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On the Henstock and McShane integrability

by
GRIGORE CIUREA

Abstract

It is known that any Lebesgue integrable function is McShane integrable,
and in fact we know only McShane’s proof ( see [7], p.90 — 94). In the first
part of this paper we provide another proof of this result, and in the second
part, we shall study the Lebesgue measurability of the Henstock integrable
functions.We shall show that any function which is Henstock integrable
is Lebesgue measurable, and thus we shall prove in a different way from
the former proof from Y.Kubota in [3] the Lebesgue measurability of the
McShane integrable functions. We also present six corollaries of the others
two results, some of them being already known.
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1 Definitions and Notations.

We denote by R the real line, by I = [a, b] a compact interval on the line and by
|E| the Lebesgue measure of a set E. For the exterior measure of the set E we
use the notation |E|" , and the characteristic function of E will be denoted by
Ag. Let 7 be the collection of all closed intervals that are contained in I. Any
collections T of pairs (Ag, &) € T xI , k = 1,n is called a partition of the
n
interval I, if the intervals A;, A, are non-overlapping for ¢ # j and | A = 1.
k=1
Let 6 : I — (0,00) be a positive function defined on I.

A partition T of I is called Henstock §— fine, if every pair (A, &) € T satisfies

§€AC(E-6(8,6+6(8)-
A partition T of I is called McShane §— fine, if every pair (A, €) € T satisfies

AC(E-6(5,E+6(8)-
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Definition 1. A function f : I — R is called Henstock integrable on I or
H — integrable on I if there exists a € R with the following property : for each
€ > 0, there exists a positive function 6 : I — (0,00) such that

< g,

D L&) 1Ak —a
—

whenever T is a Henstock ¢ - fine partition of I.We shall put « = (H) [ f and by
I
H(I) or H (a,b) we shall denote the class of all H — integrable functions on I.

Definition 2. A function f : I — R is called McShane integrable on I or
M — integrable on I if there exists 8 € R with the following property : for each
€ > 0, there exists a positive function ¢ : I — (0,00) such that

<g,

D f(&) A -8
-

whenever T is a McShane § - fine partition of I.We shall put 8 = (M) [ f and
T

by M (I) or M (a,b) we shall denote the class of all M — integrable functions
on I.

Obviously, if f is M — integrable, then f is H — integrable and

™ [1=00 [ 1.

If f : T — R is Lebesgue integrable we shall denote its integral by (£) [ f and
T

by L£(I) or L(a,b) we shall denote the class of all £ — integrable functions on
I.A function f: I — R is called an elementary function if it is of the type

f= Z 0 AE;
i=1

where m € N*,a; € R,V i = 1,m, and E;, ¢ = 1,m are Lebesgue measurable
sets.

2 Preliminaries

Theorem 1. (Theorem 3.3 of [6]). Let fn, : I — R be a sequence of functions
of M (I). We suppose for each z € [a,b]

fi(@) < fo(@) < f3(2) < oo fn (2) < frga (2) < s
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and li_>m fn(z) = f (x) is finite. If the sequence ((M) ffn) is convergent to
n—oo T n
a € R, then

feM) anda:(M)/f.

I

The following will be obvious.

Corollary 1. . Let E C I be a set of type |J (an,brn), where (an,bn) () (@m,bm) = ¢
for m # n. Then

n=1
Ag € M(I) and (M)/)\E:|E|
I

Theorem 2. (Henstock's lemma of [5]). Let f € H (I) be a function and given
e>=01letd: I — (0,00) be a positive function such that for each partition T
Henstock — fine of I, we have

<e.

S feiad -0 [ 1
2

I

Then for each P C T we have

Z [ (&) Akl — (H)/f) <e,
P Ay

3 f(fk)IAkl—(’H)/f <.
P Ax

It is shown without difficulty

Theorem 3. . Let (f,),~; C M(I) be a sequence of real functions with the
following property: 1i_>m fn (z) = f (z) uniformly on I. Then

feM(I) and (M)/fz lim (M)/fn.
I

n—oo
1
Lemma 1. . Let E C I be a Lebesgue measurable set having |E| = 0. Then

A € M(I) and (M)//\E = 0.
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Proof: Let € > 0 be a positive number.There exists a countable set J and a
family of disjoint open intervals (a;,b;) ;. ; such that

E C U (aj,bj), Z(bJ —aj) < E.
jeJ jeJ

Now, we define § : I — (0,00) as follows: for z € E, there exists a unique
Jj € J such that z € (aj,b;) and we shall put ¢ () = min (z — a;,b; — ), and
when z ¢ E we take 6 (z) = 1. For a partition T = {(Ag,&) € Z x I,k =1,n}
of I, McShane 6— fine, we have A, C (& — 6 (&), &k + 0 (€k)) . Then

D Am (&) 1Ak = D A
—

(LEE

But |Ag| < 26 (&) = 2min (& — aj,b; — &) for & € (a;,b;) . Since

min (6 — a5,b; — &) < %
we have
|Ak| < b]' —aj.
Then
DA =D (b —a;) <e
& EE jeJ
and the statement is proved. a

Lemma 2. . Let E C I be a Lebesgue measurable set. Then

Ag € M(I) and (M)/)\E=|E|

T
Proof: For each n € N* there exists E, = | (ap,b}), (af,b7) N (a},b7) = ¢
k=1
for i # j, such that
1
ECE,and |E,| < |E|+ o (1)

Without restricting the generality we can suppose E, D E,41, for all n > 1.
Let A= (] Ey. Obviously E C A and

Veel, \M(x)>X(x)>A3(x) > ... (x) > Ay () > 024 (2)

where A, (£) = Ag, (z), 2 € I. Then up (z) = M (z) —Ap(z),n > 1,z €1
satisfies
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and
lim wu, (z) = A1 () — A4 (2).

n—00

According to corollary 1 (uy),~; C M (I) and satisfies the conditions of the
theorem 1, therefore \; — A4 € M (I). Then A4 € M (I) and in addition

n—0o0

M) [ A4 = Jim (M) [, = lim |E,. (2)
1 1
But from (1) and E C A we get
lim [B,| = |B| = 4] 3)
Then |A — E| = 0 and according to lemma 1,

Mp € M(I) and (M) / M m=0.
T
From Ag = Ag — Aa_g we get Ap € M (I). Then from (2) and (3)
(M) [ xe =B
T
Thus the proof is finished. O

Corollary 2. . Let f: I — R be a bounded function of L(I). Then

fem) and (M) [ 1=0) [ £

Proof: According to lemma 2 any elementary function belongs to M (I) .But
any bounded application of £ (I) is the uniform limit of a sequence of elementary
functions and the statement is deduced immediately from theorem 3. a

Corollary 3. . Let f: I — [0,00), f € L(I). Then
fem) and (M) [ 1=0) [ £
T T

Proof: Because f is the simple limit of an increasing sequence of bounded appli-
cations of £ (I) then the corollary 2 and theorem 1 prove the assertion. O
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3 Main results.

Theorem 4. . (see [7], p.90 —94). Let f : I — R such that f € L(I). Then

fem) and (M) [ 1=0) [ £
I I

Proof: From f € £ (I) we have f*, f~ € £(I) and consequently from Coro-
llary 3,

frorem, =@ [ [r=o 1
I I I I
Therefore the fact is proven. O

Theorem 5. . If f € H (I), then the function F : I — R, F (z) = (M) [ f () dt,

a

a<z<b, F(a) =0 is continuous and F' (z) = f (z) a.e.

Proof: (7). First we shall show that F' is continuous on [a, b] .Given € > 0, there is
a positive function § (x) such that for any partition 7 = {(Ak, &) €I xI k=1, n}
of I, Henstock §—fine, we have

Zf(Ek)IAkI—("H)/f e
2

I

Let a <zg <band 0 < x—x¢ < 6 () - Since ([zo,2], o) is § (xg) —fine, by
theorem 2 we have

f (o) (w—wo)—(%)/f(t)dt <e.

If we put & (z0) = min (g, (z0)) we have
|F () = F (w0)| < e+|f (w0)| (z — z0) < € (14| (z0)|) for 0 < z—z0 <& (o).

This implies the right continuity of F' at z. Similarly, we can show that F is
left continuous at zq for a < xg < b.
(#7) . Now we shall prove that F' (z) = f (z) a.e.
-0}

Let P »
A:{xe(a,b) : limsup F)-F@ _ f(z)

z—z Z—T




On the Henstock and McShane integrability 291

and for every n > 1 we put

Anz{we(a,b) : limsup Fe) = F () f (@) >'l}
z2—T 2=z n
Obviously
A= UA"'
n=1

We fix n > 1. We shall prove |4,|" = 0.

Indeed, given € > 0 there exists a positive function § : I — (0, 00) such that
for every partition 7 = {(A,&) € Z x I,k =1,m} of I, Henstock d—fine, we
have

F&) 1Ak =) [ £ < = (1)
> f @) / =
Let € A,,. For all p € N* there exists , € (a,b) such that
IF(2) = F(2) = £ () (2 = )| = |y — 2] @
|2p — 2| < min (6 (z), %) (3)

If we denote by ;v;) the symetric of z, relative to x, we get :1:;, € (a,b).

Now let U (x) be the family of all closed intervals with end points z), a:;,, p€E N*.

Then U (4,) = U U (z) is a Vitali cover of A,. Using the Vitali covering
TEAR
lemma there exists a finite family I, I», I3, ...I, of disjoint elements of U (A,)

such that .
* >
A I —. 4
|An| '<k§_1|k|+2 (4)

If 2, is the middle of I , k = 1,7, then z; divides I} in two intervals I}, I
with the same lenght.According to (2) at least one of the two intervals I}, I?
denoted by Ay and with the end points zy, yj satisfies

[P (85) — f (o) Akl = A )

where by F (Ag) we denote F (zx) — F (yi) if Ap = [yk, zx] or F (yg) — F (z,)
if Ak = [mk,yk] . Since
1

we get from (5)
1
|F (Ak) = f (k) [Akl] > o |2k |- (6)
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Then from (1), (4), (6) and theorem 2 we get
|4,]* <e.

Because € > 0 was chosen arbitrarily we get

|4,|* = 0.
From
oo
A=A,
n=1
we get immediately the proof. a

Corollary 4. . A function f: I — R which is H -integrable on I is necessarily
Lebesgue measurable.

Corollary 5. . (Proposition 5 of [6]). If f € M(I), then its indefinite integral

F(:U)=(./\/l)/f(t)dt, a<z<b F(a)=0

is continuous and F' (z) = f (z) a.e.

The proof is immediate according to theorem 5 and the fact that M -integrability
implies ‘H -integrability and the equality

(M)/f(t)dt:(’H)/f(t)dt, Voel

Corollary 6. . (Corollary 3 of [3]). A function which is M -integrable on I is
necessarily Lebesgue measurable.

Theorem 6. If f : I — [0,00) is H -integrable on I, then f € L(I) ( and

feM()) and
 [r=00 1

Proof: According to corollary 4, f : I — [0,00) is necessarily Lebesgue measur-
able. Then, there exists an increasing sequence of functions (fy),~, such that V
n € N* f, is bounded and a

lim f,(z)=f(x), Vx el

n—oo
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Then for all V n € N* f,, € £L(I) and by corollary 3V n € N* f, € M(I). In
addition we have
M [a=0) [ 1u
1 1

Thus, the theorem 1 and a classical result of Lebesgue integrability finishes the
proof. a

Theorem 7. . Let f : I — R. The following assertions are equivalent:
i) f is Lebesgue integrable on I
i1) f is Lebesque measurable and |f| is H -integrable on I.

Proof: Let f: I — R be a Lebesgue integrable.Then |f| : I — [0, o) is Lebesgue
integrable and according to corollary 3, |f| € M (I) c H (I).

Reciprocally if | f| : I — [0, 00) is H -integrable, then by theorem 6, |f| € £ (I)
sofecl(). |

Theorem 8. (Theorem 2 of [3] or Theorem 1 of [8]). Let f : I — R. The
following assertions are equivalent:

i) f is Lebesgue integrable on I

i1) f is McShane integrable on I.

Proof: Let f : I — R, M -integrable.Then f is Lebesgue measurable and |f]|
M -integrable (corollary 1 of [3]). According to theorem 7, the statement is
closed. 0

As a conclusion we can say that any McShane integrable function is Lebesgue
integrable and a function is Lebesgue integrable if and only if it is Lebesgue
measurable and |f| is Henstock integrable.
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