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Abstract. In this paper we shall find the best minimal and maximal

. aR+pr
rational bounds of form W with @, 8 € R and v > —/2, for the

sum . sin 5 cos o where A, B, C, D represent the angles of a bicentric
cyclic
quadrilateral with circumradius R, inradius r and semiperimeter s.
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1. INTRODUCTION

In [6], Zhang Yun established the following inequality.
1. In every bicentric quadrilateral holds the inequality

2 1/, A B . B c .C D D A
—— < —(sin— cos — +sin — cos — + sin — cos — +sin — cos — | < 1.
R 2 2 2 2 2 2 2 2 2

Another proof for this inequality, given by Martin Josefsson, can be
found in [5].

A refinement of Yun’s inequality is given by Vasile Jiglau in [4].

In [2] appears a refinement of Yun’s inequality of the type

1 A B
f(R,7) < 3 Z sin - cos o < g(R,r)
cyclic
where f(r, R), g(r, R) represent the best minimal and maximal homogenous
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1
functions for the sum — > sin — cos —; g(R,r) is determined also in [4],
cyclic 2 2
where it is stated that
2. In every bicentric quadrilateral holds

1 1 [r(r+vV4R?+1r2) 1 A B  VAR?>+r2+r
-+ - < - sin—cos — < ——— (1)
2 2 272 2 L= 2 2 2v2R

E:[S,5] =R E(S) == ‘ singcosg—;\/ %+822TS. (2)
cyclic
We remember the known facts that
A C be
ey Ty TV ad t e

x3 = ac + bd = 2r <r+ 4R2—|-7"2) ,
(see [1]) and

S1 = \/8r(\/4R2+r2—r), So =1+ \4AR2 + 12

are the semiperimeters of the bicentric quadrilaterals A1 B1C1.D1, Ao BoCoDo
which make up the minimal and maximal semiperimeter from Blundon-Eddy
inequality S; < S < Sy (see [3]).

2. MAIN RESULTS

In the following we find the best real constants «, 8 and v > —/2 such
that the inequality

ozR+,Br< 1(

A B . B C . .
< SIN — COS — —+ SIn — €O0s — 4 SIn — Cos — + Sin — cos — |.
R+r 2

2 2 T2 T2 T2 T2 T
3)

is true in every bicentric quadrilateral.
3. In every bicentric quadrilateral holds

R+2y2r 1( A B B C D . D
——— < — | sin — cos — + sln — cos — + Sin — cos — + siln — cos — |.
2R+ V2r ~ 2 2 2 2 2 2 2 2 2

(4)
Proof. From (1) we have that

1 +1\/r(r—f—\/4R2+r2
2 2 2R?
1/. A B . B C . C D . D C
< — | sin — cos — + sin — cos — + sin — cos — + sin — cos — | .
2 2 2 2 2 2 2 2 2

) <
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In order to prove (4) it will be sufficient to prove that

R+2V2r 1 1\/7“(7“—{—\/41%2—}—1"2)

- <4
2R++V2r — 2 2 2R2

R r+2v2 1 1 [14++V4a?2+1
or, after denoting x = — that J < -+ A/ ——————, that is
r 20 + /2 2 2 222

3v2 _ 14+ V422 +1 9 <1—|—\/4m2—|—1
, Or < , Or
2x + \/§ - 212 (\/§$ + 1)2 222

2 2
1822 < <\/§:L' n 1) + (\/ﬁx + 1) Vaz? 1,

or (1622 — 22z — 1)% < (42% + 1)(22% + 2v/22 + 1)2, or, after performing
some calculation, that 4z2(x — v/2)%(42% + 161/22 + 5) > 0, which is true.

Next, we shall prove that the inequality (4) is the best of type (3).
We suppose that other constants ag, 8o € R, 79 > —/2 exist, such that

OzoR+ﬁO’f < 1 <

< sin — cos — + sin — cos — + sin — cos — + sin — cos —
R+ vor 2

2 2 2 2 2 2 2 2

is true in every bicentric quadrilateral and this inequality is the best inequal-
ity of type (3). So we have that

R+2V2 _ %R+ for _
2R++V2r = R+ or

()

< 3 (sin20082+sin20052+sin2(:os2+sinzcos2)

is true in every bicentric quadrilateral.
If we consider the case of bicentric quadrilateral A; B1.DC7 which makes

up the minimal semiperimeter S; = \/ 8r (\/ 4R? + 12 — r), from (5) it results
that the inequality

R+2V2r _ooR+for 1 1 r(r+ VARZ+07)

2R+ +V2r = R+or 22 2R?
—1 sinécos&—&—Sin&cosg—i—sinﬁcos&—1—silr1&cosé <
2 2 2 2 2 2 2 2 2 )=

<1_A B+,B C+_C D+,D A (6)
< 5 | sin 5 cos o +sin = cos o + sin o cos o + sin —- cos
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is true in every bicentric quadrilateral. Now (2) yields

1 A1 Bl Bl C Cl D D1 A1
sin — cos — + sin — cos—+81n— cos—+81n— cos— | =
2 2 2 2 2 2 2 2 2
= 1 1+ 4+ —2-5 L 1+ +
- 4R2 8R2 13 4R2 8R2
B 1/ . A B L B C’+ . C D L D A
=3 sin 2 CoS 2 sin 2 CcoS 2 sin 5 CcoS 2 sin 2 CcoS 5 |

1
If we consider the case of square with sidesa=b=c=d=1, R= ﬁ,

r = —, if we replace in (6) we obtain
V2 +
1< 0v2 50<1 or apV2+ By =V2+. (7)
V2+10
From (6) we have
x+2ﬁ aox + Bo 1+1 422 + 1 ®)
2tV xi 273 222
for each = > /2.
1 1 1
If we take in (8) x — oo, we obtain 3 <ap < 3 O a0 =5 From (7)
we obtain By = > + 0. Inequality (8) may be written as
x+2\/§<%m+§+%<1+1 127 + 1 o)
2 +vV2 ~ x + Y -2 2 212
for each = > /2.
27 — 1)(x — V2
The left side of (9) is equivalent with (V2% \/>2>( v2) > 0 for each
x> V?2, or
1
> —. 10
0= (10)
+ V2 1++V4z? +1
The right side of (9) may be written as 20+ V2 < for
x4+ 212
each £ > v/2 or
z(V1+ V4?2 +1-2) (1)

Y0 <
V2 — V1 +VAz2 + 1
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for each z > v/2. We consider the function f : [v/2, +00) — R

x( 1+\/W—2)
V2r -1+ Va2 11

From (11) we have 79 < min f(z). We compute
z>V2

| o e(VaTHT-3) (VI VI+ VI H)
S (202 -1- VA2 1) (24 V14 VA7 +1) B
_ 3 lim 422 -2) 22 —14+V422+1 1

eovzd4e?(@? =2) VA2 4143 V2]

fz) =

1
We prove that lim f(z) = —= < f(x) for each x > /2 which implies that
=2 \[
1

— = lim = mln . So

< 1 (12)
RS o
v (VI+VIa7+1-2)

It remains to prove that (z) = , that

</f
f V22 — V1 + V422 + 1
is vV2r — V1+ V422 +1 < 2v2V 1+ V422 + 1 — 24/22, which reduces to

3v/2 1+ V422 +
3v2z < (2vV2+V2) V1+ V422 + 1, or 7[ < f ,
20 + /2 2z

quality which was proved during the proof of theorem 3.

ine-

1 2
From (10) and (12) follows that vy = 7 and By = Y0 + \2[ = /2,

which represents a contradiction. So, that the inequality (4) is the best of
type (3). O

Next, we shall find the best real constants «, 8 and v > —+/2, such that
the inequality

1/, B B . D . D aR 4+ fBr
— (sin—cos— +sin—cos— +sin—cos— +sin—cos — | < ———
2 2 2 2 2 2 2 2 2 R+ ~r

(13)

is true in every bicentric quadrilateral.



390 ARTICOLE §1 NOTE MATEMATICE

4. In every bicentric quadrilateral is true the inequality

1/7. A B . B C . C D . D A
— | sin— cos— +sin— cos — +sin — cos — +sin — cos — | <
2 2 2 2 2 2 2 2 2

- R+ (6—4v2)r

T V2R+ (4-3V2)r

Proof. From (1) we have that

(14)

1/, A B . B C . C D . D A
2(51n20082+sm20082+81n2(:os2—i—sm20082>§
<\/4RQi+7“2+7“

- 2v2R

In order to prove (14), it will be sufficient to prove that
VARZ +r2 41 < R+ (6—4ﬂ)r
2V2R T V2R+ (4-3V2)r’

> VITFI+1 _ a+6-4v3
or 2V/2x T V2 +4-3V2
42 +1+1 < T+ 201
or 2v/2x T V2 —ay)
(x — oq)\/m <222 + (401 — D)z + 0.
After squaring and performing some calculations we obtain that
dz [(6c1 — 1)2” + (30f — @)z +20a3] >0
or

4(17 — 12V2)(z — V2)2 > 0
for each x > v/2, inequality which is true. a

Next we shall prove that the inequality (14) is the best of type (13).
We suppose that other constants g, 8y € R, 79 > —v/2 exist such that

1/. A B B . D D
B <81n2 COSE —i—sm; cosi +sm§ COSE —i—smi cos2> <
< agR + Bor
- R+yr
is a better inequality of type (13). It follows that

1/, . . .
— | sSin — cos — + sin — Cc0S — + Sln — CO0S — —+ SIn — COS —

IN

2 2 2 2 2 2 2 2 2
aoR + Bor R+ (6 —4v2)r
< <
R+vr ~ V2R+(4—3V2)r

(15)
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is true in every bicentric quadrilateral.
If we consider the bicentric quadrilateral A, BoCsDs which makes up
the maximal semiperimeter Sa = VV4R? + 72 + r, from (15) it follows that

1/7. A B . B C . C D . D A
5 sm—cos——i—sm—cos——i—sm—cos——i—sm—cos; <

2 2 2 2 2 2 2 -
< 1 (s,lnA2 COSE —|—sm@ cosg +sm@ COSD— —1—sm& COSAQ> =
-2 2 2 2 2 2 2 2 2
_VIRTE 2 4r _aoR+for _ R+ (6-4v2)r 16)
2V2R T R+vr T V2R+(4-3V2)r
is true in every bicentric quadrilateral since we have
1 A2 B2 BQ C CQ D2 D2 A2
B (sm2 0057 +sm7 cos7 +sm7 c037 +sm7 c052> =

1 I3 1
=1+ 14+ 3
2\/ +4R2+8R2 52—2\/ +4R2+8R2

1/0. A B | B c . C D . D A
= 5 (sm2 cos; +Sln5 COSE —{—Sln; cos; —1—sm§ (3052>
In the case of the square with sidesa=b=c=d=1, R = L, r= 1,
V2 2
the relation (16) yields 1 < M <1, or
1/vV2+70/2
aoV2+ By =0 + V2. (17)
From (16) we have
42 +1 < apx + Bo < R+ (6—4v2)r
22w T x+vw \@R—l— (4—3\@)7‘
If we take x — 0o, we obtain — L <a0< or aozi.
\f V2
Replacing in (17) we obtain
Bo=0+ V2 1. (18)
From (16) we obtain that
1
VazZ 141 \[QHVOJ”[ _ 464V (19)

2V/2x o T+ Y T V2 +4-3V2

for each > /2. The right side of inequality (19) may be written as

[5v2-7+ (vV2=1) 0] (z - v2) <0
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7—5v2
for each z > /2 or Yo < \/5{ for each x > /2. Tt results that
Y0 < 2V2 - 3. (20)

The left side of inequality (19) may be written as
T [W—Zx—i%—i—%@}
2v2r —1—V4a?2 +1
Consider the function f: [v/2,4+00) — R,
z (VA7 1 -20-3+22)
IO = e 1 —var 1
From (21) we obtain that 9 > f(x) for each x > /2. It follows that

7o > max f(z). We have
z>v2

Yo =

evi4x? +1—22% — (3—2V2)z

lim f(z) = lim

/2 T2 22 —1—VAaz2 +1
42
VA2 + 14+ ——— — 4o — (3 - 2V/2)
2
= lim_ vz +14 — 22 3.
T2 Xz
22— ————
42 +1
We prove that
f(z) <2v2-3= lim_f(z) (22)
2

for each x > /2 which implies that mzi? f(z) =2v2 -3 and
T>/2

Yo > 2V2 - 3. (23)
Inequality (22) may be written equivalently as

:U(\/4x2—|— —2x—3+2\/§)
22 —1—+V4r2 +1

or (x —aq)V4r? +1 < 222 + (401 — 1)z + 1, inequality which it was proved
in the context of theorem 4.
From (20) and (23) it follows that v9 = 2/2 — 3. From (18) we obtain

1
Bo =v+v2—1=3v2—4. So, we have ap = — 3v2—4, v =2v2-3

\/57 BO =
which represent a contradiction.
So, the inequality (14) is the best of the type (13). O

<2v2-3
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5. [The rational refinement of Yun’s inequaliy| In every bicentric quadri-
lateral are true the inequalities

r\/§<R+2\@r<

R ~2R+V2r —

1A B+,B c+,o D+,D A\ _
~ 2 Sin 2 COS 2 Si1 2 COS 2 Sin 2 COS 2 Si1 2 COS 2 ~
R+(6—4\@)r

T V2R 4+ (4—-3V2)r =1

Proof. In the following we consider the functions

F:(—\/i,\;i}—HR, G: 2\/5—3,+oo>—>R,
P R+ (V2+2q)r o R+ V2(p+V2-1)r
() = 2R+ 2yir (72) = V2R + V/27or :
We have
y _ 2r(R— r\/i) , _(2- ﬂ)r(R - \/57“)
POV Grrme O R vy

Since R > v/2r, it follows that F'(y1) > 0 and G’(72) > 0 which imply
that F' and G are an increasing functions. It results that

. 1
Jtim P < Fow) < F (5

1 R4 242
and G(2v2 — 3) < G(y2) < G(c0) or B < F(p) < M for each
1
Y1 (S [_\/ﬁ,ﬁ} and
R+ (6 —4V2)r
<d <1 24
V2R + (4 —2V/3)r — (2) < (24)
for each v, € [2\[— 3, +00). O

According to (24), theorem 3 and theorem 4 we obtain the following
result.
6. In every bicentric quadrilateral are true the following inequalities

1 - R+ (V2 +2y)r < R+ 2V2r <

2 2R+ 27 T 2R+ V2r ~

1/. A B . B C . C D . D A
< —|sin— cos— +sin— cos— +sin— cos — +sin— cos — | <
2 2 2 2 2 2 2 2 2

- R+ (6 —4v2)r <R+\/§(72+ﬂ—1)r<1
V2R (4-2V3)r T V2R +V2yr T
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1
for every vy € [— V2, ﬁ} and 2 € [2v/2 — 3, +00).
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