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Abstract. The geometry problem from the second IMAR test, October
2003, involved a configuration including a triangle, its incenter, its circum-
center and one of the excircles. The pupose of this note is to provide a
’pure’ solution to this problem.
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This mathematical note provides a simple solution to a geometry pro-
blem, illustrating the power of auxiliary constructions over algebraic manipu-
lations.

We will make use of the following two well-known lemmas.
Lemma 1. Let I be the incenter of the triangle ABC and P be the se-

cond intersection of the bisector AI of the angle �BAC and the circumcircle
of the triangle ABC. Then BP = PI.

Proof. From ΔABI, �BIP = �ABI + �BAI.
Then�IBP = �CBI + �CBP = �ABI + �CBP,
asBI is the bisector of �ABC. Since �PBC=�PAC
and �PAC=�BAI, �IBP = �ABI + �BAI.
It follows that �BIP = �IBP and so BP = PI.
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Lemma 2. Let I be the incenter of the triangle ABC and Ia be the

center of its excircle corresponding to A. Let P be the intersection between the
bisector AI of �BAC and the circumcircle of ABC. Then P is the midpoint
of the segment IIa.
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Proof. Let K, M , N be the contacts of the
A− excircle with AB, AC, respectively BC. Then�IaBP = �IaBN − �PBN . Since [BIa is the
bisector of �KBC, �KBIa = �IaBN . Hence�IaBP = �KBIa − �PBN = �KBIa − �BAP.
Since �KBIa = �BAIa + �BIaI and �BAIa =
= �BAP , �BIaI = �KBIa − �BAP . Therefore�IaBP = �BIaP , BP = IP , and because BP =
= IaP , P is the midpoint of the segment IIa. �

Problem. Let I and O be the incenter and circumcenter, respectively,
of the triangle ABC. The excircle ωA is tangent to AB, AC and BC in K,
M , N respectively. If the midpoint P of KM is on the circumcircle of ABC,
prove that O, I, N are collinear.
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Solution. Let Q be the midpoint of BC
and R be the intersection of lines PQ and IN .
Since both lines are perpendicular to BC,

PR ‖ IaN . Therefore
PR

NIa
=

IP

IIa
, hence

PR

IP
=

NIa
IIa

. But IP ≡ BP (by Lemma 1) and

NIa ≡ KIa (both are radii of the excircle), so

PR

BP
=

KIa
IIa

. (1)

Now

�BPR = 90◦ − �PBQ = 90◦ − �A

2
and

�KIaI = 90◦ − �KAIa = 90◦ − �A

2
.

So �BPR = �KIaI and, by (1), �PRB ∼ �IaKI. It follows that�BRP = �IKIa.
By Lemma 2, P is the midpoint of [IIa]. We also know that AIa ⊥ KM ,

as PIa is the median of the isosceles triangle KMIa. Therefore �KIIa is
isosceles and �IKIa = 2�PKIa = 2�KAIa.

Therefore �BRP = 2�KAIa = �A. Since �RBC is isosceles, we have�BRC = 2�BRP = 2�A. We can conclude that R is the circumcenter of
triangle ABC, so I, O, N are collinear.
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