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THE ,MATH STARS“ CONTEST
6-7 December 2008

presented by DAN SCHWARZ )

The contest was organized by the International Computer High School
from Bucharest, on the 6" and 7" of December 2008 and consisted of 6
IMO-style questions.

1. Prove that, for every positive integer m, the equation
n

= = | Vn?] + [V +1

has at least a positive integer solution n,,.
C. Lupu & D. Schwarz

2. The 2" vertices of the N-dimensional hypercube {0,1}" are labeled
with numbers from 0 to 2V — 1 such that x = (1, 22,...,2y) gets the label

N
v(x) = Z a2k
k=1

Find all n, 2 < n < 2%, so that the vertices from V = {v | 0 < v < n—1}
can be visited in a circuit using only edges of the hypercube which connect
vertices of V' (each vertex is visited exactly once).

E. Bazavan & C. Talau

3. Consider a convex quadrilateral and the incircles of the two triangles
obtained drawing one of its diagonals. Prove that the tangency points of these
two circles to the diagonal are symmetrical with respect to the midpoint of
the diagonal if and only if the centers of the circles and the meeting point of
the diagonals are collinear.

D. Schwarz?

4. Find the maximum number of consecutive integer values which can
be assumed by a polynomial P € Z[X] of degree n > 1, for integer values of
the variable.

B. Berceanu

5. Suppose that +/23 > @, where m, n are positive integers.

n
3
i) Show that v23 > = 4+ >
n mr}1
m
ii) Show that /23 < — 4+ — infinitely many times and find at least
n  mn

three such cases. D. Schwarz

1)Teacher, International Computer High School of Bucharest.
2)See IMO 2008 Problem 6 in GM-B nr. 7-8 2008.
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6. Consider the infinite array consisting of the first quadrant of the
plane divided into unit squares, each square containing a real number. The
array will be called k—balanced (where k > 1 is an integer) if not all its
numbers are equal and the sum of the elements of each of its k x k subsquares
is the same vg. An array which is both p—balanced and g—balanced will be
called (p,q)—balanced. If p, q are relatively prime, the array will be called
coprime.

We will call (M x N)—seed of a (p, g)—balanced array a M x N rectangle,
having its left corner in the origin and which, extended periodically in both
dimensions of the plane, generates the array.

(i) Prove that, in a (p, ¢)—balanced array, ¢*v, = pv,.

(ii) Prove that a coprime (p, ¢)—balanced array contains at least three
different numbers. Show that this is not necessarily true if the array is not
coprime ((p,q) > 1).

(iii) Prove that every coprime (p, q¢)—balanced array has a seed.

(iv) Show that for every p,q there exists a (p,q)—balanced array con-
taining only three different numbers.

(v) Prove that a k—balanced array and a (p,q)—balanced array which
is not coprime (p, g > 1) do not necessarily have a seed.

(vi) Find the minimum 7" for which there exists a (T' x T')—seed of a
given coprime (p, q)—balanced array, when p, g are given primes.

(vii) Show that, for every relatively prime p,q, there exists a coprime
(p, q)—balanced array which has a square (7" x T')—seed and does not have
"smaller” (M x N)—seeds (M < T, N <T and MN < T?).

D. Schwarz

Solutions

1. The sequence a,, = | Vn2] + [\/n] + 1 is made of positive integers
5 n

and non-decreasing. For n > (2m)°® we clearly have a,, < —, since
m

n
om < i e T
n ~ n — 4Am? 8m3+64m6_m 4+8+64

302
a n+\/ﬁ—|—1<1+1 1 <1(1 1 1><i’
m

so take k the largest n for which a, > n (clearly this occurs for n = 1,

. k
so the set is not empty). Assume ap > —; then magy1 > max > k, so
m

3

1
mag+1 > k41, hence agyq1 > , in contradiction with the maximality of

k
k. Therefore we must have ar = — and we may take
m

n
nm:max{neN*\aHZ—}.
m
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2. Consider the Hamming distance between N-vectors, given by the
number of differing coordinates between the two vectors. In our case this is
given by

N
d(X7 Y) = ZZ ‘xk - yk‘a
k=1

and since all edges are hypercube edges, distances between adjacent vertices

are all 1. Assume a Hamiltonian circuit (xg,X1,...,Xn—1,X, = X0) exists.
Notice that modulo 2 we have
n—1 n—1 N N n—1
E d(xvaxv-l—l) - E E ‘xv,k - varl,k’ = E § (xv,k - varl,k) = 07
v=0 v=0 k=1 k=1 v=0
and since
n—1 n—1
§ d(XvuXerl) = E 1=mn,
v=0 v=0

in order for a Hamiltonian circuit to exist, n must be even.

To show that for any even n there exists a Hamiltonian circuit, we
start by building one for n = 2™, 1 < M < N. Consider the mapping
plai,ag,...,am) = am,...,a2,a; which reverses the order of symbols in a
sequence, and the translation 7+ which adds ¢ to each term of a numeric
sequence. Build now the iterative sequences Wy = 0, Wy11 = Wy, p(1ox (W)
for k > 0. For instance, Wy, =0,1,3,2,6,7,5,4,12,13,15,14,10,11,9, 8.

It is obvious that W)y, 0 is a Hamiltonian circuit. Moreover, notice that
any pair {2k,2k + 1}, with 0 < k < 2M=1 _ 1 appears as adjacent terms in
the above circuit. Take M = |logyn|. Since n — 2M is even, it adds pairs of
vertices to be considered in the circuit. Now, any pair {2M +2k, 2™ + 2k 41},
with 0 < k < 2M~1 — 1, may be injected within the above sequence Wjy,0,
inside the {2k, 2k + 1} pair, such that the even, respectively odd, terms are
adjacent, and so that the new sequence still observes the requirement that
adjacent terms are connected by edges in the hypercube.

3. Denote by ABCD the quadrilateral, with [AC] being the diagonal
in question, and by P, respectively @, the tangency points with AC' of the
incircle yp of the triangle ABC, respectively of the incircle vp of the triangle
ADC.

If BC and AD are parallel, and BA and CD are also parallel, then
ABCD is a parallelogram, with central symmetry, and all is clear. We thus
may assume (AD and (BC are crossing, beyond D, respectively C' (otherwise
we either swap the pair of labels B and D, or the pair A and C, or both pairs
— while these moves invariate both stated conditions). Consider the circle T
tangent to (AD and (C'D beyond D, and (BC beyond C. Let us also denote
by H%% (X) the homothety of center X which transforms a circle 7 into
another circle 7o, bearing the sign of the homothety ratio at superscript.
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For the direct, we are told that |[AP| = |CQ|. We have

[AP| = J(IAC| + |AB| ~ |BC]) and |CQ| = S(IAC| +|CD| - D)),
so |[AP| = |CQ)| is equivalent to |AB| + |AD| = |CB| + |CD|. The other
tangent from B to I' than BC meets AD at A’. Then a variant to Pithot’s
Theorem yields |A'B|+|A'D| = |CB|+|CD]|, so |AB| = |A’B|+|AA’|, hence
the triangle ABA’ is degenerated, and so A’ must coincide with A (in fact a
proof of the converse to Pithot). This means that I" is also tangent to (BA
beyond A.

Then, with R the center of the negative ratio homothety between vp
and yp (i.e. the crossing point of their internal common tangents), we have

HT (B)=H;.. (R)oH, (D),

vl YBYD ~vpT
so D, R and B are collinear, hence R € BD. But AC is one of the internal
common tangents of yg and vp, so R € AC. Finally, R = AC N BD is on
the line of the incenters.

For the reciprocal, we are told that R = AC N BD. Then, with B’ the
center of the positive ratio homothety between yp and I' (i.e. the crossing
point of their external common tangents), we have

HJBF(B,) =M, (R)o H;DF(D),
so D, R and B’ are collinear, hence B’ € RD = BD. But BC is one of the
external common tangents of y5 and I, so B’ € BC, hence B’ must coincide
with B. This means that I" is also tangent to (BA beyond A.

Finally, applying the variant to Pithot’s Theorem, we get |AB|+|AD| =
|CB| + |CD]|, equivalent to |AP| = |CQ)|.

Remark. The same result is valid for the excircles (with respect to
AC) of the triangles ABC and ADC, with analogous proof, since a known
fact yields that their tangency points with AC are symmetrical with respect
to the midpoint of [AC] with those of the incircles, which are given so.

4. Let a, 1 < k < m, agr1 = apr+1for 1 <k <m—1, bem
consecutive integer values taken for P(zy) = ax, with xp € Z. It is easy to
prove that b —a | P(b) — P(a) for a,b € Z.

Then g1 — x| P(2k41) — P(xg) = a1 —ap =1, so |z — x| =1
for 1 <k < m — 1, therefore (zx)1<k<m is an arithmetic progression of ratio
r = %1 (since the values of z; need be distinct).

But the polynomial Q(x) = r(x — z1) + a1 also satisfies Q(zx) = ag
for 1 < k < m, so m < n, otherwise P — ) vanishes in more than deg P
arguments, therefore P = @), absurd, since n > 1.

On the other hand, the polynomials

n—1
P(x) :)\H (z—(a+k)Laz+b
k=0
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with A, a,b € Z, take values P(a + k) = (bt a) £ k for 0 <k <n — 1, which
are consecutive, therefore the maximal value n is reached (and in fact this is
the general form of polynomials reaching the maximal possible value).

5. From /23 > m follows 23n? > m? + 1. But the quadratic residues
modulo 23 are 0,1,25n5 2,49 = 3,4,121 = 6,100 = §,9,81 = —11,36 =
—10,16 = —7 and 64 = —5, so the tightest inequality available would seem to
be 23n2 > m?45, only that modulo 5 we have 23 = 3, and 3 is not a quadratic
residue modulo 5. Therefore the tightest inequality is 23n? > m? + 7, for
which there exists the principal solution 23 - 12 = 42 + 7.

i) Hence 23n2 > m? + 7, or

m\ 2 7 m 3\? 1 9
28> (D) + 5= (D) -
n n? n  mn n?  m?2n?

1 9 m?2—9

while T o R s> > 0, as long as m > 3.
m 3 \* 16
Now, for m =1 or 3, <—+—> = — < 16 < 23; while for m = 2,
n  mn n

m, 3N\ _49 _49
n  mn) 4n2 ~ 4 ’
3

Therefore in all cases v/23 > m + —.
n o mn

ii) For 23n% = m? 4+ 7 we have

m\2 7 m 4\> 1 16 m 4 \?
23:(—) +—2: —+— ——2—ﬂ< —+— )
n n n o mn n?  m?n n - mn
4
hence v23 < 2 + —, with the example (m,n) = (4,1) provided by the
n n
principal solution above.
It remains to show that we infinitely often may have 23n2 = m2+7 (1),

a Pell equation. Since the classical Pell equation 23y?> = 22 — 1 has the
principal solution (24, 5), the solutions for (1) are given by

m 4 nv23 = (+4 £ v/23)(24 + 5V23)°, s € N,
enough for exhibiting the required examples.

6. Lemma. If a sequence (xy)n>0 is both p-periodic and g-periodic,
with p, ¢ relatively prime, then it must be constant.

Proof. There exist positive integers u, v such that 1 = up — vq. Then,
for all n > 0, Zn, = Tnyup = T(ntup)—vqg = Tnt(up—vq) = Tn+1, hence (Tn)n>o
is of period 1, therefore the sequence is constant.

As an extension, if d = (p,q) > 1, the result is that the sequence
must be d-periodic. This follows from the proof above, by grouping together
,molecules® of d consecutive "atom” terms. Now for p = dp’ and ¢ = dq’ we
have (p/,¢') = 1 and we apply the Lemma. This means the "molecules” are
equal, i.e. the sequence is d-periodic.
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We will now present some mostly trivial consequences of the definitions.
If an array is k-balanced, then it is mk-balanced for any positive integer m.
Hence, if it is (p, g)-balanced, then it is (mp, ng)-balanced for any positive
integers m, n.

The set £ of all (M x N)-seeds for a (p,q)-balanced array is a lattice.
If there exists a (M x N)-seed, then it canonically yields a (mM x nN)-seed,
by extension through periodicity, therefore a square ([M, N] x [M, N])-seed
does exist. If there exists both a (M x N)-seed and a (M’ x N')-seed, then
there exist a ([M, M'] x [N, N'])-seed, and a (M, M) x (N, N'))-seed (by the
extension to the Lemma). Finally, if £ is not empty, there exists a minimal
(M x Np)-seed, in the sense that for any other (M x N)-seed we have My|M
and Ny|N, and a minimal square ([My, No| x [My, No|)-seed.

(i) Clearly the k-balanced property is hereditary to any rectangular
m X n sub-array. Consider any pg X pq square sub-array. A little bit of
double counting shows that the sum of its elements is both qQUp (partition
it in p x p sub-squares), and p?v, (partition it in ¢ x ¢ sub-squares), hence
v, = p?uy.

(ii) Assume only two real values x # y are used. Let us transform a
Z i, which turns « into 0 and y into 1. The sums of elements
of k x k sub-squares (for k£ equal to p or g) remain constant, in fact vy turns

2
Uky kxx’ the number of y’s in the k x k sub-square. Now, the formula
from point (a) implies that p?|v, and ¢?|v,, but the array being non-constant
we must have 0 < v, < p? and 0 < Vg < ¢, contradiction.

If (p,q) > 1, build the array by using as seed any (p,q) x (p,q) square
block made of two values only (of course the array will be ”constant” at the
coarser level of granularity of these blocks, but non-constant at the level of
granularity of unit squares).

(iii) We will show that a square (pg x pq)-seed will do, therefore £ # (.

value v into

into

k—1
Denote yr; ; := Z a; j+¢, the sum of £ consecutive elements on row i,
=0
k—1
starting from column j. Similarly, denote jc;; = Zai”’j’ the sum of k
£=0

consecutive elements on column j, starting from row 1.
We have ,r; . = pritpr for any non-negative integers i, j, and k > j,
because of the p-balanced property. By iterating, this yields
pTik = pTitqp.k-
p—1 q—1
Denote x,, := a; 5, — @j4qpn, hence Z ZT4¢ = 0. Similarly Z Th+e = 0.
=0 =0
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But this means the sequence (zj)x>; is both p-periodic and g-periodic,
so according to the Lemma it must be constant. Now, that constant must
p—1
be 0, since Z%‘M = 0. So x; = 0, hence a;; = a;4qp,; for all non-negative
=0
integers 1, j.
In a totally similar manner (working along the other dimension) we get
a; j = a; jypg for all non-negative integers i, j, and therefore we have proven
the array originates from a square (pg X pq)-seed.
(iv) Let us present a model of a (p x g)-seed using only three different
values, which results into a (p, ¢)-balanced array with v, = v, = 0.

0 0{0]---10
0] 0]0 0
-1 110 0
11-1]0 0
TABLE 1. A general (p X ¢)-seed.

(v) We can build a k-balanced array starting with two orthogonal strips
of width k£—1 made of arbitrary values, having the origin as lower left crossing
point, choosing an arbitrary value for vy, and filling up the rest of the array,
step by step, in the uniquely possible manner. For (p,q) > 1 just take
k = (p,q); the p x p and ¢ X ¢ sub-squares are made of k x k sub-squares, so

the array is doubly-balanced, with v, = Z—zvk and vy = Z—zvk. Then £ = 0.

k10| " | Gk—1k—2 | Up to vg
ag-—20 | " | Gk—2k-2 | AGk—2k-1
0,0 c ag,k—2 ap,k—1

TABLE 2. A general k-balanced array starting from (k — 1)-
wide strips.

(vi) We have seen at point (iii) that 7' = pq yields a square seed. Any
least value will have to be a divisor of pgq.

Let us prove that for (p,q) = 1, p > g > 2, there can never exist a
(g x q)-seed. Assume the converse; then p7; j = pritmg,; and pCi; = pCijtp,
for any positive integer m, from periodicity. But in a (p,¢)-balanced array
we need have ,ri; = prigmp,; and pCij = pCij+mp. Since (p,q) = 1, there
exist positive integers u, v such that 1 = up —vq. Then ,r;; = prijup;j =
pT (i+-up)—vq,j = pTi+1,j, hence, by iteration, all 7y ; are equal, for m > 0.
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p—1 p—1
But E (pTitk,j+1 — pTith,j)

= > (priger — priy)
k=0

and this is pc; j4p — pci,; = 0, hence W]ZJ \?vill have all ,r; j+m equal, for m > 0,
by iteration. This means that any row ¢ is both ¢-periodic and p-periodic,
hence, according to the Lemma, constant, so there exists a (¢ x 1)-seed. But
then any column j will be both g-periodic and p-periodic, hence, according
again to the Lemma, constant, so there exists a (1 x 1)-seed, i.e. the array
would be constant, absurd.

Similarly, there can never exist a (p x p)-seed. Take p' = (p—1)g > p =
=, s0 (¢',p') =1, and clearly a g-balanced array is also (p — 1)g-balanced,
hence the array would be (p’, ¢')-balanced, so we can apply the above result.

Therefore T' = pq is minimal for p, ¢ both primes.

Otherwise take Qlg. If a (Q X @)-seed would exist, then a (¢ x q)-
seed would exist, absurd. Similarly for P|p. Therefore a least square seed
need contain factors P, ) from both p, respectively ¢, and we have seen at
point (iv) how to build a (P x @)-seed resulting in a (P, @Q)-balanced array,
which will also be (p, ¢)-balanced, so this shows there exist co-prime (p, q)-
balanced arrays originating from (P x Q)-seeds, hence from a (PQ x PQ)-seed.
The minimal value is achieved when P, ) are the least prime factors of p,
respectively q.

(vii) Let us exhibit the general structure of a minimal square (6 x 6)-
seed for a (2,3)-balanced array with ve = v3 = 0. We use arbitrary real a, b,

= p(pTi,j+1 — pTij)s

c and z, with p = g(a—i- b+ c) (of course, we can add any value v to all cells).

A general minimal (2 x 3)-seed is obtained for a = b = ¢ = pu. A general
minimal (3 x 2)-seed is obtained for = x = 0.

b—2u | —-b—ax+2u |b+x—p | —b b—x —b+z+p
c —c+x c—x—pu|—c+2u|lctz—2u | —c—z+p
a—2u|—a—xz+2u|at+xz—pn| —a a—x —a+xT+p
b —b+x b—x—p | —b+2p | b+ —2p | —b—z+p
c—2u | —c—x+2u|ct+x—p| —c c—zx —c+x+p
a —a+z a—rz—p|—a+2pulat+x—2u| —a—z+p

TABLE 3. The minimal square (6 x 6)-seed for a (2, 3)-balanced array.

This suggests there exist co-prime (p, ¢)-balanced arrays for which the
minimal seed is the square (pg X pq)-seed prescribed at point (iii). Moreover, it
was obvious already from the result at point (iii) that the number of different
values such an array uses is at most p?¢?, and from the result at point (iv)
that it is at least 3. (For the particular case, one can see that the number of
different values can indeed be 2232 = 36.)

Indeed, the conjecture formulated in the above turns to be true! The
linear combination, with a3 # 0, of the array A generated by the (p x q)-seed
at point (d), and the array YA generated by the transposed (g x p)-seed, is
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an array B = a A + A, clearly (p,q)-balanced, and with minimal seed the
square (pg x pq)-seed thus obtained.



