1(ILZ, I Y)I X — gy (I X, T Z)TL Y +

3
+Y ealor (M Z, IO Y) T X — gy (T Z, JOTL X) T Y +

a=1

C
+2¢1 (L X, JOTL V) JWOTT Z]) + Zz{gg(ﬂzZ, ILY)IL,X —

3
—go (I, X, T, Z)TL,Y + Z €alg2(y Z, JAOTLY) P, X —
a=1

—g2(T Z, JPTL, X) JPTLY + 2¢5(I1 X, JOIL,Y)JP I, Z]} (17)

On the other hand, we obtain:

+

1+ ce
16

C1 — Co
16

9(Z,Y)X —g(X,2)Y +9(Z,FY)FX — g(X,FZ)FY] +

9(Z,FY)X —g(X,FZ)Y + g(Z,Y)FX — g(X,Z)FY] =

C
= Zl[g1 (I, Z, I, V), X — gy (I, X, I, Z)IL, Y] +

C
+Zz[g2 (I, Z, TLY)IL X — go(I1, X, I, Z)IL, Y], (18)
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3
c1 + ¢o
T > €al9(Z, JoY)Ia X + g(Z, FJoY)F o X] +

a=1

3
Cl1 — Co —
+—T6 > €alg(Z,FJaY)JoX + g(Z, JoY)FJoX] =

a=1

3
=23 Mz, JOmY) IO X +

4
a=1
+%2 > €ag2 (a2, TP LY ) T, X, (19)
a=1

3
c1 + ¢o
16 z ea[_g(za JaX)JaY - g(Z, FJaX)FJaY] +

a=1

3
+4 _602 3 eal-9(2, FIX) 1Y — g(Z, J.X)FJ.Y] =
a=1

1

3
C
= _Zl > eag (M Z, T X) TV Y —

a=1
3
C
_Z2 > €age (22, IO X) JP LY (20)
a=1

and

3
AT S e [20(X, JaY ) JuZ + 29(X, FIY)FJo 2] +

16 ~=
e — €y
+ 116 2 Z:6(1[29()(,FJ(IY)JQZ+Qg(X7 JJY)FJ,Z] =
a=1

3
C
= 51 a; cagr (IL X, JOIL V) IO Z +

3
+%‘2 Y eage (X, JOTLY) O, 2. (21)

a=1
Finally, taking account of (17),(18),(19),(20) and (21) the proof is complete.

Corollary 4.2. Let M = My, x My be the natural product manifold of two
paraquaternionic space forms M;™ (c1) and M,"(cs). Then the Ricci tensor
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of M is given by:

(Un +16)9(X,¥) 4 g(FX,Y) S csg(FE;, )] +
- 4n
[(4n +16)g(FX,Y) + g(X,Y) Y eg(FE;, E)]  (22)
=1

Ric(X,y) = L1

C1 — C2

+16

for any X, Y € T(TM), where 4n = dimM, {E;}, 1 is a local pseudo-ortho-
normal basis for the vector fields on M and €; = g(E;, E;),Vi = 1,4n.

Proof. The statement follows direct from (16).

Corollary 4.3. Let M = M, x M, be the natural product manifold of two
paraquaternionic space forms M (c) and Ma(c). If dimM; = dimMs, then M is
an Einstein manifold.

Proof. Because ¢; = ¢ = ¢, from (22) we derive:

Ric(X,Y) = %[(471 +16)g(X,Y) + g(FX,Y) Z"eig(FEi,Ei)]. (23)

i=1
On the other hand, because dim M;=dim M, it follows easy that we have:

4n
> €ig(FE;, E;) = 0. (24)
=1

By using (23) and (24) we deduce:

c(n+4)

Ric(X,Y) = 9(X.Y),

for any X,Y € I'(T M) and hence M is an Einstein manifold.
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