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Abstract

We show that ”half” of the non-zero components of the generic ideal J
of a complete intersection ideal I = (f1, f2, f3) C K[z1,z2, z3], with respect
to the reverse lexicographic order, are uniquely determined by the Hilbert
function H(I,—) of I. Moreover the whole J is uniquely given by H(I,—) if
and only if complete intersection standard graded K-algebras of embedding
dimension 3 have strong Lefschetz property as it is conjectured in [6]. Also
we give some sufficient conditions for a semi-regular sequence to remain
semi-regular after a permutation.
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1 Introduction

Let K be a field of characteristic zero, S = K{z1,...,2,], I C S a graded ideal
and A = S/I (such ring A is called standard graded). An important invariant
of A is the Hilbert function H(A,—) : N — N given by r — dimg A,, where
A, is the r-th component of A. Let x € A, be an element. If x is regular then
the maps A,_, — A, given by multiplication with 2 are all injective and so
dimg A,_; < dimg A,. From the exact sequence

0= A, 3 A = A JzA, ;=0

*The first author was partially supported by Marie Curie Intra-European Fellowships MEIF-
CT-2003-501046 and both authors were partially supported by CNCSIS and the CEEX Pro-
gramme of the Romanian Ministry of Education and Research contract CEx05-D11-11/2005.
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it follows that
dim(A/(z)), = dim A, —dim A,_,.

The Hilbert series Hy € Z[[t] of A is Ha(t) = Y ;50 H(A,i)t". We have
Hyyz)(t) = (1 —t9)H(t). If 2 is not regular we have only

dimg (A/(z),) > dimg A, —dim A,_,
because dimg x4, _, < dimg A,. It follows
Hay@)(t) = (1 —t*)Ha(t)

in the sense that we have > for all corresponding coefficients of ¢!. In the left
side all the coefficients are non-negative, but in the right side some of them
could be negative. Note also that if H(A/(z),r) = 0 for some r then it follows
H(A/(z),s) =0 for all s > r and so the above inequality becomes

Hay@)(t) = [(1 =t Ha(?)],

where, given a power series U = Y .. uit’ € Z[[t]], we set |U| = Y ;50 vit’
with v; = u; if u; > 0 for all 0 < j < 4 and v; = 0 otherwise. For example
N+t—t3|=1+t+83] =1+t

The element z € A, is called semi-regular on A if H 4/, (t) = |(1—29)H4(t)|.

Lemma 1.1 ([10]). z is semi-regular if and only if the map A,_, = A, is either
injective or surjective for all r € N.

Certainly if  is regular then z is also semi-regular, but A = S/(z1,...,2,)¢,
for example, has no regular elements but all its nonzero elements are semi-regular.
Indeed, if y € S, then the multiplication by y, 4,_, 2y A, is injective for r < e
and surjective for r > e since A, = 0 for r > e. If x € A, is semi-regular then
all general elements of A, are also semi-regular, that is there exists a non-empty
Zariski open set V' C A, such that all the elements of V' are semi-regular. This is
because changing slightly a matrix of maximal rank it remains still of maximal
rank. The following example shows that changing must be really small.

Example 1.2. Let A = K[z1,...,24]/(23,...,23), 8 = 21+ 22 +73 and v = %+
x4+ 3. Then the map A3 — Aj given by multiplication with + is not injective
and not surjective, though v + x4/ defines a bijection A3 — As by Theorem 1.3.
Indeed, the Hilbert power series of A is 1+ 4t + 102 + 16t + 19¢* + 16¢° + 10t° +
4t" 418 but the Hilbert power series of A/(7y) is 1+4¢+9t>+12¢3 + 9t* + 35, that
is the dimension of the cokernel of A3 — A5 defined by multiplication with 7 is
3. Then the multiplication 43 2 Aj is not surjective and so also not injective
because dimg A3 = dimg Az = 16.

An element z € A is called weak Lefschetz if it is semi-regular. It is called
strong Lefschetz if all powers z*, s € N are semi-regular. A has weak Lefschetz
property (respectively strong Lefschetz property) if it has a weak (respectively
strong) Lefschetz element.



Strong Lefschetz property 7

Theorem 1.3 (Stanley [12], Watanabe [13]). If K has the characteristic zero
then K[z1,...,2,]/(2]",...,2%") has strong Lefschetz property for all positive
integers N, a1, ...,0n.

The proof of this result used the Hard Lefschetz Theorem (see [12]) or the
representation theory of the Lie algebra sl(2) (see [13]). When a very simple and
clear statement in linear algebra must be proved using strong sophisticated tools
as the Hard Lefschetz Theorem or the representation theory of the Lie algebra
s1(2) then pure algebraists feel a kind of frustration. Fortunately, finally appeared
some linear algebra proofs (see [7], [8], [11]).

A very important problem in this field is the following:

Conjecture 1.4 (Froberg [5]). If K is an infinite field then any general se-
quence of polynomials fi1, ..., fr is a semi-reqular sequence on S = K[x1,...,%,].

The first min{r, n}-polynomials from the above general sequence form a reg-
ular sequence and so the above conjecture is trivial for r < n. If r = n + 1 the
conjecture follows from Theorem 1.3. Thus the problem starts with » = n + 2.
When n = 3 the above conjecture holds by Anick [1].

Let ”<” be a monomial order on the monomials of S and in<(I) the initial
ideal of an ideal I C S with respect to <. By Gin< (/) we denote the generic
initial ideal of I. Another form of the above conjecture is the following:

Conjecture 1.5 (Pardue [10]). Let K be an infinite field, dy,...,d, € N
and f1,...,fn a general sequence in S = K[z1,...,2,]. Let <” be the reverse
lexicographic order on the monomials of S. Then x,,...,x, is a semi-regular
sequence on S/in<(I), I = (f1,-.., fn)-

Although these conjectures are still open they have already applications in
Criptography (see [4]). Connected with these results are the following two theo-
rems:

Theorem 1.6 (A. Wiebe [14]). Let ”<” be the reverse lezicographic order on
the monomial of S and I a homogeneous ideal of S. Then S/I has weak (resp
strong) Lefschetz property if and only if S/Gin<(I) has the weak (resp. strong)
Lefschetz property too, that is if x,, is a weak (resp. strong) Lefschetz element on

Theorem 1.7 (Harima-Migliore-Nagel-Watanabe [6]). A complete inter-
section standard graded algebra K[z1,x2,23]/(f1, f2, f3) has weak Lefschetz pro-

perty.

The purpose of this paper is to give a description of J =Gin(f1, fo, f3) -the
generic ideal with respect to the reverse lexicographic order. Our Corollary 2.4
says in fact that A has strong Lefschetz property if and only if J is an almost
reverse lexicographic ideal in the language of [10] (an ideal T is almost reverse
lexicographic if for any monomial u of the minimal system of generators of J
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any monomial of the same degree which precedes u in the reverse lexicographic
order is in J as well). This does not hold when A is of embedding dimension 4 as
our Remark 2.5 shows. In general our Theorem 2.2 says only that ”half” of the
components of J are almost reverse lexicographic. The last section studies when
a semi-regular sequence remains semi-regular after a permutation, this happens
for sequence, which are roughly speaking almost regular.

We would like to thank A. Conca and J. Herzog for useful conversations and
remarks especially on Corollary 2.1 and Lemma 3.4.

2 Complete intersection of embedding dimension three

We begin with a nice consequence of Theorems 1.7 and 1.6:

Corollary 2.1. Let A = Klz1,22,23]/(f1, f2, f3) be a complete intersection
standard graded algebra. Then x3,x2,%1 s semi-regular on K[x1,x2, 23]/ Gin<
(f1, f2, f3). In particular, the Pardue Conjecture 1.5 holds when n = 3.

Proof: We show that the sequence z3, 2,1 is semi-regular on K[z, z2,23]/J
for J =Gin<(I), I = (f1, f2, f3), < being the reverse lexicographic order and
(fi) being a general sequence of 3 polynomials which form obviously a regu-
lar sequence. Now, by Theorem 1.7 a complete intersection K-algebra A =
K[z1,22,23]/(f1, f2, f3) has weak Lefschetz property and so z3 is semi-regular
on Kz, xs,x3]/Gin<(f1, f2, f3) by Theorem 1.6. As the embedding dimension
of B = Klx1,z2,3]/(x3,Gin<(f1, f2, f3)) is two, B has even strong Lefschetz
property (see e.g. [6]) and so z3,x; is semi-regular on B. O

Now we study when the above generic ideal J is uniquely determined by the
Hilbert function of J. The main result is given by the following:

Theorem 2.2. Let I,I' C K[z, x2,23] be two graded ideals, A = S/I, A'=S/I'
and J, J' their generic initial ideals with respect to the reverse lexicographic order.
Suppose that

1. A is Artinian and let s be a positive integer such that the Hilbert function
H(A,-) is mazim in s, that is H(A,s) = max; H(A,1).

2. A, A" have weak Lefschetz property.
3. A, A" have the same Hilbert function which is symmetric.

Then J; = J} for any i < s. Moreover if A, A" have strong Lefschetz property
then J = J'.

Proof: H(A,—) is unimodal because A has weak Lefschetz property (see [6,
Remark 3.3]). It follows H(A,i) < H(A,i+1) for all i < s. Set B = S/J,
B' = S/J'. Since H(A,—) = H(B,—) we get also H(B,i) < H(B,i + 1).
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By 1.6 we see that B, B’ have also weak Lefschetz property and z3 is a weak
Lefschetz element on B and B’. Then the multiplication by z3 induces an injective
map B; — B;41. Thus if z3u € J;41 for a monomial u then u € J;, that
is Jiy1 C ({z1, 22}, 23J;). As Jip1 N K[z1, 2] is a lex ideal being strongly
stable, it is uniquely determined by H(B,i + 1) — dimg J;. If J; = J} then it
follows Ji1 = Jj,;. An inductive argument on ¢ < s shows the first part of the
statement.

Now suppose that A, A’ (and so B, B’ by 1.6) have strong Lefschetz property
and z3 is a strong Lefschetz element on B, B’. Let i > s. Then there exists
J < s such that H(B,i) = H(B,j) by the symmetry of the Hilbert function.
Since the multiplication by z3 ’ induces an bijective map B; — B; we get J; =
{z1, 22} U U {zy, 2P 2y 77 U Jjah ) and similarly for J!. Thus J; = J!
because J; = J; as above. O

Remark 2.3. Let A = K[z1,22,23]/(f1, f2, f3) be a complete intersection stan-
dard graded K-algebra with f; homogeneous polynomials of degree d;. Thus
A is Artinian Gorenstein and has weak Lefschetz property by [6]. So H(A,—)
is unimodal and symmetric and by above theorem some of components of the
generic initial ideal J of (f1, f2, f3) with respect to the reverse lexicographic or-
der depends only on H(A,—) which depend only on (d;);. Who can be J? If
dy = dy = d3 = 3 then J can be one of the following ideals:

2 2.4 .3 3 3 3 5 5.7
T = <$1;$1$2;$1$271’2;$2$37331353,331132373;$2$37$1$3;$2$3:373)
3 3 3 5 5.7
Ty = (23, 2720, T123; Ty, T1T3; ToT3, T1T2Ts, ToTS; T175, T2T5; 5 ).
We may see that C; = K[z1,22,23]/T;, i = 1,2 have weak Lefschetz property but
only Cy has strong Lefschetz property, because the multiplication by z3 induces a

map (Cs)2 — (Ca)4 which is not injective (x? is in the kernel) and not surjective
because dim(Cy)2 = dim(Cy)4 = 6. C} is in fact almost reverse lexicographic.

Corollary 2.4. Let A = K[z1,22,23]/(f1, f2, f3) be a complete intersection stan-
dard graded K -algebra with f; homogeneous polynomials of degree d;. The follow-
ing statements are equivalent:

1. A has strong Lefschetz property,

2. The generic initial ideal of (f1, f2, f3) with respect to the reverse lexico-
graphic order depends only on (d;);.

Proof: (1) = ( ) follows from Theorem 2.2. For the converse note that B =
Klz1,2z2,23]/ (:171 ,:1:2 ,a:3 ) has strong Lefschetz property by 1.3. Let J be the
generic initial ideal of (:1:1 ,x§2,x§3) with respect to the reverse lexicographic
order. By 1.6, C = K|[z1,22,x3]/J has strong Lefschetz property. But (2) says
that J is also the generic initial ideal of (f1, f2, f3) with respect to the reverse
lexicographic order. Applying again 1.6 we see that A must have strong Lefschetz

property. 0
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Remark 2.5. If A is a complete intersection standard graded K-algebra of em-
bedding dimension 4 then Theorem 2.2 and the above Corollary are no longer
valid. For example the fourth component of

(V{3 3 3 3
J =Gin(z3, 235,23, z3) C K[z1, 2, %3, T4]
is given by

Ji = ({z1,22}° x {21, 32, T3, 24}, T123, T1 2273, 71 23).

Thus J is not almost reverse lexicographic because x3x3 precedes z173 € Jy
but it is not in Jy. As A = K[z1,Z2,73,74]/ (23,23, 23, 23) has strong Lefschetz
property by 1.3 we see that in this case J is not uniquely determined by H(A, —),
because Gin(f1, fo, f3, f4) is almost reverse lexicographic, when fi, fa, f3, f1 are
general homogeneous polynomials of degree 3 (the idea of this remark is given in

[3, page 838]).

However some components of the generic initial ideal of (f1, fo, f3) with re-
spect to the reverse lexicographic order depend always only on (d;); as Theorem
2.2 says, but which are these? To be more explicit we need to describe precisely
the Hilbert function or equivalently the Hilbert series of K[z1, %2, z3]/(f1, f2, f3),
which we will do next. First we state an elementary lemma which we add only
for the sake of our completion.

Lemma 2.6. Let A = K[x1,...,2,]/(f1,---, [n) be a complete intersection stan-
dard graded K-algebra with f; homogeneous polynomials of degree d;. Then the
Hilbert series of A is given by

n

Ha(t) = [[a+t+... 4570,
i=1
Proof: Denote B; = K[z1,...,2,]/(f1,---, fi), 0 < i < n. Fix i < n. From the
exact sequence
0— Bi(—d,’+1) E) B; — Bz’+1 -0
we get
Hp,,,(t) = (1 - t"+)Hp,.

By recurrence it follows Hp, = (1—1%)--- (1 —t%)/(1—t)" = T_, (1 +t+... +
t4i=1) /(1 — t)"~7 for all 7, the case j = 0 being well known. 0

After small computations we get the following:

Lemma 2.7. Let d € N. The Hilbert series of a complete intersection A =
K(x1,22,23]/(f1, f2, f3) with f; homogeneous polynomials of degree d has the
form:

-1 /. d—2 . d—1 ,.
i+2) d+1 +1\ . . i+ 2\ 3034
HA(t)zZ( 2 )HZ[( 2 )_2<J2 )“d]tdﬂ 1+Z( 2 >t3d T
Jj=1 i=0

=0
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Proposition 2.8. Letd € N, r = |d/2]| and A = K|[z1,22,23]/(f1, f2, f3) be a
complete intersection with f; homogeneous polynomials of degree d. Let J be the

generic initial ideal of (f1, f2, f3) with respect to the reverse lexicographic order.
Then

1. If d is even then
1=H(A,0)=H(A,3d-3)< H(A,1)=H(A,3d—-2) < ...
< H(A,3r—2)=H(A,3r—1).
2. If d is odd then
1=H(A,0)=H(A,3d—3)< H(A,1)=H(A,3d—2) < ...
<H(A,3r—1)=H(A,3r+1) < H(A,3r).
3. If d is even then J; is uniquely determined by d for i < 3r — 1.
4. If d is odd then J; is uniquely determined by d for i < 3r.

For the proof apply Lemma, 2.7 and Theorem 2.2 (we denote by |z| the biggest
integer < z and later by [z] the smallest integer > ).

We obtain similar results to Lemma 2.7 and Proposition 2.8 in the general
case as it follows.

Lemma 2.9. Let 2 < dy < dy < d3 be positive integers. The Hilbert function of
a complete intersection A = K[z1,x2,23]/(f1, f2, f3) with f; homogeneous poly-
nomials of degree d;, for all i, with 1 < i < 3, has the form:

(a) If dy +ds < d3 + 1, then
(1) H(Aa k) = (k—g2), fOT k S d1 — 2,

(2) H(Ak) = ("f") + jdy, for k=dy —1+5,0<j <dp—dy,

(3) H(Ak) = (") +di(ds — di) + X1, (dy — i), for k = dy +j — 1,
1<j<d -2,

(4) H(Ak) =dids = (dl;l)+d1(d2—d1)+221;;1(d1—i); fordi+da—2 <
k<ds—1,

(5) H(A,k‘) ZH(A,dl-I-dz +d3—3—k),f07‘k2d3.

(b) Ifd1 +dy > ds + 1, then
(1) H(Ak) = (*1?), for k<di -2,
(2) H(A k) = ("") +jdi, fork=di —1+j,0<j<dy —d,

(3) H(Ak) = (") + di(d> — i) + X1, (di —d), for k= do — 1+,
0<j<ds—dy,
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(4) H(A k) = H(A,d3 = 1)+ Y0_ (d1 + do — d3 — 2i), for k =ds — 1+,
0<y< | Btdapd=t],

(5) H(A,k) = H(A,dy +do +ds —3—k), for k> ds — 1 4 |91tda=ds=l|
Proof: According to Lemma, 2.6

Hat)=(Q+t+...+tE DA+t 4.+t YA+t +... 1B,

ie, Ha(t) = (072G + 1)t + X025 ditt + Y07 (dy — iyt 1)1+ ¢ +
...+ t?%~1). Now it is obvious that we have to consider the two cases from the
statement and the rest follows after some computations. a

Proposition 2.10. Let 2 < dy < ds < d3 be positive integers and A a complete
intersection, A = Kx1,%2,23]/(f1, f2, f3), with f; homogeneous polynomials of
degree d;, for all i with 1 <14 < 3. Let J be the generic initial ideal of (f1, f2, f3)
with respect to the reverse lexicographic order. Then:

(a) If di +do < d3 + 1, then
1=H(A,0)=H(A,di+ds+d3—3) < H(A,1) = H(A,d1 +d2+d3—4) < ...
<dido=H(A,dy +d2—2)=...= H(A,d3 — 1).
(b) If dy + da > ds + 1, then
(i) For di + ds — ds an even number
1=H(A,0)=H(A,di+dr+d3s —-3) < H(A1) =

di+dy—ds—1
:H(A,d1+d2+d3—4)<...<H(A,d3_1+L1++

di+dy—ds —1
3

)=
= H(A, ds —1+ [-
(i) For di + dy — ds an odd number

IIH(A,O):H(A,d1+d2+d3—3) <H(A,].):

d1+d2—d3—1)
)

(c) If di+day < d3+1, then J; is uniquely determined by d1, dz,ds fori < dsz—1.

(d) If dy + ds > d3 + 1, then J; is uniquely determined by di,ds,ds, for
i < [%] if di + dy — d3 is an even number, respectively for i <
Gtdands=1 it 4y + dy — d3 is an odd number.

Remark 2.11. Let us notice that in the case d; + d2 < d3 + 1 the maximum
of the Hilbert function is dyds, hence it does not depend on ds. In the case
dy + ds > d3 + 1, the maximum of the Hilbert function can be at most dids — 1
and depends on ds.

=H(A,di+dy+d3—4)<...<H(A,d3 -1+
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3 Semi-regular sequences

In general a permutation of a semi-regular sequence is no longer semi-regular (for
example 22,13,z 7o is semi-regular on K[z, xs] but 22, x125, 22 is not, as it is
given in [10]). Here we give some sufficient conditions for that.

The following lemma is inspired by the proof of [9, Proposition 4.3].

Lemma 3.1. Let A be a standard graded K -algebra, f,g two homogeneous ele-
ments of A of degree k respectively q (deg = = 1) which have each mazim rank
on A. Then f has mazim rank on R = A/(g) if and only if g has mazim rank
on A/(f).

Proof: We have the following commutative diagram:

A(—g—k) % A(-k) — R(-k) — 0

\J ) \)
A.¢p &% 4 =S5 R =5 0

\J ) \)
A/(N)(=a) = A/(f) = R/() — O

\J \) \J

0 0 0

where the lines and columns are exact, the first above vertical maps being mul-
tiplication with f. It is enough to show one implication only. Fix a t € N.
Suppose ¢ has maxim rank for A/(f). If the multiplication A;_, — A; by f is
surjective then clearly (4/(f)): = 0 and so (4/(f,9)): = 0 and the multiplica-
tion f : (A/(9))i—r — (A/(g)): by f is surjective. Thus we may suppose the
multiplication A;_ — A; by f injective by our hypothesis. The same argument
shows that the multiplication (A4/(g))t—r — (A/(g)): by f is surjective when the
multiplication g : (A/(f))i—q = (A/(f)): by g is surjective. So we may suppose
also g injective.

Now if the residue class modulo (g) of some z € A; j, is in Ker f then there
exists u € A;_, such that fz = gu in A;. So the residue class modulo (f) of u
is in Kerg = 0, that is u = fv for some v € A;_4_j. It follows z = gv since the
multiplication A;_j — A by f was supposed injective. Thus the residue class of
z modulo g is zero, which shows that f is injective. a

The following lemma is a consequence of Lemma 3.1. It follows also from [8,
Lemma 1.1], or [11, Lemma 3.1].

Lemma 3.2. Let A be a standard graded K-algebra, f a homogeneous monic
polynomial of Alx] of degree k and ¢ € N (deg = = 1). Then f is semi-regular
on Ry, = Alz]/(z?) if and only if 7 is semi-reqular on A[z]/(f).



84 Dorin Popescu and Marius Vladoiu

Corollary 3.3. In the notations and hypothesis of the previous lemma A has
strong Lefschetz property if and only if for all positive integer q the ring Ry has
weak Lefschetz property.

For the proof apply Lemma 3.2 with f = = 4+ § for a generic linear form £
of A.

Lemma 3.4. Let A be a standard graded K -algebra and fy,..., f, some graded
forms of A with deg f; = k;. The following statements are equivalent:

1. Forall j,1 < j <7 and for all t € N the multiplication with f;,

(A/(frs---s fi=1))t=k; = (A/(f1,---, fj=1))e is either surjective or injec-
tive.

2. Forall j,1<j <7 and for all t € N it holds either Ho(f1,...,fj; A)t =0,
OTHl(fl,...,fj;A)tZO.

Proof: By [2, Corollary 1.6.13] we have the following exact sequence of Koszul
homology modules in degree ¢:

Hl(fl:"'afrfl;A)t — Hl(fl)“'JfT;A)t —

HO(fl; ---;fr—l;A(_kr))t i} HO(fl;- --;fr—l;A)t — Hg(fl,. --7f7‘;A)t — 0.

Apply induction on r, the equivalence (1) <= (2) being trivial for » = 1. Suppose
r > 1 and that the equivalence holds for » — 1 by induction.

(1) = (2) Assume Ho(f1,...,fr; A # 0, that is ((f1,...,fr)A) # As.
Then ((f1,...,fr-1)A): # A; and we have Hy(f1,..., fr—1;A); = 0 by induction
hypothesis. Also the multiplication with f, in the above sequence is not surjective
and so must be injective by (1). It follows Hi(f1,.-., fr; A) =0.

(2) = (1) From the above exact sequence we see that if the multiplication
map by f, is not surjective it must be injective because Ho(f1,...,fr;A) # 0
implies Hy (f1,..., fr; A) =0. |

Lemma 3.5. Let A be a standard graded K -algebra and f1,..., f. some graded
forms of A with deg f; = k; such that each r — 1 from them form a semi-regular
system on A. Let w be a permutation of {1,...,r}. The following statements are
equivalent:

1. For all j, 1< j <7 and for all t € N the multiplication with f;,

(A/(frseos fim1))i—r; = (A/(f1,---, fj=1))s is either surjective or injec-
tive.

2. Forall j,1 < j <r and for all t € N the multiplication with fr(;),

(A/(fw(l)a L) fw(j—l)))t—kj - (A/(fw(l)a ) fw(j—l)))t is either surjective
or injective.
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For the proof apply Lemma 3.1, which shows the case when = is a transposi-
tion.

Proposition 3.6. Let A be a standard graded K -algebra and fi,...,f, some
graded forms of A such that each r — 1 from them form a semi-reqular system on
A. If f1,..., fr is semi-regular then any permutation of it is semi-reqular too.

The proof follows from the above lemma.
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