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. . . X'B YP ZA
Fie X' € (B'N’) si Y € (AP). Notam XN -5 vA=Y% 75

se demonstreze ca planele (AA'X"), BB'Y), (CC’'Z) se intersecteaza dupa o
dreapta daca si numai daca x -y -z = 1.

= z. Sa
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SOME APPLICATIONS OF A LIMIT PROBLEM
ALINA SINTAMARIANY

Abstract. We solve some problems using a limit problem which we pro-
posed in Gazeta Matematica in 2007.
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L. Pdrsan [3] proposed in Gazeta Matematica, in 1978, the following
problem.

Problem 1. Let a,r € (0,4+00) and let (an)nen be the sequence defined
A2n+102n+3 * * * A4n+1

by ap, = a+ (n — 1)r, for each n € N. Evaluate lim

n=o0  A2p02n+2 * ° * Adn

(The limit is \/2.)

We mention that N = {1,2,...,n,...}.

We have given a generalization of Problem .

Problem 2. (A. Sintamarian [4], [5]). Let k € NU{0}, p € N\ {1},
q,s € N and a,r € (0,400). We consider the sequence (ap)nen defined by
an, =a+ (n—1)r, for each n € N.
Agn+k+1%gn+k+1+p * ** Agntk+14+s(n—1)p

Evaluate lim
n—00 Agn+kQAgn+k+p *** Ygntk+s(n—1)p

(The limit is ¢ M)

Using the above-mentioned problem, we have found the following limits
(we specify that the notations are those from Problem 2):

. | Qan+kQqntk+p = Qgntk+s(n-1)p [ »/PS+(q ! s .
i B = (§/51) s+ el (1 5D
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Further on we shall give other problems which can be solved using the
limit from Problem 2. 5
55n < 2n )
Problem 3. FEvaluate lim n

) )

2n
g < n > [(5n + 5)(5n + 10) - - - (10n)]°

%::(1507?)(5:)@2): (5n+1)(Bn +2)---(10n)

[ (6n45)(5n+10)---(10n) 1* [(Bn+4)(5n+9)---(10n—1)]°
1 Gn+4)Bn+9)--- (100 — 1) (5n + 3)(5n + 8) - - (10n — 2)
(5n43)(5n+8)--- (10n —2)1* (BGn+2)(5n+7)--- (10n — 3)
(5n+2)(5n+7) - (10n — 3) @n+n®n+®~mmn—®’
for each n € N.
Choosinga=7r=1,p=>5,¢=>5 and s =1 in Problem 2, we obtain:
lim Gn+k+1)(bn+k+6)---(10n+k —4) _ ¥,
n—oo  (bn+k)(bn+k+5)---(10n + k —5)
for each k € {1,2,3,4}. So:
lim , = (V2)' (V2 (V2)*¥2 = 4. 0
Problem 4. Let p € N\ {1} and o, 8 € N, with o < 3. We consider

the sequences (Tn)nen and (Yn)nen, with x1 # 0 and y1 # 0, defined by the
recurrence relations :

([5))-

Solution. We have:

1
NTp+1 = <TL + p) T and  NYpy1 = (n + 1)yn>

for each n € N.
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. yom(xom + ZTan+1+ -+ xﬁn)
FEvaluate lim
n—o0 xan(yan + Yan+1+ -+ yﬁn)

Solution. Having in view the recurrence relation nx,1 = (n + > T,
p
for n € N, we can write that:
n n
[ pizin =T wi+ D=y,
Jj=1 Jj=1

n

> pizj =Y [p(— D+ (p+ D),
j=1

j=1
for each n € N. We get:
(P+12p+1)---(np+1)

Tn+l1l = X1,
" p(2p) - - (np)
+ap 4+ Ll
1+ cee b Ly = ——— X,
1 2 L n+1
for any n € N. Therefore:
pBn plan — 1
o i i = P = P, =
_pBn (p+1)(2p+1)---(Bnp+1) plan—1)
= : xr1 — Tan =
p+1 p(2p) -~ (Bnp) p+1
_ pBn _ (anp+ 1) ((an+1)p+1)---(Bnp + 1)x B plan — 1)$
p+1 (anp)((an +1)p) - - - (Bnp) o op1 T

for each n € N.
The above relations, obtained for the sequence (z,)nen, hold for p =1
too. Hence:

Yn+1 = (n+ 1)y,

B2 —a®n+a+p
Yan T+ Yan+1 + -+ Ygn = ( ga Yan,

for each n € N.
It follows that:

Yon(Tan + Tany1 + -+ + 28p) _ 2pafSn "
Zan(Yon + Yant1 + -+ ysa)  (p+ DB —a®)n+a+p]
(anp+1)((an+1)p+1)---(Bnp — (B—a)p+1)
(anp)((an +1)p) -+ (Bnp — (B — a)p)
(Bnp — (B—a)p+p+1)---(Bnp+1) 2pafan — 1)

(Bnp = (B — a)p+p)--- (Bnp) (p+ DB = a?)n+a+p]
for each n € N.
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Choosing a =r =1,k =0, g = ap and s =  — « in Problem , we
obtain:
i @+ D((en+p+1)---(Bnp— (B-ap+1) _ »/B
n—o0 (anp)((an + 1)p) - -- (Bnp — (B — a)p) o

So:

BP/B
lim yan(l'an‘i‘xan—i-l"i‘"'"f’xﬂn) B 2]9 E\/;_l

= . 5 O
n—00 $an(yan + Yan+1 + -+ y,Bn) p+ 1 (ﬁ) -1

«

Regarding Problem see [7]. Some particular cases of Problem we have
given in [5, problems 66, 67] (see as well [6], [2]).

Problem 5. Let A\, u,a, 8 € N, with A\ # p and a < 3. We consider
the sequences (Tn)nen and (Yn)nen, with x1 # 0 and y; # 0, defined by the
recurrence relations:

1 1
NTpt1 = TH_X Tp and  NYp+1 = n—i—ﬁ UYns

+ ot
for each n € N.  Evaluate lim Yan (Zan + Tan+1 xﬁn).
n—o0 xom(yom + Yan+1+ -+ yﬁn)
Solution. Let (z,)nen be a sequence, with z; # 0, defined by the recur-
rence relation nzp,+1 = (n + 1)zy,, for each n € N. Using Problem , we can

write that:

lim yom(xom + Tan+1+ -+ 55,877,) _

n—oo mom(yom + Yan+1 + -+ yﬁn)
|:zam(xom + ZTant1+ -+ xﬂn) ) yom(zom + zZant1+ -+ Zﬁn):| _
xom(zom + zan41 + -+ Zﬁn) Zom(yom + Yant1+ -+ yﬁn)

5 5)? 5
_ 2 () e (8) :A(u+1>.(a) R
A+1 (g)2_1 21 (ﬂ>”jl_1 p(A+1) (5)M:1_1'

= lim
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