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C.0:5114. Sa se determine functiile f : [0,1] — R derivabile cu derivata
continud, astfel incat f(0) =0, f(1) =1 si:

1
[ (@ @+ (f@)?) e = il

0

Cantemir Iliescu, Pitegti

PROBLEMS FOR COMPETITIONS AND OLYMPIADS

Junior Level

C.0:5107. Find all integer values of n such that 13 divides 55...51.
——

n times
Ovidiu Tdtan, Rm. Sarat
o 4 4
C.0:5108. Show that 5 + " + ” > ab? + bc? + ca?, for all a,b,¢ > 0.

Gabriela Boeriu, Fagaras

C.0:5109. Let ABCD be a rhombus of side lenght 1, with m(sABC') = 60°.
Consider point E, on the other side of line AB as C, such that CELAB and
CFE = AB. Let F be a point on line AB such that DF = DFE. Find the lenght of
the segment AF'.

Neculai Stanciu, Buzau

C.0:5110. Six prime numbers are in arithmetical progression. Find the
minimum value of the largest number.
Dan Nedeianu, Drobeta Tr. Severin

Senior Level

C.0:5111. Find all positive integers p for which there exist integers x and y
such that 3 +y* = (p + 3)! + 4.
Marian Cucoanes, Marageti
C.0:5112. Let a, b, ¢ be real numbers such that ¢ > a > b and a® > be.
@, b L_C S Va+ Vb + /e
Va+b Vb+c et+a V2 ’
Tuan Le, Fairmont H. S. Anaheim, U. S. A.

C.0:5113. The real sequence {z,}, is defined by o € (0,7) and 2,41 =

2
n-

Prove that:

=sinz, n > 0. Evaluate lim nx

n—oo

Neculai Stanciu, Buzau

C.0:5114. Find all differentiable functions f : [0,1] — R, with continuous
derivative and with the properties: f(0) =0, f(1) =1 and:

1
[ (@ @+ (f@)?) e = ool
0

Cantemir Iliescu, Pitesti
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7th Grade

1. (i) Factorize zy —x —y + 1.

(ii) Prove that if integers a and b satisfy |a + b| > |1 + ab|, then ab = 0.

2. Let n be an integer, n > 2. Find the remainder of the division of the
number n(n + 1)(n 4+ 2) by n — 1.

3. Let ABC be a triangle with AB = AC and < BAC = 40°. Points S and T
lie on the sides AB and BC, respectively, such that < BAT = <<BCS = 10°. Lines
AT and CS intersect at point P. Show that BT = 2PT.

4. Consider a quadrilateral ABCD with AD = DC = CB and AB || CD.
Points F and F' lie on the sides CD and BC such that YADE = SAFEF. Prove
that:

(i) 4CF < CB. (ii) If 4ACF = CB, then AF is the bisector line of < DAF.

8th Grade

1. (i) Prove that one cannot assign to each vertex of a cube 8 distinct numbers
from the set {0,1,2,3,...,11,12} such that, for every edge, the sum of the two
numbers assigned to its vertices is even.

(ii) Prove that one can assign to each vertex of a cube 8 distinct numbers from
the set {0,1,2,3,...,11,12} such that, for every edge, the sum of the two numbers
assigned to its vertices is divisible by 3.

2. Let x, y be distinct positive integers. Show that the number

(z+y)°

x3 + ny _ a?2y _ y3

3. Consider the cube ABCDA'B’C'D’. The bisector lines of the angles
JA'C'A and 4 A’AC" intersect AA’” and A’C’ in points P and @, respectively.
Point M is the foot of the perpendicular from A’ to C'P while N is the foot of
the perpendicular from A’ to AS. Point O is the center of the face ABB’A’.

(i) Prove that the planes (M NO) and (AC’B) are parallel.

(ii) Given that AB = 1, find the distance between the planes (M NO) and
(AC'B).

4. Find all non negative integers (a,b) such that:

a+2b—0b%=/2a+a%+[2a+1—2b].
9th Grade

1. A line passing through the incenter I of a triangle ABC intersects the sides
AB and AC at points P and @ respectively. Let BC = a, AC = b, AB = ¢ and
PB  QC
pA - Pga~?t

— — —

(i) Prove that a(1 + p)IP = (a — pb)IB — ¢pIC. (ii) Prove that a = bp + cq.

(iii) Prove that if a® = 4bcpg, then lines AI, BQ and CP are concurrent.

2. Consider the sequence (z,)n>0 given by z, = 2" —n, n > 0. Find all
integers p > 0 such that the number s, = z¢ + 21 + 22 + - - - + 2, is a power of 2.

3. Let x be a real number. Prove that x is an integer if and only if

n ([z] + [nz])
2

is not an integer.

]+ [20] + [3a] 4 -+ + na] =
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holds for all positive integers n.

Here, [a] denotes the integer part of the real number a.

4. Find all functions f : N* — N* such that f(n)+ f(n+1)+f(f(n)) = 3n+1,
for all n € N*.

10t* Grade

1. Prove that:

(i) {z e R | log, [z] = [logy x]} = U 2™, 2™ 4+ 1).
meN

(ii) {z e R | 20 = [27]} = (] [m, log, (2™ +1)).

meN
Here, [a] denotes the integer part of the real number a.

2. Suppose a € [—2,00), r € [0,00) and let n be a positive integer. Show that:
P4 ar + 1> (1—r)*".
3. Find all functions f : N — N such that:

3f(f(f () +2f(f(n)) + f (n) = 6n, foralln €N.

1

4. Consider a complex number z, z # 0 and the real sequence a,, = 2" + —
z

n>1,
(i) Show that if a; > 2, then a,11 < , for all n € N*,
(ii) Prove that if there exists k € N* such that ax < 2, then a; < 2.
11** Grade

1. Prove that any continuous function f : R — R given by
) = { a1x + by, for x<1
asx + by, for xz>1"

as  f(xz) = miz 4+ n1 + elmax + no|, for x € R, where my,ma,n1,n2 € R and
ee{-1,+1}.

2. Consider the matrices A, B € M3(C) with A = —'A, B = 'B. Prove that
if the polynomial f(z) = det(A + xB) has a double root, then det(A + B) = det B.

3. Let f : R — R be an increasing function such that f o f is continuous.
Prove that f is continuous.

4. Show that there exist sequences (an)n>0 With a, € {—1,+1} for alln > 0

1
such that lim (Vn4+a1+vn+az+ - +vn+a, —nyn+ag) = 3
n—0oo
12t* Grade

1. Let S be the sum of all invertible elements of a finite ring. Prove that
S?2 =S orS?=0.

2. Let G be a group in which a?b = ba? implies ab = ba.

(i) Show that if G has 2™ elements, then G is an abelian group.

(ii) Exhibit an example of a nonabelian group with the given propriety.

3. Let a < ¢ < b be real numbers and let f : [a,b] — R be a function
continuous at ¢. Show that if f is the derivative of function on [a,c) and on (c,b],
then f is a derivative of a function on [a, b].

)

(079 + Ap+2

with a1, as,b1,by € R, can be represented
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1
4. Let f:[0,1] =R be a differentiable function with f(0)= f(1), /f(x)dx: 0

0
and f'(x) # 1, for every z € [0, 1].
(i) Prove that the function g : [0, 1] — R given by g(x) = f(z)—x is decreasing.
(ii) Prove that for any integer n > 1 the following inequality holds:

O

RUBRICA REZOLVITORILOR DE PROBLEME

1
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in perioada 1 martie-31 martie 2010, au trimis solutii la problemele propuse
urmatorii elevi:

ALBA IULIA (ALBA) C. Tehnic ,Apulum® cl.VI Constantinescu Ioana (80); C. N.
wHorea, Clogca i Crisan® cl.IX Macarie Manase (90), Parvu Ioana Alexandra (80), Trifon
Alexandra (100).

BACAU (BACAU) S.9. ,A.I Cuza“ cl.V Albu Crina Luciana (300), Boronea Stefan
(210), Coandei Georgiana (300+180), Gavrila Serban (320), Gutu Vlad (330), Huiban
Raluca (340), Ladoriu Mihai (280), Méarza Alexandra (290), Nicolae Gabriel (320), Tanasov
Andrei (330), cl.VI Boronea Anna (90), Chiticaru Oana (110), Chebac Ioana (110), Dar&uta
Goagi Alexandra (110), Iosif Rares (70), Laptoiu Stefan (110), Luca Veronica (100),
Nédejde Xenia (110), Paveluc Sabin (100), Pdduraru Ambra (120), Popa Vlad Octavian
(90), Roman Ana Maria (100), Sorea Ilinca (100); . g. ,,C-tin Platon“ cl.VII Botezatu
Paul (50); S.g. ,I. Creanga“ cl. VI Cojoc Raluca Elena (60), Bianca Mihaela (60), Obreja
Diana (60), cl.VII Breahn Cristina (40), Hozu Vlad Crina Ionela (40), Lazir Mariana (40),
Miron Roxana (40), Nastac Bianca (40), Ostaci Bogdan (40); S. g. ,,G. Enescu“ cl.VI Ho-
rasemiuc Raluca Elena (110); C. N. , V. Alecsandri“ c1.V Cojan Bogdan Alexandru (180).
BAIA MARE (MARAMURES) S. g. ,,Lucian Blaga® cl.VI Tantar Oana Alexandra
(50); S. g. 11 ,Nicolae Torga“ cl.VIII Giurgiu Roxana (60); S. g. ,,Dr. Victor Babes“ cl.VI
Sabaddr Oana (80); Lic. de Artd cl.V P&curar Radu (50); C. N. ,, Vasile Lucaciu* cl.VIII
Téarlea Olivia (80).

BEIUS (BIHOR) Colegiul ,Ioan Ciordas* cl.V Matei Rizvan (90), Tirla Darius (110),
Tirla Denis (110), Ungur Tabita Ioana (130).

BISTRITA (BISTRITA NASAUD) §. g. 1 cL.VIII Campan Andra (70), Martian
Cristina (50); S. g. ,Lucian Blaga“ cl.VIII David Ana Adriana (60), Isaiu Ioana (80);
S.9. »Stefan cel Mare“ cl.VI Ignatus Raul(70), Moisil Adriana(70), Sandor Lari Paul (80).
BOTOSANI (BOTOSANI) C. N. ,Mihai Eminescu“ cl.V Anichitoaie Beatrice Roxana
(100), Horodica Paula Antonia (100), Pricope Tudor (120), Sandu Dan (100), Stancescu
Sebastian (100).

BOZOVICI (CARAS-SEVERIN) S. g¢. cl.V Biin Oriana (100), Hotac Roberto (90),
Melcescu Florina (704-100), cl.VII Mitocaru Patricia (60), Ruva Mihaela (60).

BRAILA (BRAILA) S. g. ,,Mihu Dragomir® cl.VI Chelbosu Stefan Claudiu (40); C.
N. ,,Gheorghe M. Murgoci* cl.V Staicu Cristina (80), cl.VII Selaru Andreea Laura (70).
BUCURESTI S. g¢. 56 ,José Marti* cl.V Guster Andreea (40); S. g. 79 cl.V Ichim
Adrian Cosmin (70), Tufan Andrei (80); S. ¢g. 98 cL.IV Orban Irina Mariana (90); . g.
111 ,, G. Bacovia“ cl.IV Ghinescu Alexandru Rares (100); S. g. 190 ,,Marcela Penes* cl.VI
Ivan Vlad (80), Manea Alexandru (80), Nedelcu Nicolae (80), Scafaru Andrei (80), Topana



