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In the present paper we explain a problem, using some general facts
about linear systems of conics.
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1 Introduction
The starting point of this paper is the following well known problem (see e.g.
[LN], p-20):
Problem 1.1. Let f, g: R - 1R,

flx) =222 +2, g(z) =2 + 2z + 1.
If h is another polynomial function of degree 2, such that

9(x) < h(z) < f(z), for all z € IR,
then there exists A, 0 < A < 1 such that

h=Af+(1-X)g.

This problem can be solved, for example, using inequalities, as in the following,.

*Partially supported by Grant CERES 4-147/2004



106 Cristian Voica

Proof: Let h(z) = ax? + bz + ¢; then
(a=1)2*+(b=2)x+(c—1)>0, forallz € R

and
(2—a)z? —bz+(2—¢) >0, forall z € R.

Therefore, 1 < a < 2 and
(b—2) < 4(a—1)(c—1),

b2 <4(2—a)(2—c).

Let A\=a—1, p=c—1, where X and p € [0;1]. Using the inequality between
the arithmetical and the geometrical means, we obtain that

2< bl +12-b <2/ Ap+2/(1 -1 —p) < 2.

Therefore, A = p, b = 2 and we are done. g

The aim of this paper is to explain the above problem, toward algebraic
geometry results.

2 Linear systems of conics

In this section, we use standard notations as for instance those in [H] or [$]. We
prefer to include some known results about linear systems of conics in order to
make the paper self-contained.

Let |2H| be the complete linear system of conics on Pg and let Py, Ps,
..., P. be points of P?. We denote by

L=]2H-P,—P,—...— P,

the sub-linear system of |2H| consisting in those conics C' passing through the
given points. We say that Pi, P, ... P, are the assigned base points of L.

This definition makes sense even if some of the assigned base points are equal:
if, for example, P, = P», then C € L if it passes through P with multiplicity of
at least 2.

We can consider even that some of the given points are infinitely near points
of P2. Such a point determines a direction through one of the ordinary assigned
points, and we impose to the conics in L to be tangent at this direction.

Let P2 be the surface obtained by blowing up the assigned base points on P2
and let f : P2 — P2 be the corresponding morphism. We consider the linear

system
Ly =|f*(2H)—E, —...— E,
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on P2, where E; are the exceptional curves (or their total transforms, if some of
the given points are infinitely near points ). We say that a base point of £; is an
unassigned base point of L.

Proposition 2.1. (See, e.g. [H], p. 396). Let L be a linear system of curves
on P2. If L has no unassigned base points, then for any point Q,

dim|L — Q| = dim(L) — 1.

Proof: Since £ has no unassigned base points, ) impose a new condition to
curves in £, independent to all the old conditions. Then the vector space corre-
sponding to |£ — Q| is a hyperplane in the vector space corresponding to £, and
the dimension drops exactly by one. a

Proposition 2.2. Let
,C=|2H—P]_—P2——PT|,
.7:=|H—P1—P2—...—Ps|

be two linear systems of conics on P2. If L has no unassigned base points, and
if s < r, that remains true for F.

Proof: Consider the blow-up P2 of P2 in P|, P,,..., P, and the linear systems
L=|f*QH)—E —Ey—...—E,|, F=|f*(2H) — By — By — ... — E|.
Since £ is a subsystem of F, we have that
Bs(F) C Bs(L) = 0.

Then F has no unassigned base points. g

Proposition 2.3. (See, e.g. [H], p. 396) Let P, Ps,..., P, be (ordinary or
infinitely near) distinct points of P2.

1. For k>3, |2H — kP,| = 0.
2. L1 = |2H — 2Py| has no unassigned points and dim(L;) = 2.
3. dim(|2H — 2P, — Py|) = 1.

4. Suppose that Py, Py, P3, Py are ordinary distinct points, any three of them
no collinear. Then

Ly=|2H—P, — Py — P; — Py

has no unassigned base points.
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5. Let P, Py, P; be ordinary points on P2, and let Py be infinitely near P.
Suppose that Py, Py, P3 are no collinear, and that neither Py, nor Ps does
belong to the line of P2 corresponding with Py. Then

L3 =|2H — P, — P, — P; — Py|
has no unassigned base points.

Proof: 1. If C would be a conic in |2H — kP |, then the multiplicity of P, on C
would be at least k, which is impossible.

2. A conic C is in £; if and only if C is a union of two lines passing through P; .
Since |H — P | has no unassigned base points, we conclude that £ = |2H — 2P|
has no unassigned base points, and that dim(L;) = 2.

3. We can apply Proposition 2.1 to the linear system |2H — 2P |.

4. We will prove that, for any (ordinary or infinitely near) point @, there exists
a conic in Lo, not passing through Q; therefore, L2 will have no unassigned base
points.

Let l;,; denote the line P;P;. Consider the conics

C=l2Ul3,

and
D = 11’3 U l2,4.

Since
CﬂD:{P13P27P3aP4}

we conclude in the case when @ is different from the assigned base points. On
the other hand, if, for example, Q = P, this point could not be an unassigned
base point, because C' passes through P; with a multiplicity exactly one.

5. Let g be the blow-up morphism from X = P?(P;, P,, P3) to P?, and let h be
the blow-up morphism from X (P;) to X. We consider the morphism f = hog
and the linear system

Ls =|f*(2H) — Ey — Ey — E3 — E4|,

where Ey, E», E5 are the total transforms by h of the exceptional curves of g, and
E, is the exceptional curve of h.

Let Iy 4 be the line in P? passing through P; and corresponding to direction Pj.
The linear system L3 contains the conics

C = l1,4 U l2’3 and D = 11’2 U l1,3.
(Observe that the proper transform D of D, i.e.
D=g*(D)—E, —Ey—E3=1,Ul,3UE,

is a curve on X, passing through Py.)
On X, the proper transforms C and D does not intersect, and the same is true
on X. Therefore, £3 has no base points. O
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Corollary 2.1. Let P, and P, be ordinary points on P2, and let Q1, Q2 be
infinitely near points to P, Py. Suppose that P, does no belongs to the line of P2
corresponding to QQ2, and that P> does mot belongs to the line corresponding to
Q1. Then

dzm(|2H — P1 — P2 — Ql — Q2|) =1.

3 An explanation for Problem 1.1

In this section we give an explanation for the Problem 1.1, using the results from
above. We use the notations from Section 1.

We consider the complex projective plane PZ with coordinates (z : y : 2).
Let C,C and Cs be the projective conics, defined in the affine open set

U=(z+#0)CPg%
by the equations
y = h(z), y = f(z),respective y = g(z),
ie.
C =V(yz —az® — bxz — c2?),
Cy = V(yz — 22 — 22°),
Co = V(yz — 2% — 222 — 2%).

Observe that C; and Cy have a common tangent line in P = (0 : 1 : 0).
In fact, this is a common property for all the conics, described as the projective
closure of an affine parabola, graph of a 2nd degree function. Therefore, C' have
the same tangent line in P; as the above curves.
Since
CinCy=4{(0:1:0),(1:4:1)},

C; and C3 have another common tangent line in P, = (1:4:1).
If we denote by ()1 and Q2 the infinitely near points corresponding to the
tangent lines from above, we obtain that C; and Cy are members of the linear

system
L=2H—-P, — P, —Q1— Q2|

On the other hand, from the condition
f(z) < h(z) < g(z),for all z € R,
we obtain that the curve C' passes through P». The same condition give that

o @ =) L g@) —g() _ L h@) = h(1)

z—1 r—1 z—1 r—1 z—1 r—1 ’

i.e.
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Therefore, C have the same tangent line in P, as C; and C5, and we obtain that
Cel.

From the Corollary 2.1, we know that the (projective) dimension of £ is 1.
Therefore, £ corresponds to a vector sub-space in H°(P2,0(2)), of dimension 2.
Any two different conics in £, in particular C; and Cy determine a base of this
vector space. Therefore, there exists A and p in € such that

C = \Cy + pCs.

Express this equality in terms of equations, in the affine open set U = (z # 0)
to obtain that

y—h(z) = Ay — g(z)) + ply — f(z)),
i.e.

h(z) = Ag(x) + pf(z).
A simpler re-interpretation of the problem gives A, u € R and A + p = 1.
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