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O GENERALIZARE A UNEI PROBLEME DE CONCURS
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Abstract. This short note extends a problem from the Romanian 9th

grade 2015 National Mathematical Olympiad
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Această notă matematică generalizează o inegalitate propusă la Olim-
piada Naţională de Matematică 2015. Enunţul problemei3) este următorul:
Fie a, b, c, d ≥ 0, numere reale, astfel ı̂ncât a+ b+ c+ d = 1. Arătaţi că√
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Considerând mai multe variabile, putem formula următoarea propoziţie.

Generalizare. Fie a1, a2, . . . , an ≥ 0, numere reale, n ∈ N, n ≥ 3,
astfel ı̂ncât a1 + a2 + . . .+ an = 1. Atunci√
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∑
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Egalitatea are loc dacă şi numai dacă a1 = a2 = . . . = an =
1

n
.

Demonstraţie. Arătăm mai ı̂ntâi că
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, (1)

pentru orice 2 ≤ i < j ≤ n. Avem(√
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√
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)2

= ai + aj + 2
√
aiaj ≤ 2(ai + aj) ≤ 2(a1 + a2 + . . .+ an) = 2,
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adică (1).
Folosind acum (1) obţinem
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Prin urmare, pentru a proba inegalitatea este suficient să arătăm că

S +
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n, (2)

unde S =
√
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√
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Pentru a demonstra (2) observăm mai ı̂ntâi că S ≤ √
n. Într-adevăr,

folosind inegalitatea Cauchy-Buniakovski-Schwarz avem

(1 · √a1 + 1 · √a2 + . . .+ 1 · √an) ≤ (12+12+ . . .+12) (a1 + a2 + . . .+ an) ,

care duce la
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În baza observaţiei de mai sus, (2) este echivalentă succesiv cu√
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ceea ce este evident.
Pentru egalitate este necesar să avem egalitate ı̂n (1) şi ı̂n ultima ine-

galitate, adică a2 = a3 = . . . = an =
1

n
, de unde reiese şi a1 =

1

n
. Astfel

demonstraţia este ı̂ncheiată.
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