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Abstract. In this paper we shall find the best minimal and maximal

rational bounds of form
αR+ βr

R+ γr
with α, β ∈ R and γ > −

√
2, for the

sum
∑

cyclic

sin
A

2
cos

B

2
where A,B,C,D represent the angles of a bicentric

quadrilateral with circumradius R, inradius r and semiperimeter s.
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1. Introduction

In [6], Zhang Yun established the following inequality.

1. In every bicentric quadrilateral holds the inequality

r
√
2

R
≤ 1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤ 1.

Another proof for this inequality, given by Martin Josefsson, can be
found in [5].

A refinement of Yun’s inequality is given by Vasile Jiglău in [4].
In [2] appears a refinement of Yun’s inequality of the type

f(R, r) ≤ 1

2

∑
cyclic

sin
A

2
cos

B

2
≤ g(R, r)

where f(r,R), g(r,R) represent the best minimal and maximal homogenous
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functions for the sum
1

2

∑
cyclic

sin
A

2
cos

B

2
; g(R, r) is determined also in [4],

where it is stated that
2. In every bicentric quadrilateral holds

1

2
+

1

2

√
r(r +

√
4R2 + r2)

2r2
≤ 1

2

∑
cyclic

sin
A

2
cos

B

2
≤

√
4R2 + r2 + r

2
√
2R

. (1)

The proof of this theorem is based on the monotony of the function (see [2])

E : [S1, S2] → R, E(S) =
1

2

∑
cyclic

sin
A

2
cos

B

2
=

1

2

√
1 +

x3
4R2

+
x3

8R2r
S. (2)

We remember the known facts that

sin
A

2
= cos

C

2
=

√
bc

ad+ bc

x3 = ac+ bd = 2r
(
r +

√
4R2 + r2

)
,

(see [1]) and

S1 =

√
8r(
√

4R2 + r2 − r), S2 = r +
√

4R2 + r2

are the semiperimeters of the bicentric quadrilaterals A1B1C1D1, A2B2C2D2

which make up the minimal and maximal semiperimeter from Blundon-Eddy
inequality S1 ≤ S ≤ S2 (see [3]).

2. Main results

In the following we find the best real constants α, β and γ > −
√
2 such

that the inequality

αR+ βr

R+ γr
≤ 1

2

(
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2
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B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
.

(3)
is true in every bicentric quadrilateral.

3. In every bicentric quadrilateral holds

R+ 2
√
2r

2R+
√
2r

≤ 1

2
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2
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2
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2
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C

2
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cos
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2
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2

)
.

(4)
Proof. From (1) we have that

1

2
+
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2

√
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√
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2R2
≤
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2
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2
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2
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2
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2
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2
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)
.
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In order to prove (4) it will be sufficient to prove that

R+ 2
√
2r

2R+
√
2r

≤ 1

2
+

1

2

√
r(r +

√
4R2 + r2)

2R2

or, after denoting x =
R

r
that

x+ 2
√
2

2x+
√
2
≤

1

2
+

1

2

√
1 +

√
4x2 + 1

2x2
, that is

3
√
2

2x+
√
2
≤

√
1 +

√
4x2 + 1

2x2
, or

9(√
2x+ 1

)2 ≤ 1 +
√
4x2 + 1

2x2
, or

18x2 ≤
(√

2x+ 1
)2

+
(√

2x+ 1
)2√

4x2 + 1,

or (16x2 − 2
√
2x − 1)2 ≤ (4x2 + 1)(2x2 + 2

√
2x + 1)2, or, after performing

some calculation, that 4x2(x−
√
2)2(4x2 + 16

√
2x+ 5) ≥ 0, which is true.

Next, we shall prove that the inequality (4) is the best of type (3).
We suppose that other constants α0, β0 ∈ R, γ0 > −

√
2 exist, such that

α0R+ β0r

R+ γ0r
≤ 1

2

(
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A

2
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B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
is true in every bicentric quadrilateral and this inequality is the best inequal-
ity of type (3). So we have that

R+ 2
√
2

2R+
√
2r

≤ α0R+ β0r

R+ γ0r
≤

≤ 1

2

(
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2
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B

2
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B

2
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C

2
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C

2
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D

2
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D

2
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A

2

) (5)

is true in every bicentric quadrilateral.
If we consider the case of bicentric quadrilateral A1B1D1C1 which makes

up the minimal semiperimeter S1 =

√
8r
(√

4R2 + r2 − r
)
, from (5) it results

that the inequality
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√
2r

2R+
√
2r
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≤ 1

2
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1

2

√√√√r
(
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√
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)
2R2

=

=
1

2

(
sin

A1

2
cos

B1

2
+ sin

B1

2
cos

C1

2
+ sin

C1

2
cos

D1

2
+ sin

D1

2
cos

A1

2

)
≤

≤ 1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
(6)
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is true in every bicentric quadrilateral. Now (2) yields

1

2

(
sin

A1

2
cos

B1

2
+ sin

B1

2
cos

C1

2
+ sin

C1

2
cos

D1

2
+ sin

D1

2
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2

)
=

=
1

2

√
1 +

x3
4R2

+
x3

8R2r
S1 ≤

1

2

√
1 +

x3
4R2

+
x3

8R2r
S =

=
1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
.

If we consider the case of square with sides a = b = c = d = 1, R =
1
√
2
,

r =
1

2
, if we replace in (6) we obtain

1 ≤ α0

√
2 + β0√

2 + γ0
≤ 1 or α0

√
2 + β0 =

√
2 + γ0. (7)

From (6) we have

x+ 2
√
2

2x+
√
2
≤ α0x+ β0

x+ γ0
≤ 1

2
+

1

2

√
1 +

√
4x2 + 1

2x2
(8)

for each x ≥
√
2.

If we take in (8) x → ∞, we obtain
1

2
≤ α0 ≤

1

2
or α0 =

1

2
. From (7)

we obtain β0 =

√
2

2
+ γ0. Inequality (8) may be written as

x+ 2
√
2

2x+
√
2
≤

1
2 x+

√
2
2 + γ0

x+ γ0
≤ 1

2
+

1

2

√
1 +

√
4x2 + 1

2x2
(9)

for each x ≥
√
2.

The left side of (9) is equivalent with
(
√
2γ0 − 1)(x−

√
2)

√
2

≥ 0 for each

x ≥
√
2, or

γ0 ≥
1√
2
. (10)

The right side of (9) may be written as
γ0 +

√
2

x+ γ0
≤

√
1 +

√
4x2 + 1

2x2
for

each x ≥
√
2 or

γ0 ≤
x(
√

1 +
√
4x2 + 1− 2)

√
2x−

√
1 +

√
4x2 + 1

(11)
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for each x ≥
√
2. We consider the function f : [

√
2,+∞) → R,

f(x) =
x
(√

1 +
√
4x2 + 1− 2

)
√
2x−

√
1 +

√
4x2 + 1

.

From (11) we have γ0 ≤ min
x≥

√
2
f(x). We compute

lim
x→

√
2
f(x) = lim

x→
√
2

x
(√

4x2 + 1− 3
)

(
2x2 − 1−

√
4x2 + 1

)
(√

2x+
√

1 +
√
4x2 + 1

)
(
2 +

√
1 +

√
4x2 + 1

) =

=
√
2 lim
x→

√
2

4(x2 − 2)

4x2(x2 − 2)

2x2 − 1 +
√
4x2 + 1√

4x2 + 1 + 3
=

1√
2
.

We prove that lim
x→

√
2
f(x) =

1
√
2
≤ f(x) for each x ≥

√
2 which implies that

1
√
2
= lim

x→
√
2
f(x) = min

x≥
√
2
f(x). So

γ0 ≤
1√
2
. (12)

It remains to prove that
1
√
2
≤ f(x) =

x
(√

1 +
√
4x2 + 1− 2

)
√
2x−

√
1 +

√
4x2 + 1

, that

is
√
2x −

√
1 +

√
4x2 + 1 ≤ x

√
2
√

1 +
√
4x2 + 1 − 2

√
2x, which reduces to

3
√
2x ≤

(
x
√
2 +

√
2
)√

1 +
√
4x2 + 1, or

3
√
2

2x+
√
2
≤

√
1 +

√
4x2 + 1

2x2
, ine-

quality which was proved during the proof of theorem 3.

From (10) and (12) follows that γ0 =
1
√
2

and β0 = γ0 +

√
2

2
=

√
2,

which represents a contradiction. So, that the inequality (4) is the best of
type (3). 2

Next, we shall find the best real constants α, β and γ > −
√
2, such that

the inequality

1

2

(
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A

2
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B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤ αR+ βr

R+ γr
(13)

is true in every bicentric quadrilateral.
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4. In every bicentric quadrilateral is true the inequality

1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤
R+

(
6− 4

√
2
)
r

√
2R+

(
4− 3

√
2
)
r
. (14)

Proof. From (1) we have that

1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤
√
4R2 + r2 + r

2
√
2R

.

In order to prove (14), it will be sufficient to prove that
√
4R2 + r2 + r

2
√
2R

≤
R+

(
6− 4

√
2
)
r

√
2R+

(
4− 3

√
2
)
r
,

or √
4x2 + 1 + 1

2
√
2x

≤ x+ 6− 4
√
2√

2x+ 4− 3
√
2
,

or √
4x2 + 1 + 1

2
√
2x

≤ x+ 2α1√
2(x− α1)

,

or
(x− α1)

√
4x2 + 1 ≤ 2x2 + (4α1 − 1)x+ α1.

After squaring and performing some calculations we obtain that

4x
[
(6α1 − 1)x2 + (3α2

1 − α)x+ 2α2
1

]
≥ 0

or
4(17− 12

√
2)(x−

√
2)2 ≥ 0

for each x ≥
√
2, inequality which is true. 2

Next we shall prove that the inequality (14) is the best of type (13).
We suppose that other constants α0, β0 ∈ R, γ0 > −

√
2 exist such that

1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤ α0R+ β0r

R+ γ0r

is a better inequality of type (13). It follows that

1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤ α0R+ β0r

R+ γ0r
≤ R+ (6− 4

√
2)r√

2R+ (4− 3
√
2)r

(15)
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is true in every bicentric quadrilateral.
If we consider the bicentric quadrilateral A2B2C2D2 which makes up

the maximal semiperimeter S2 =
√
4R2 + r2 + r, from (15) it follows that

1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤ 1

2

(
sin

A2

2
cos

B2

2
+ sin

B2

2
cos

C2

2
+ sin

C2

2
cos

D2

2
+ sin

D2

2
cos

A2

2

)
=

=

√
4R2 + r2 + r

2
√
2R

≤ α0R+ β0r

R+ γ0r
≤

R+
(
6− 4

√
2
)
r

√
2R+ (4− 3

√
2)r

(16)

is true in every bicentric quadrilateral since we have

1

2

(
sin

A2

2
cos

B2

2
+ sin

B2

2
cos

C2

2
+ sin

C2

2
cos

D2

2
+ sin

D2

2
cos

A2

2

)
=

=
1

2

√
1 +

x3
4R2

+
x3

8R2r
S2 ≥

1

2

√
1 +

x3
4R2

+
x3

8R2r
S =

=
1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
.

In the case of the square with sides a = b = c = d = 1, R =
1
√
2
, r =

1

2
,

the relation (16) yields 1 ≤
α0/

√
2 + β0/2

1/
√
2 + γ0/2

≤ 1, or

α0

√
2 + β0 = γ0 +

√
2. (17)

From (16) we have
√
4x2 + 1

2
√
2x

≤ α0x+ β0
x+ γ0

≤
R+

(
6− 4

√
2
)
r

√
2R+

(
4− 3

√
2
)
r
.

If we take x → ∞, we obtain
1
√
2
≤ α0 ≤

1
√
2

or α0 =
1
√
2
.

Replacing in (17) we obtain

β0 = γ0 +
√
2− 1. (18)

From (16) we obtain that

√
4x2 + 1 + 1

2
√
2x

≤

1
√
2
x+ γ0 +

√
2− 1

x+ γ0
≤ x+ 6− 4

√
2√

2x+ 4− 3
√
2

(19)

for each x ≥
√
2. The right side of inequality (19) may be written as[

5
√
2− 7 +

(√
2− 1

)
γ0

] (
x−

√
2
)
≤ 0
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for each x ≥
√
2 or γ0 ≤

7− 5
√
2

√
2− 1

for each x ≥
√
2. It results that

γ0 ≤ 2
√
2− 3. (20)

The left side of inequality (19) may be written as

γ0 ≥
x
[√

4x2 + 1− 2x− 3 + 2
√
2
]

2
√
2x− 1−

√
4x2 + 1

. (21)

Consider the function f : [
√
2,+∞) → R,

f(x) =
x
(√

4x2 + 1− 2x− 3 + 2
√
2
)

2
√
2x− 1−

√
4x2 + 1

.

From (21) we obtain that γ0 ≥ f(x) for each x ≥
√
2. It follows that

γ0 ≥ max
x≥

√
2
f(x). We have

lim
x→

√
2
f(x) = lim

x→
√
2

x
√
4x2 + 1− 2x2 − (3− 2

√
2)x

2
√
2x− 1−

√
4x2 + 1

=

= lim
x→

√
2

√
4x2 + 1 +

4x2
√
4x2 + 1

− 4x− (3− 2
√
2)

2
√
2−

4x
√
4x2 + 1

= 2
√
2− 3.

We prove that

f(x) ≤ 2
√
2− 3 = lim

x→
√
2
f(x) (22)

for each x ≥
√
2 which implies that max

x≥
√
2
f(x) = 2

√
2− 3 and

γ0 ≥ 2
√
2− 3. (23)

Inequality (22) may be written equivalently as

x
(√

4x2 + 1− 2x− 3 + 2
√
2
)

2
√
2x− 1−

√
4x2 + 1

≤ 2
√
2− 3

or (x−α1)
√
4x2 + 1 ≤ 2x2+(4α1− 1)x+α1, inequality which it was proved

in the context of theorem 4.
From (20) and (23) it follows that γ0 = 2

√
2− 3. From (18) we obtain

β0 = γ0+
√
2−1 = 3

√
2−4. So, we have α0 =

1
√
2
, β0 = 3

√
2−4, γ0 = 2

√
2−3

which represent a contradiction.
So, the inequality (14) is the best of the type (13). 2
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5. [The rational refinement of Yun’s inequaliy] In every bicentric quadri-
lateral are true the inequalities

r
√
2

R
≤ R+ 2

√
2r

2R+
√
2r

≤

≤ 1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤
R+

(
6− 4

√
2
)
r

√
2R+ (4− 3

√
2)r

≤ 1.

Proof. In the following we consider the functions

F :
(
−

√
2,

1
√
2

]
→ R, G :

[
2
√
2− 3,+∞

)
→ R,

F (γ1) =
R+ (

√
2 + 2γ1)r

2R+ 2γ1r
, G(γ2) =

R+
√
2(γ2 +

√
2− 1)r

√
2R+

√
2γ2r

.

We have

F ′(γ1) =
2r(R− r

√
2)

(2R+ 2γ1r)2
, G′(γ2) =

(2−
√
2)r(R−

√
2r)

(
√
2R+

√
2γ2r)2

.

Since R ≥
√
2r, it follows that F ′(γ1) ≥ 0 and G′(γ2) ≥ 0 which imply

that F and G are an increasing functions. It results that

lim
x→−

√
2
F (γ1) < F (γ1) ≤ F

(
1√
2

)
and G(2

√
2 − 3) ≤ G(γ2) ≤ G(∞) or

1

2
≤ F (γ1) ≤

R+ 2
√
2r

2R+
√
2r

for each

γ1 ∈
[
−

√
2,

1
√
2

]
and

R+ (6− 4
√
2)r√

2R+ (4− 2
√
3)r

≤ G(γ2) ≤ 1 (24)

for each γ2 ∈ [2
√
2− 3,+∞). 2

According to (24), theorem 3 and theorem 4 we obtain the following
result.

6. In every bicentric quadrilateral are true the following inequalities

1

2
<

R+ (
√
2 + 2γ1)r

2R+ 2γ1r
≤ R+ 2

√
2r

2R+
√
2r

≤

≤ 1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤

≤ R+ (6− 4
√
2)r√

2R+ (4− 2
√
3)r

≤ R+
√
2(γ2 +

√
2− 1)r√

2R+
√
2γ2r

≤ 1
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for every γ1 ∈
[
−

√
2,

1
√
2

]
and γ2 ∈ [2

√
2− 3,+∞).
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[4] V. Jiglău, A refinement of Z. Yun inequality, Recreaţii Matematice, No. 2, (2014),
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O GENERALIZARE A PROBLEMEI 27182
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Abstract. This is generalization of problem 27182 from the number
2/2016 of this magazine
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În G.M.-B nr. 2/2016 dl. Ion Nedelcu din Ploieşti propune următoarea
inegalitate:

Numerele reale a, b, c, d verifică a2 + b2 + c2 + d2 = 4. Să se arate că

a4 + b4 + c4 + d4 + 4(a+ b+ c+ d)2 ≤ 68.

În acest articol este prezentată o generalizare a acestei probleme.

Generalizare. Fie n ≥ 2 un număr real, k ≥ 2 un număr natural şi
numerele reale a1, a2, . . . , ak care verifică =a21 + a22 + . . .+ a2k = k. Atunci

a41 + a42 + . . .+ a4k + n(a1 + a2 + . . .+ ak)
2 ≤ nk2 + k.

Demonstraţie. Avem

a41 + a42 + . . .+ a4k =
(
a21 + a22 + . . .+ a2k

)2 − 2
∑

1≤i<j≤k

a2i a
2
j =

= k2 − 2
∑

1≤i<j≤k

a2i a
2
j . (1)
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