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The limit of some sequences associated to log-concave
functions
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Abstract. Let f: (0,1] — (0, 00) be a log-concave derivable function such
that f (1) =1, f (1) > 0. We prove that:
a) if there exists v > 0 such that lim £ € (0, 00), then
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and
b) if lim Of () = A €(0,1), then
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Many and various concrete applications are given. For example, we prove
that for all 0 < 8 < 1, @ > 0 one has
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where T' is the Euler gamma function and -y is the Euler constant, and if
¢ : (—1,0] = (0, 00) is a log-concave derivable function such that ¢ (0) = 1,
¢' (0) > 0, and lim ¢ (z) =X €(0,1), then
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1. INTRODUCTION AND NOTATION

The main purpose of this paper is to prove the results stated into Ab-
stract. These results where suggested to us by the following two limits

. n k? an 1
Jim > (n) =i 20 (1)

see, in historical order, [2, p. 481, problem 19, for a = 1], [1, p. 263, problem
10, for a > 0], and its natural analog

A 1
JL%;(n) == >0, (2)

see [4, problem 1.6, p. 17, for @ = 1 with the solution at page 157], or [8, p.
15, problems 1.44 and 1.45 (a) with the solution at pp. 272-275]. In 1996,
in [5], the author of the present paper expanded the first limit (1) under the
form: If f: (0,1] — (0,00) is a derivable function with f (1) =1, f'(1) > 0,
and In f has decreasing derivative, then

R E\T" I
pe [ ()] = &

for a solution, see [7], for related questions see also [6, Corollary 3|. Let us
mention that in [8, p. 14 with the solution at pp. 270-272] the authors
reproduces our proof from [7]. In view of this result it appears as natural to
ask:

Problem 1. If f : (0,1] — (0,00) is a derivable function with f (1) = 1,
/(1) >0, and In f having decreasing derivative, then does it follow that

S AN
nLHgokz; f ﬁ _1—e*f/(1)

We prove that, under a natural assumption, the answer to Problem 1
is positive, see Theorem 6. However, as we will prove in Theorem 9 and in
various concrete examples, the answer to Problem 1 is, in general, negative.
This study was also motivated by an open problem from [3, p. 16], namely,
whether

- 1 e
lim = ,
’Hwkzl r(&)" et
which in the present paper is answered in the positive, see Theorem 11.
Recall that if I is a non-degenerate interval (not reduced at one point)
a function f : I — R is called concave (resp. convex) if for all z, y € I, A €
0,1, h(Az + (1 = A)y) = A (x) + (1 = A) h(y) (resp. h(Az+ (1 —N)y) <
A (x) + (1= X)) h(y)). As it is well-known, the condition that a derivable
function on an interval have the derivative decreasing is equivalent to the
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concavity of that function, see [1, Corollare 1, p. 36]. We recall that a
function f : I — (0,00) is called log-concave if and only if In f is concave.
Thus if f : I — (0,00) is derivable, the condition that In f to have decreasing
derivative is equivalent to In f is concave or, f log-concave.

The notations and notions used in the paper are standard, see for ex-
ample [1].

2. PRELIMINARY RESULTS

We will use throughout this paper the following two well-known results.
For the sake of completeness we include their proofs.

Proposition 1. (i) Let g : (0,1] = R be a derivable function with the deriv-
ative decreasing. Then g(1 —z) < g(1) —zg’ (1), Vx € [0,1).
(i) Let f:(0,1] — (0,00) be a log-concave derivable function. Then

1 f ()
nf(l—z)<Inf(1)—= , Vxel0,1).

@)
Proof. (i) For x = 0 the inequality is true. Fix z € (0,1). From the Lagrange
theorem there exists 1 —x < ¢ < 1 such that g (1) — ¢ (1 — z) = z¢' (¢). Since
g is decreasing ¢’ (¢) > ¢’ (1) and hence g (1) — g (1 — x) > z¢' (1).
(ii) Since f is log-concave, that is ¢ = In f is concave, and g is derivable (f is
derivable) as is well-known, ¢ has the decreasing derivative, see [1, Corollaire
1 p. 36]. We apply (i). O

Proposition 2. Let h : [a,b] — R be a convex function. Then for all x €
[a,b] we have h (x) < max (h(a),h (b)).

Proof. Let = € [a,b]. We have z = Ab+ (1 —X)a, 0 <X = ;=2 < 1. Since h
is convex, we get

h(z) < Ah(b) + (1 — Mh(a) < Amax (h(a), h(b)) + (1 — X\) max (h(a), h(b))
= max (h(a), h(D)).

3. THE RESULTS

Theorem 3. Let f: (0,1] — (0,00) be a log-concave derivable function such
that f (1) =1, f'(1) > 0. Let (an),>, be a sequence of natural numbers such

2
that lim o, = co and lim O‘T" =0. Then
n—oo n—oo

i Z": AN
Jm L) = 1=

k=n—an,
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2
Proof. Let us observe that from lim O:T" = 0 it follows that lim = =0<1
n—oo n—oo

and hence there exists ng € N such that 0‘7" <1,Vn > ng,orn—a, > 1,
Vn > ng. The following reasoning is analogous with that we have used in the

n
proof of the relation (3). For all n > ng let us denote z,, = Y. [f (%)]k
k=n—amn

and note the equality

1 LA S

1=0 1=0 1=0

For all 0 <i < ay,, since f is a log-concave derivable function and f (1) =1,
. oy ; i (1 ;

from Proposition 1(ii) it follows that In f (1 — 1) < —%% = —1f(1),

whence

i i(n—i)f' i2
(n—z’)lnf(l—n> S—()f(l)z—if/(l)‘anl(l)

n

- r/ 04727/ !
< —if () + 2 ().

Hence
2 (e79) 2 o0
2, < end' . Y e < oonf(1) | S e,
=0 1=0

2
Passing to the limit and using that lim O:T" = 0, we deduce that
n—oo

o
limsup x,, < Z e~ '),
i=0
Let m € N. Since lim «, = oo, there exists s € N such that Vn > s we have

n—oo
ay > m. Let us take n > s. From m < a, it follows that

m .
Ze(n—i)lnf<1—%) <z,
i=0

For every 0 < i < m from the equality

, i\ . Wnf(1-4) fOA-4H)—-fQ) n—i
(n—z)lnf<1—n>——zf(1:.l)1- . S
we get nh_}rrolo (n—i)Inf(1—2%) = —if'(1). It follows that f: e~ if'(1)

=0

IN

liminf x,,. For m — oo we get
oo
e ') < liminf Tn-
i=0
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Hence Z e~ ') < liminf z, < limsup z, < Z e~ "M that is, f' (1) >0,
=0 1=0

- Y & iy 1
- EN S i) =
nlL“éokZ_: [f (nﬂ - ge T 1o

a

Proposition 4. Let f : (0,1] — (0,00) be a log-concave deriable function
such that f (1) =1, f'(1) > 0. Let (an),>; be a sequence of natural num-

bers such that lim o, = oo, lim %= = 0 and hm —an f(l) = 0. Then
n—o0 n—oo
. nZ%n k\1k
A kgn [F(] =0

Proof. Because lim °2 =0 < %, there exists ng € N such that = < %, or
n—oo

ap < n—ay, Yn > ng. Let n > ng. We have

ST - Syl -Foomes

k=oan 1=Qu, i=am

n—an

_itn=9)f'(1)
<Y e

1=an
(in the last inequality we have used Proposition 1(ii)). Since f’(1) > 0, the

function = — —m(n+)f,(1) is convex on the interval [a,,n — ;] and from
Proposition 2 it follows that
<

_z(n—2) (1) < _On (n—an) [/ (1)

n n

, Vo € [an,n — ay).

From =22 > Ll it follows that M < —% and, since f’ > 0, we
n 2

deduce —a”(n_i”)f/(l) < —a’”;/( ) and hence
! !
z(n—=x 1 « 1
— ( )f()<— nf(),V:CE[ozn,n—an].
n 2
Thus
n—« n—o
Ui (1) U _anf' n—2a, +1
Z € ~ < Z e 2 = anf' M "
i=an i=an € 2
From lim —-% = 0 and the squeeze theorem we get the limit from the
n—oo ==t
statement. a

Proposition 5. Let f : (0,1] — (0,00) be a function with the property that
f(x)

there exists v > 0 such that lim =3

x—0,2>0

€ (0,00). Let (an),>1 be a sequence
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of natural numbers such that lim o, = oo, lim <» = 0, lim -3 = 0,
n—oo n—o0 n—oo
«

nlgroloﬁ =b< 1. Then nh_)HgOkz::l [f (5] =o.

Proof. We first prove that
Qn k k
Jim ) [f <n)] =0. (1)

From lim £2 = X\ < 2) (A > 0) it follows that there exists 6 > 0 such

z—0,2>0 zv

that

V0 < & < § we have fx(f) 2N, f(z) < 2Xx”. (5)

By the hypotheses,

<2ln(2/\)+2ulny ~2v In(2)\) vina, +y> v (1-b) >0,

ayInn Qo Inn Inn

lim

n—oo

hence there exists ng € N such that 22GN+2viny 2y @Y _ vinen 4, -

anlnn on Inn Inn
Vn > ng or equivalently,
2In(2A\) +2vInv —2vinn > o, In (20) + vay, Ina,, —vay, Inn,Vn > ng. (6)
Since lim 2 = 0 there exists n; € N such that Vn > n; we have <2 < 4.
n—oo
Let n > max (ng, n1). For all 2 < k < «,, we have 0 < % < f» < § and, by
(5), f (%) <2x(%)", which implies that

k
kln f <n> < kln(2\) +vklnk — vklnn.
Since v > 0, the function z — xIn (2)\) + vzlnz — valnn is convex on the

interval [2, a,,] and from Proposition 2 it follows that for all 2 < k < a,
kEln (2)\) + vkIlnk — vklnn
<max (2In(2)\) + 2vInv — 2vinn, a, In (2X) + vay, Inay, — vay, Inn)
=2In(2\) + 2vInv —2vinn
by the relation (6). Hence kln f (%) < 2In(2X\) + 2vinv — 2vinn, that is,
[f (E)}k < 4>7‘j§’,2”. We deduce that

- ENTF a2 (a, — 1)
— < .
0<3r(3)] <P

From lim 5% = 0 and the squeeze theorem we get the limit (4). From
n—0o0

. M _ . _ . 1 _
m_}ggw 7 = Aand v > 0 we deduce z_}gy;gof () = 0. Then nh_)rréo f(3)=0

and from (4) we get the limit from the statement. O
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Now we prove the first basic result of this paper.

Theorem 6. Let f: (0,1] — (0,00) be a log-concave derivable function such
that f (1) =1, f'(1) > 0, and there exists v > 0 such that lim % €

x—0,2>0
(0,00). Then
e \1" 1
nligolo; |:f (n>:| B 1— e_f/(l) ’

Proof. Let 0 < b < 1 and consider o, = |[n”| (the integer part), where

: 1 : _ : Ina, __ : an
0 <b< m1n(§,21/). Then nh_r}rgoan = 00, nh_{lolom = b, nh_{rolo—\/ﬁ = 0,
lim % = 0. From lim o, = oo, lim % =0 < % we deduce that there
n—oo " n—00 n—oo "

exists ng € N such that 2 < a,, < n—ay, Vn > ng. For all n > ng let us note
the decomposition

S-S T

2 PO @
n = 0 and

Since for all 8 > 0, lim <25 = 0, in particular, lim —%—
n—soo €°°" n=c0 e%()

anp—1 Qn
0< > [f (%)}k <> |[f (%)]k, from Proposition 5 we deduce that
k=1 k=1

an—1 k
i 51 (5)] = )

n—anp—1 n—an
From0< > |[f (%)]k < Y f (%)]k and Proposition 4 we deduce that

k=an k=on

n—aonp—1 k k

B ) =

From Theorem 3 we deduce that

_ " E\1F 1

h 2 [f <n>} = (10)

From the relations (8), (9), (10), and (7) we get the limit from the
statement. O
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Corollary 7. Let g : (0,1] — (0,00) be a log-concave derivable function such
that g (1) = 1, ¢’ (1) > 0, and there exists 0 > 0 such that lim % €

rz—0,2>0
(0,00). Then, for all0 < <1, a >0,

' n kﬁ ak 1
nlgﬂo; [9 (nﬁﬂ pR IO

Proof. Let f : (0,1] — (0,00) be defined by f(z) = [g(2”)]". Then f
’ (2B /
is derivable and j}((;c) = x?‘,ﬁﬂ el ) Since 0 < 8 < 1 and % is de-
yid

) g(2P)
creasing (because g is log-concave), it follows that is decreasing, that
is, f is log-concave. Moreover, f(1) = 1, f'(1) = aB¢ (1) > 0, and
(0%
SR C) N PO ) N R [mr By Th
5=t 25 = [59]7 € 0.0 By Thoorn

n
. N1k 1 . . . .
6 we have nh_)ng@ kz;l (5] = 7 Lhis and a simple calculation yield

the limit from the statement. O

For the proof of the second basic result we need

Proposition 8. Let f : (0,1] — (0,00) be such that l%)m>0f(:n) =\e€
z—0,x
(0,1). Let (an),>1 be a sequence of natural numbers such that lim a;, = oo

n—oo
and lim 07‘1—" =0. Then

n—oo
anp—1 k
k A
li e e ———
i [f (nﬂ T
k=1

Proof. Let 0 < e < min (A,1 — A). There exists 6. > 0 such that V0 < z < 6,
we have |f (z) — f(0)] < e. Since lim @» = 0, there exists n. € N such
n— o0
that 0 < °» < 4§, Vn > n.. Let n > n.. For all 1 < k < a5 we have
0 < % < %2 < e and hence !f(%)—M < g thatis, 0 < a:=A—¢ <

f (E) < A+e=:b< 1. We deduce that a* < [f (%)]k < V¥, from where

n

S50k < 32 [F ()" < 350, that is
k=1 k=1 k=1
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Since a,b € (0,1) and lim «, = 0o, we deduce that
n—oo

A-e L<liminfan f k k<limsu 0‘5" f é '
l1-A+e  1—a— n - P n
k=1 k=1
< b _ )\—l-z-:.
- 1-b 1-XA—c¢
For e — 0, € > 0, we get

)\ (e 7%) k k Qn k k )\
2 < limi i <li z <2
1_)\_hmmf [f <n>} _hmsup;[f (n)] ST v

k=1

. . n k,‘ . . Qn Qn . an In an _
that is, nh_)ngo kz::l If (%)] = ﬁ Since nh_)n(r)lo [f (22)]"" = lim e nf(5) =
0 (as In A\ < 0), the proof is finished. O

Now we prove the second basic result of this paper. It shows that, in
general, the answer to Problem 1 is negative.

Theorem 9. Let f: (0,1] — (0,00) be a log-concave derivable function such

that f(1) =1, /(1) >0, and lim f(z)=X€ (0,1). Then
z—0,2>0

e k1" A 1
nhi{}o; [f <n>} R R O

Proof. Let 0 < b < 1 and consider as above a;, = [n’|, where 0 < b < 3.

Then lim «, = oo, lim O;—% =0, and lim %5 = 0 for all 5 > 0. From
n—00 n—00 n—oo €570

lim o, = oo and lim O‘?" =0< % we deduce that there exists ng € N such
n—oo n—oo

that 2 < oy, < n— ay, Yn > ng. For all n > ng let us note the decomposition

S-S0 e

k=an

+k§% [f (fl)r (1)

By Proposition 8 we have

S10) e

k=1
n—an—1 k n—aon k
From0 < ) [f (%)] < [f (%)] and Proposition 4 we deduce that
k=oan k=on

o) 4 (fi)] - 13



10 ARTICLES

while Theorem 3 gives

. k\1" 1
i (3)] =i (1)
k=n—an
From the relations (12), (13), (14), and (11) we get the limit from the state-
ment. O

Corollary 10. Let g : (0,1] — (0,00) be a log-concave derivable function
such that g(1) = 1, ¢’ (1) > 0, and l%m>og(:c) = A€ (0,1). Then for all
z—0,x

0<p<l, a>0,

n

- AN A@ 1
i3 lo(5)] = o+ e

Proof. Let f : (0,1] — (0,00) be defined by f(z) = [g(2”)]". Then f is
log-concave derivable, f (1) =1, f' (1) = afg’' (1) > 0, and 12)m>0f($) =
z—0,x

lim [g(2?)]" = lim [g(t)]* =\* € (0,1). From Theorem 9 we get

z—0,2>0 t—0,t>0
n k
. k A 1
and by simple calculation, the limit from the statement. O

4. THE FIRST TYPE OF EXAMPLES

In this section, as application of Theorem 6, we give various examples.
In the sequel we denote by 7 the Euler constant and I' : (0,00) — (0, 00)
is the Euler Gamma function, that is, I'(a) = fooo 2% le™® dz. We recall
that I' is log-convex, that is, InI" is convex, or equivalently ln% = —Inl
is log-concave. As it is well-known, I is derivable and TV (1) = —v, see [1,
Chapitre VII]. From aI' (a) =T (a + 1), Ya > 0, we deduce l%m OaI‘ (a) =

a—0,a>

aﬁlggﬂ)lﬂ (a+1)=T()=1.
Theorem 11. For all0 < <1, a >0,

n

k=1

B

. 1 1
nh_?goz |:F<k5>]ak - 1—67055'7'

Proof. Let g : (0,1] — (0,00) be defined by g (z) = F(lx). Then f is log-
. b () — L@ ey )
concave and derivable with ¢’ (z) = T 9 (1) = (i) = V- Moreover
lim 22 =  lim L — 1. From Corollary 7 we get the limit from the
x—0,2>0 % z—0,2>0 zl'(z)

statement. ]
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Let us mention that Theorem 11 gives a positive answer for a = g =1
to the open problem stated in Introduction, see also [3, p. 16].

Proposition 12. For all o > 0, 8 > 0,
O .
. " .
nh—{go Z T 1 — e (atBy)”

= Ol

Proof. Let f: (0,1] — (0,00) be defined by f (x) =

¢ —
TP Then lnf,(:n) =
alnz+FIn % is concave (sum of two concave functions). Moreover, J}((x)) =

a_ Br(z) o / _ g(x) . 1
e T S M ma AU =at By, M onss = Mm erer =L
From Theorem 6 we get the limit from the statement. O

The next result contains two of the possible extensions of the limit (2)
from Introduction.

Proposition 13. For allp € N and o > 0

N [k(k+n) (k+2n) - (k+ (p—1)n)]** 1
nh—>H<}o Z { plnp = 7a<1+1+.,,+ )
k=t 1—e 2
n ak
hmz{k(k—&—n)@k‘—kn? ((p—l)k+n)] _ 1 |
A= pin? fap+a(1+%+---+%>

Then g is derivable, g (1)

z(z+1)(z+2)-(z+p—1) 9= _
Pl : g(z) — E + r—i—l +

1-

Proof. For the first limit let g : (0,1] — (0,00) be defined by g(x ) =
= 1,

( = 1. For the second

ot

hence ¢ is log-concave and lim

ztp-1’ 2—0,2>0
limit let g : (0,1] — (0,00) be defined by g (z) = I(HI)(2w+1;!'"((p71)x+1).
, —1
Then g is derivable, g (1) = 1, £ ((x)) Z km "7, hence g is log-concave and
=1
lim % = 1. In both cases we apply Corollary 7 with g = 1. O
z—0,2>0
Proposition 14. Forallpe N, 0< <1, a >0,
k
n ln(l—l—%)ln(Q—{—%) 1n(p+:%g> " 1
li - -
300 — In2 In3 In(p+1) 1 — e aBS’
ptl
where S = Z .
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Proof. Let g : (0,1] — (0,00) be defined by g (x) = 1n((E;c))(iﬂ(;)ﬂa&;iﬁ;x).
(

. z) g'(z)
Then x_}ngT = m, g(x) Z m is decreasing, hence g is
log-concave. From Corollary 7 we get the limit from the statement. O

Proposition 15. Let ¢ : (0,1] — (0,00) be a log-concave derivable function
such that ¢ (1) = 1, ¢’ (1) > 0 and there exists v > 0 such that lim % €

z—0,2>0
(0,00). Then
" m(1+5)\]" 1
n—>ook:1 n2 1 —¢e 2m2

. . n In 2+ln(1+ﬁ) k 1
In particular, lim > |In —y =1
1—e

n—00 .1 —e 4In22

Proof. Let f : (0,1] — (0,00) be defined by f(z) = cp(ln(hl:;w)) Then

In(1+x)
f)=¢p)=1, (( ) _ <<ln(11n-4—21)>> . (Iﬂl) 5 is decreasing, hence, f is log-

) In2
f(@) 1 ©(t)

S

concave and zﬁlbrgw 7 = o)’ wl%n;>0 s € (0,00). We apply Theorem
6. For the second limit we take ¢ (z) = % O

Proposition 16. Let ¢ : (0,1] — (0,00) be a log-concave derivable function
such that ¢ (1) = 1, ¢’ (1) > 0, and there exists v > 0 such that lim % IS

z—0,2>0
(0,00). Then

. =
. . (V2-1)vn

In particular, lim ) | ——5—%| = ———7—.

N0 l—e 4(—V2)In2

Proof. Let f : (0,1] — (0,00) be defined by f(z) = ¢<V\fc/;fizl>. Then

Nezs
f@)=¢(@)=1, (( )) <p<\/.;fT21_—11>) : 2\/mtx/§—1) is decreasing, so that f
V2-1

is log-concave and x—l%)r?m fx(f) = vy x_}})rgm “at(,f) € (0,00). We apply
Theorem 6. For the second limit we take ¢ (x) = % O
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5. THE SECOND TYPE OF EXAMPLES

In this section, we give various examples as application of Theorem
9. These examples show, in particular, that the answer to Problem 1 is, in
general, negative.

Proposition 17. Let ¢ : [ ] (0,00) be a log-concave derivable function
such that ¢ (1 )-1,@( >0, andtp(%)e 1). Then

) (0,
nhi%o [<k+n>]k= (5()%)+ 1&'

kin\k _ 261
In particular, 7}1—{20 kZ::l( L ) T

Proof. Let us define f : (0,1] — (0,00) by f(2) = ¢ (482). Then f(1) =
o(1) =1, L — L) 2

is decreasing, hence f is log-concave, f’ (1) =

@) = 2p(5)

1y =
and I_161£1>0f( z) = ¢(3) = A € (0,1). From Theorem 9 we get the limit
from the statement. For the second limit we take ¢ (z) = . O

Proposition 18. For all p € N we have

- ) - - ! 1
n—00 Pt (p + 1).np P 1_ e_(§+...+m>
= [(k 2%k +n)--- (pk b 1 1
limZ[( +7)( +”)l (» +n)] _ — : —
SRl e BT )
Proof. For the first limit let f : ( ] (0 o0) be defined by f(x) =
(xﬂ)(chfl))'i'(mﬂ ). Then f(1) = 1, L Z 737 s decreasing, hence f
is log-concave and lim f(x) = + (O 1) For the second limit let
z—0,2>0

f:(0,1] — (0,00) be defined by f (z) = 2&111)), @+l Then f(1) =1
, .

J}((;f)) = z; 1 is decreasing, so that f is log-concave and x_}%)nmlw f(z) =
(pil)! € (0,1). In both cases we apply Theorem 9. O

Proposition 19. Let ¢ : (—1,0] — (0,00) be a log-concave derivable function
such that ¢ (0) =1, ¢’ (0) > 0, and lilm X () =X€(0,1). Then
r——1lx>—

n k
. k A 1
nlgrgoZISO( n—1>] = t——a

k=1




14 ARTICLES

o k()R
In particular, lim Y e = %

Proof. Let us define f: (0,1] — (0,00) by f (z) = ¢ (/x —1). Then f (1) =

v (0) =1, J}(( )) = 2\1/5“;/((:2611)) is decreasing (as a product of two strictly

positive decreasing functions), hence, f is log-concave and l%m o f(x)=
r—0,x>

From Theorem 9 we get the first limit from the statement. For the second
one we take ¢ (z) = e”. O

Proposition 20. Let ¢ : (%, 1] — (0,00) be a log-concave derivable function
such that ¢ (1) =1, ¢’ (1) >0, and  lim ¢ (z) = A€ (0,1). Then

xﬁ x>f

n

: 2% +n\1" A 1
nlinéo;[¢<k+2n>} R EION

n k
: : 2e—1
In particular, lim <2k+”) = .
p e, ’°°1§1 k-+2n Y1

Proof. Let us define f : (0,1] — (0,00) by f(z) = ¢ (%ﬁg). Then f (1) =

2zx+1
p(1) =1, ];((;c)) = @((22}221)) : (2x+1?)’(x+2) is decreasing as a product of two

positive decreasing functions, hence, f is log-concave and lim o f(z)=
z—0,2>

From Theorem 9 we get the first limit from the statement. For the second
one we take ¢ (z) = =. O

Proposition 21. Let ¢ : (—In2,0] — (0,00) be a log-concave derivable
function such that ¢ (0) = 1, ¢'(0) > 0, and lim plx) =X €

——In2,z>—1In2
(0,1). Then for all0 < <1, a >0,

n ak
nlLTEOZ[¢ (lnw>:| :17)\a+ _aBe(0)
=1 1—e 2

n

k a
In particular, lim (1 +1In kﬂﬂlﬁ) = 1(_1(Il_rllz)2)a + X 1_a75.

n—oo k=1 —e 2

Proof. Let g : (0,1] = (0,00) be defined by g (z) = ¢ (InZ5L). Then g (1) =
) n

/ z+1
v (0) =1, g ;) = Z((llnm )) . ﬁ is decreasing, hence ¢ is log-concave and
lim g¢g(z) = A € (0,1). From Corollary 10 we get the limit from the
z—0,2>0

statement.
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n ak
, kB +nf A 1
nlggoz |:80 <1n 2np >:| - 1— )\ * 1— e 04,3«;/(0) ’
For the second equality claimed in the statement we take ¢ (t) =1+¢t. O

Proposition 22. For all o > 0

lim Z = + ;
k fmrsy -5’
=l INCS T ol e
SR 1 Lo,
im = ay -
n—>ook_1 [F <2k+n>]ak \/ﬁ—l 1—6_7’Y
- k+2n
Proof. For the first limit let ¢ : [1,1] — (0, 00) be defined by ¢ (z) = [F(i)}"'
Then ¢ is log concave % = —%, ¢ (1) = av, and gp(%) =\ =

ﬁ = \/% € (0,1), I'(3) = /7. We apply Proposition 17. For the

2
second limit we apply Proposition 20 for ¢ : (%, 1] = (0,00), ¢ (z) = W
O
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Two short proofs of a notable symmetric inequality
VasiLE CirTOAJEY, VO Quoc Ba Can?

Abstract. In this paper we give two short solutions to the notable in-

equality
1 n 1 n n 1 >
a?+1 a2+1 az+1 =2’
which holds for any nonnegative real numbers ai,as,...,a, satisfying
—1
Zl<i<j<n aia; = % For n > 3, the equality occurs when a1 =
az = -+ =a, = 1, and also when a1 = a2 = -+ = ap—1 = n2 and
n—

an = 0 (or any cyclic permutation).

Keywords: Nonnegative variables, symmetric constraint and inequality,
minimum value

MSC: 26D10, 26D15

A proof of the inequality

1 n 1 P 1 o
a?+1 ddi+1 az+1 7= 2
for nonnegative real numbers ai, as, ..., a,, under the constraint
nn—1
> ="
— 2
1<i<j<n

is given in [2] for n < 8, and in [3] for any integer n > 3. In this paper, we
give two simpler and shorter solutions than the one in [3], which uses the
method of Lagrange multipliers. Note that the inequality was proposed and
proved for n = 3 in 2005 [1]. Later, in 2013, Henrique Vaz posted it for n = 4
on the website Art of Problem Solving [4].

1. FIRST SOLUTION
First we need the following lemma:

Lemma 1. Let a and b be positive real constants, and let x > y > 0 such
that

xy+alx+y)=>b.
Then, the expression

1 1
E =
2 +1 + y2+1
has the minimum value for y =0 or x = y.

DPetroleum-Gas University of Ploiesti, Department Automation and Computers,
Ploiesti, Romania, vcirtoaje@upg-ploiesti.ro

2) Archimedes Academy, Hanoi, Vietnam canvgb®@aschool.edu.vn
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Proof. Let s = x + y and p = zy. We need to show that if

0<4p< 2
and
p+as=0>o,
then the expression
_ s2 —2p+2
S Zr o1y

has the minimum value for p = 0 (when y = 0) or 4p = s? (when z = y).
From
b=p+as>p+2ap,
we get
p<pr=(Va?+b—a)?
with equality for 4p = s2. Consider further the cases p > 1 and 0 < p < 1.
Case 1: p > 1. Since
b=p+as>p+2a/p>1+2a,
this case is possible only when
b>1+2a.
We will show that E has the minimum value for 4p = s2. Indeed, from
2 (-1
p+l  (p+1[s+ (-1

2
we get £ > —— therefore
p+1

E> 2 ,
p1+1
with equality for 4p = s2.
Case 2: 0 <p < 1. Since
1 —p2
F=14+———+—-=1+F
where ) )
a“(l—p
F(p) = Vil

(a2 + 1)p? — 2(a® + b)p + a? + b?’

the expression E has the minimum value when F'(p) has the minimum value.
We will show next that F(p) has the minimum value when p = 0 or 4p = s
or p=1. Since F(p) >0 for 1 <p <1, F(p) has the minimum value 0 if p
can take the value 1, i.e. if

b>1+2a.
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Indeed, the equality p = 1 implies
b=p+as>p+2a/p=1+2a.

Consider next that
b<1+ 2a.

From

b—1-2a
—1=+va?2+b—a—-1= <0,
Vi Va2 +b+a+1

it follows that p; < 1, therefore
0<p<p <L
Denoting by m (m > 0) the minimum value of F(p) for 0 < p < p1, we have
F(p) = m,

with equality for at least a value of p € [0, p1]. Write the inequality F'(p) > m
as

Fi(p) >0,
where
Fi(p) = —[(m + 1)a® + m]p® + 2m(a® + b)p — (m — 1)a® — mb®.

Since F(p) is concave, the inequality Fj(p) > 0 holds for 0 < p < p; if and
only if 1(0) > 0 and Fi(p1) > 0. In addition, we have F;(p) = 0 (F(p) has
the minimum value m) for p = 0 or for p = p; (when 4p = s2).

To finish the proof of Lemma 1, we need to show that £ does not have
the minimum value when xy = 1 and x # y. Since zy = 1 entails £ =1 and

b=uzy+alx+y)>zy+2a/zy =1+ 2a,

it suffices to show that £ < 1 for b > 14+ 2a and x = y. Indeed, for b > 1+ 2a
and z = y, from the constraint xy + a(z + y) = b we get

x:y:\/ﬁ*a> a2+1+2aia:1’

1 1 2

therefore

= + = <1.
w2+1 241 2?2 +1
O
Now, to prove the original inequality, we use the following theorem:
Theorem 2. Let n > 3, and let ay,a9,...,a, be nonnegative real numbers

such that

n(n —1
Z aiaj:(z).

1<i<j<n
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If a;. and a,, are variable numbers and all other numbers are fixed, then the
exTPTession

Ly bt
a?+1 a+1 a? +1

F(ay,azg,...,a,) =

has the minimum value when ap = a,, or aga,, = 0.
Proof. Without loss of generality, assuming that ax = a1, am = ao, and
a1 > ag, the expression F'(ay,as,...,ay,) has the minimum value when
1 n 1
a% +1 a% +1

E(al, CLQ) =
has the minimum value. Denoting
xr =ag, Yy = az,

_ "~ ' _ n(n—1) B o
a Zaz, b — Z a;aj,
i=3

3<i<j<n
we have a > 0, b > 0, x > y > 0, and xy + a(x + y) = b. There are three
cases to consider: 1) a =0;2) b=0, a > 0; 3) a,b > 0.

—1
Case 1: a = 0. Since a3:---:an:0anda1a2:n(n2) > 1, we
have
2 2 2 2
aja; —1 aja; —1
E(ar,a2) =1 - ————— > 1- 22
aj + a5+ ajaz + 1 2a1as + ajas; + 1
ajag —1 4

ajas +1 n2—n+2
Therefore, the expression E(a1, az) has the minimum value when a? + a3 =
2a1as, hence when a; = as.

Case 2: b=0, a > 0. We have zy + a(x +y) = b = 0, which holds only
when x = y = 0, hence a1 = ag = 0.

Case 3: a,b > 0. By Lemma 1, the expression E(aj,as) has the mini-
mum value when a; = as or as = 0.

a

Based on Theorem 2, we can prove the original inequality
n
F(ay,ag,...,a,) > 3

For n = 2, the inequality is an identity. Consider further n > 3. By Theorem
2, it suffices to consider the cases when a1 = --- =a;:=2r and aj41 =--- =
ap = 0, where j € {2,...,n}. So, we need to show that

(i = z* = n(n—1)
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implies

which is equivalent to

Indeed, we have

1\ — 24 AN — i1
o2t g MO D 2) g1
i —1) i —1)
The proof is completed. For n > 3, the equality occurs when a1 = ag =
-=ap =1, and also when a1 =as =+ - =a,_1 = n and a, =0 (or

n p—
any cyclic permutation).

2. SECOND SOLUTION

We will use the induction method. For n = 2, the inequality is an
identity. Assume now that the statement holds for n > 2 nonnegative real
numbers a; and show that it also holds for n + 1 nonnegative numbers a;,
that is, if

1
DETE]

£ 2
1<i<j<n+1
then
(aE g n+1
Z a2 +1 2 2
i=1 ¢
Without loss of generality, assume that a,+1 = min{a, as, ..., a,}. We claim

that this assumption implies
nn—1
Z a;aj > (Z)a
1<i<j<n

hence

— 1)t
Z aiaj:n(n2), t>1.

1<i<j<n
To prove this claim, we denote a, 1 by y, and write the desired inequality

as follows:
(n+1) Z aja; > (n —1) Z a;a;j,

1<i<j<n 1<i<j<n+1

n
(n+1) Z aa; > (n—1) Z aiaj—i-yZai ,
i=1

1<i<j<n 1<i<j<n
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n
2 Z aa; > (n — l)yZai.
i=1

1<i<j<n
Using the substitutions a; = x; +y for i = 1,2,...,n, we have all z; > 0 and
n n
2 Z aiaj—(n—l)yZai =2 Z (zi+y)(zj+y)—(n—1)y Z(:pi—i—y)
1<i<j<n i=1 1<i<j<n i=1

n
=2 Z xixj—i—(n—l)yz::vi > 0.
i=1

1<i<j<n
Next, from the known inequality
1

ﬁ+@+m+ﬁzﬁ@+@+m+%ﬂ
we get
2 2 1 2
(a1 +ag+ -+ +an)” —n(n—1)t° > 5(a1+a2+---+an) :
therefore
ai+ag+---+a, > nt.
Since
n(n+1)
5 = Z aia; = Z a;a; + (a1 +ag+ -+ ap)ant1
1<i<j<n+1 1<i<j<n
n(n — 1)t
> R — + nlap4a,
we obtain T
i1 < o where T'=n+1-(n— 1)t2.
Let us define the nonnegative real numbers b; = % fori=1,2,...,n. Since
1 n(n —1)
1<i<j<n 1<i<j<n

by the induction hypothesis we have

n
1 n
E:w+12§’
=1 ?

hence
n
3 1 o
2 2 = 2°
= a; + t 2t
By the Cauchy-Schwarz inequality, we have

(12 +1)?

a?—i—l

(@2 +1) + (2~ 1)] [ (- 1>} > (P4 1) + (2~ D,
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which is equivalent to

(12 +1)2 2 At
a? + 1 Tal+

By summing these inequalities for all ¢ < n, we obtain
1 1
t24+1)2 —— +n(t?—1) > 42 — > mt?,
O et e

hence

n

> iz
s g2 +1 241"
=1

Finally, we have

n+1 n
1 1 1 n 1
= + > +
;a?+1 ;a$+1 a2 +1 7 12+1 a2 +1

s _n n 1
T2+ 1 0 T?/(42)+1
n+l (n?2 = D[(n -1t — Bn — 1)t + Bn+ 1)t2 —n — 1]

2 2(t2 4 1)(T2 + 4¢2)
n+l (=1 -1)*(n—1)t* —n—1]
T2 2(12 + 1) (T2 + 4t2)

n+1 N (n? —1)(t2 - 1)°T _ntl
2 22+ 1)(T% +4t2) — 2
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An alternating sum with three consecutive harmonic
numbers

NANDAN SAT DASIREDDY?D)

Abstract. In this paper we give a closed form expression for the following
alternating series

n Han+1Hn+2
> ()"
nn+1)(n+2)

n=1
solving the second part of open problem 3.105 in the recent book Sharpen-
ing mathematical analysis skills by Ovidiu Furdui and Alina Sintamarian.
Our proof involves the use of some identities due to Anthony Sofo.

Keywords: Classical harmonic numbers, alternating linear harmonic
sums, nonlinear harmonic sums, Riemann zeta function, Dirichlet’s eta
function, polylogarithm function

MSC: 40A25, 11M06

1. INTRODUCTION

Furdui and Sintamarian considered the following problem of evaluating
an alternating series involving consecutive harmonic numbers as an open
problem in [4, p.119], to which we will provide a solution in this paper.

o0

n Han—HHn—i—Q
2 (-1 n(n+1)(n+2) @

n=1

Throughout this paper, H,, denotes the nth classical harmonic num-
n

1
ber defined by H,, = Z & | x| denotes the floor function, which is defined

k=1
for x € R by |z| = max{k € Z|k <z}, ((s) denotes the Riemann zeta

1
function, which is defined by ¢ (s) = Z —, R(s) > 1, Lip(z) is the polylog-
n
n=1
ok
arithm function defined for |z| < 1 by Li, (z) = Z:]:—n, neN n>2

k=1

and 1 (z), z € C, denotes the alternating zeta function (also known as
Dirichlet’s eta function, or Euler’s eta function), which is defined by 7 (z) =
> n+1

-1
Z %, R(z) > 0, with closed-form expressions for 7(1), n(2), n(3) and

n

n=1

n(4) being given in [1, p. 811]:

1) =2, 7@ =3¢, 1(3)=7CE) n()=

To evaluate (1) we shall establish some lemmas.

).

1)Hydelrabad7 Telangana, India, dasireddy.1818@gmail.com
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Lemma 1. The following identity holds

’I'L

o0
Z ln2—21n2—|—1
n+2

n=1

Proof. In the proof of Lemma 3 from the recent article [5], Sofo has obtained
the following relation for r > 2

= () H, & ()" Ha (14 (—))In2 (—1)*]
712_:1 n+r ;_:ln—i—r—l_ r—1 r—1 ( L5 T Hy- 1>'

Letting » = 2 on both sides, we obtain that

n n

o0 oo
-1)"H -1)"H
E ()7”_ ()7":21112_17
+2 ot n+1

n=1

)" H,
where we used that Hy = 0. The alternating harmonic sum Z #

n+1
was evaluated in the same article [5, Lemma3] to —11n*2, glvmg us the
desired equality. O

Lemma 2. The following identity is valid

> V"H, 1 1
nz::l 2y —gC(S)—21n2—§C(2)+2

Proof. In [6, Proof of Lemma 4] Sofo has obtained the following relation for
s>2

— (-1)"H, (-1
nz::l (n+2)? _; (n+1 z::

In Equation (1.9) from the same article [6, | the alternating harmonic

1
sum Z was evaluated to —gg (3), giving us that the following
n=1
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equalities hold:

~(CD"Ha 1,0 i~ (D"
Lo - S Ly

— " n —+
I P N e VA S G VAR S S G
=—2((3) ; - +n§_:1n+1 ;(HH)Q
B O R SN G R N G Vi
_—8<(3)+;1 +; - —1+; 2 1
1
= (@) +2m (1) +7(2) -2
z—%C()+2ln2+ ¢(2) O
Lemma 3. The following identity holds
— (-1)"H, (1 15 1., 7 1 )

Proof. We have

— ()" Hy = (D)"Hpp1 = (=D)"
nz_:l (n+1)° _nz_:l (n+1)° ;(nﬂ)‘*

<1>“ -

E

(—1)7'—11{ i 1)/~ lH 7

tnqg

1

<.
Il

M

j=1

.
Il

In [2, p.32], Flajolet and Salvy have listed the following alternating
linear harmonic sum
o0

1Yl H.
> (1)7}[9 = —2Liy <1> + %4(4) - % In*2 — 24(3) In2+ %g(2) In?2

= 2

from which it follows that

o)

(-V)"H, ... (1) 15 1 .. 7 1 ,
;(n—i—l)?’_QLM <2)+8C(4)121ﬂ 2—ZC(3)ln2+§§(2)1n 2. O

Lemma 4. The following identity holds

i(—m” (H"+2>2:2Li4 <;>—g( )+ 71 19T s )1n2—%¢( )ln® 24—

n=1
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- Hn+2 2 = H2 7
Proof. We have Z (=" <n—|—2> - Z (1) qu + o

n=1 q=1
(=17 HZ
In [8, p.16], the nonlinear harmonic sum Z ———— was evaluated
g
=1
to 2Lis (3) — 15¢(4) + 5 In*2 + ¢(3)In2 — %C(Q) In? 2. Hence, the desired
equality follows. O

Lemma 5. The following identity holds

- n 1 1 2 3 - "
2D ((n+1)(n+2)+(n+2)2> =((2)+5¢3) = 5¢40) - 5

n=1

Proof. Using partial fraction decomposition, it is found that the sum in the
left-hand side can be rewritten successively as follows:

= )" - (="
Zl Zl(n+1)(n+2)3

)" — D" & (D) & (="
1(n+1 ;(nm)? 2;(n+2)3+;(n+2)4

B oo p+1 0 (_1)p+1 _§ oo (_1)p+1 _z
- (; ) + pz:; 2 1] 2 ; o <
2 (=Pt 15
(Z )
p=1
©o P+1 oo (_1)p+1 o0 ( 1)p+1 41
= 2 +2 — - —
41 3 7 41
= @)+ 2 () - n) - 1 =)+ 506) — () - T2 0

Lemma 6. The following identity holds

< (~1)" Hops (545 + 75
2 (n+2)+2 ;

n=1

) 1 41
— — 2 - 1 — _——
=((2)—In 2+2ln2+8C(3)+2L14 (2> 16

11 1 4. 7 1 )
_ZC(4)+EIH 2+ZC(3)ln2—§C(2)ln 2.
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Proof. By partial fraction decomposition, the left-hand side can be brought
to the following forms:

(e o]

Z(—l)"Hn+2<(n+1)1 ;o — 3>

— (n+2) (n+2)

o0

= 2 (V)" Huso ((n+1) 42 (m+2) (n+2)3>

1 1 1 1
1" H _ _ +

& (' Hur (D" Hupr R ()" Huga | (1) Hygo
7;1 n+1 ; n+2 ; (n+2)2 +; (n+2)3

L R ()'Hen & (D" S (D) Has

= 2 n+1 +Z:(n+1)(n+2) ; n+2

i n+2 Z (—(1)n H;3+2

= (-1)™H,, < (-1)"H,, <= (-1)"H, 41
S S = NPT Y€ Y (S

2 3
m=1 m m=1 m m=1 m 16
= (-)"H
In [5, Equation (1.9)] the alternating harmonic sum E i
m

m=1

1 1
was evaluated to —§C(2) + 3 In?2 and in [6, Equation (1.9)] the harmonic

5
sum Z 72771 was evaluated to —gc (3). It follows, from the previous
m
1 1

o0 (_l)n Hn+2 < + )

formulae, that Z ( Z—;)zl nt2) _ ¢(2) —In?2 +2In2 +
n
n=1

5 1 11 1 7 1 41
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Lemma 7. The following formula holds

— (-1)"H? . (1) 33 1 1., 1 N
S i = (5) + foc+ 16 - €@ - 2+ o2

- £§(3)1n2+21n22—41n2+3.

Proof. The sum in the left-hand side can be rewritten as follows:

= i (=" (nHT;)Q + i (=" ((n + 1)1(n T2) " (n j 2)2>2

5V Hs ()
— (n+2)?
7 41

1\ 41 1 7 1 7 3
=2Li, <2> — 1S5 It 24 1) 2= () I 24 1 +C(2)+5¢(3) g (W)~

—2¢(2)421n? 2—41n2—§<(3)—4Li4 <;>+121C(4)—éln42—;((3) In2+¢(2) In? 2+4§1

/1) 33 1 1, 4.1 94 1 2
_ 1 Lesy—co—L - —L(3) In24+2m2 2—41n 243,
2 Liy <2>+16C(4)+4((3) ¢(2) B In 2+2C(2)ln 2 4((3) n2+2In n2+3

O

Lemma 8. The following identity holds

— (-)"HZ . (1\ 33 1o, 7 1 5
,;W = 2Liy <2> — 160 + 5" 24 2((3)In2 — 5¢(2) In"2.

Proof. The desired sum is given as follows:

S (D"H2 s ()" — (=1)" Hpy1
2 (n+1)? +Z(n+1)4_2nz (n+1)°

n=1 n=1

o0 1 l—1H2 0 1 I+1 0 1 l—1H
:Z()lzz+z( li _22(231
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= —2Liy <;>+16C( )——In 42—74( ) In2+5¢(2) In? 24 o€ (4)+4Lig <2>

12
L.y 7 2
——C(4)+gln 2+§((3)ln2—C(2)1n 2
/1 1 )
=2Lis | 5 ——c( )+—1n 2+ C( JIn2 — —¢(2)In*2.
0
Lemma 9. The following identity holds
= (-1)" H? 1 1o, 1 1 )
—r = ——In"2+ ={(2)In2 — =((2 2In“2—2In2+ 1.
; - 16B) = 3?24 5((2)In2 - 2((2) + 2In n2+

Proof. In the recent article [5, Proof of Lemma 4] Sofo has obtained the fol-
lowing relation for ¢ > 2

[e%s} e’} o0 (_1)71
_Zl n+t _Zn+t—1 Z n+t—1+nzln2(n+t—1)'

) ) (3)
Plugging in ¢t = 2 on both sides of (3) we get that the opposite of the desired

sum is
— (-1)" Hp — (=1)"H, < (="
Al ) A n - =
Z n+1 ;n(n—i-l)—i_;n?(n—i-l)

SIS VRIS YR

n=1 n+1 n=1 n n=1 n+1
00 +1 00 n+1
(=1)" (1)
D
2
n=1 n n=1 n

o0 n 2
:Z(DJ+1§(2)_21HQQ+2In2—1.

In [3, p.217] Mez6 has evaluated the following alternating nonlinear
harmonic sum

= (-D)"H? 1 15y 1
;W *C() 2—54(2)1112’

which combined to the above calculations show that the desired result holds
and the lemma is proved. O
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Lemma 10. The following identity holds

o0 o0

(1" Ho CU" iy (D) By Lo
nzln<ﬂ+1)3(n+2)+;n(n+1)2(n+2)2_2L4<2> g cWFgin2

@ ma- L@ at @) @)+ ma- T

Proof. By partial fraction decomposition the left-hand side is found to be

= (_1)an
4Z n+2 4Z o

— (n+1)
— (-1)" H, }OO (-1)" H,
nz::l (n+1)° 2; (n+2)*

—_

C(3)— 22— C(2) +2> oL (;)

ol

3/1. .,
<>(

\V)

Do+ gtz c@ma- Je@ w2 i@+ (<300 + 1)
(1)—4 F oy 0 24T C(3) 2 ZC2) W7 24 1€ (B4 ¢ ()2 22
7 3/ 1 1.,
+§ln2— R (—QC(Q) +5n 2)
1 15 1 7 1 1 1 5! 7
—2Liy <2> ~ (@35 In" 24 7C(3) In 2 2((2) In? 24 ¢ (3) =2 (2)+5 n2—1.
Od

Lemma 11. The following identity holds

o 1\ 72 [ee] 1\ g2
oy CU s U (1)
n=1 ( n=1 ( )

n(n+1)2(n+2) n(n+1)(n+2

3 2 5 1 35 5 3 5
02— In?2— — In*24+=1n?2+¢(2) In2—— In2+=¢(2)In%2—=1n2+°=.
SC()BD 24n +2n +¢(2)In 8((3)n+4C()n 2n+4

Proof. By partial fraction decomposition, we find that the left-hand side is

§i(_1)nﬂj_i%_ziﬂ
4 n n+1 4 n-+ 2
n=1 n=1 n=1
o0 [oe)
(-D)"H2 1
-2 + —
nzl (n+1)° 2; n+2

5 — n H? 1 1 1
=35 B (fo) + g2 - joe)me)
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1/ 1 1, 4. 1 1 ) (1
-3 (—4C(3)—31n 2+ 5¢(2)In2 - 3¢(2) + 21?2 21n2—|—1> 4L14<2)
33 1 ) C /1) 33

Y — -~ L (=) +2¢
2( G (4) + B ln 2+ C( )In2 2((2)ln 2> Liy <2) +32C( )
Sl R ) Y ) - L ~ 41n?2
+3 <4§(3) (2) - Lt 2c(2)1n 2 - 2¢(3)n2 42’2~ 4ln +3>
5 — H? 1\ 165 1 3 1 5
=25 (—1)" =2 —5Li 20 (4) - —C(3)—S¢(2)— > InP2— —In*2
§2 0 st () + ¢ )¢ @) g2
1
+fln22+gg‘(2)ln2—§C(3)ln2+§g(2)ln22—ghﬂ—%%
1)" 2 1. 3 .
Since E = —f(( ) — 71 2+ g( )In2 (see [5, Equation
(1.10)]) we get that the left-hand side of the desired equality is equal to
5( 3 ) (1) . 165
2 -2¢@3) - 2 - 5L (= )+ o2 (4) — —C(3) — 2¢(2
S (-jem-gm 2+2c<2>1n2) 511 (5) + 3¢ @) = 15603) — 3602
Lo, 35 5 2. 3 5
—Zln —ln 2+ In?2+ > C( )In2 §C(3)1n2+4g(2)ln 2 2ln2+4
— 51 (L @ 3@~ 2o P toy L
= 5L14( >+ ¢(4)—<(3) 8((2) 3ln 2 24ln 2+21n 2
+¢(2)1 2—fg(3)1 2+§g(2)1 29 31942 O
((2)1In 3 n2+7 n 52+

Now we are ready to state the main result of this paper.

Theorem 12. The following identity holds

o0

(=1)" HyHni1 oo _ (1) 5 15 34
nZl n(n+1)(n+2) _3Ll4<2>+2<(4)_8C(3)—C(2)+8ln2

3 3 5
— ghﬁ' 2+2In?2 — §4(3) n2 - 2¢(2) In?2 + 5¢(2) 2.
Proof. The left-hand side is rewritten successively as follows:

H 1 1
o (D" HZ+—=||H
Z( ) ( ”+n+1>( n+1+n+2>

n(n+1)(n+2)

n=1
nzlnn—i-l n+2 - n n—i—l n—i—2) :ln(n+1)(n+2)2
—1)”Hn

(
Z n+1 n+2) +nz_:1n(n+1)2(n+2)2

00 n 00
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> ) H? (1 165 2. .
;MH =T (5 ) + 5y ¢ ()~ <B) - 20(2) - S

5 35 5 ., 5 3 /1

—ﬂln 2+71n 24+¢(2 )ln2—§g‘(3)ln2+1§(2)ln 2+Z_§1n2+2L14 <2>
7
4

15 1, 4o 7 1 o1 1
— 0@+ ' 2+ 2032 - (@) I’ 2+ -C(3) — 5C(2) + 52—

X (-1 H? (1) 105 15 1 RN
Z n+1 n+2)_3L14< )+C( )_EC(3)—§C(2)—§IH 2—§ln 2

n:l

1 21 1
+3 In?2 +1n2— §g(s) In2+ 24(2) In?2 +¢(2)In2 — 5

In [7, Remark 2.1, p.12], Sofo has evaluated the following alternating
nonlinear harmonic sum

> )" H3 15 1 1 3
—5C(4) - =C¢(3) — =¢(2) +=In*2-1n*24 = 1n?2
Z n—l—l Tn+2) ~ C() 166(3) 26()+2n n°2+gln

n:l

9 3 .3 |
~In2+ ()2 - SC2) W2+ S¢(2) 2+ .
)" HyHpq1 Hygo

1
nn 1) (n+2) equals

It follows that the desired sum Z

25 15 1 1 3 9
U 04) - = — 2+ -In*2-In?*2+"In?2—-—n2+ = In?2
32C() 16C(3) 2(()+2n n°2+ 5o n +4C(3)n

3 3 1 1 105 15 1
—5((2) In?2 + 5{(2) In2+ 5~ 3Liy <2> + 7(( ) — EC(?)) - 5@'(2)

1 2 1 21 1
—§1n42— §1n32+§ln22+1n2— §g(3)1n2+ Z§(2)1n22+c(2)1n2— 3

= —3Liy (;) + gg (4) — %g(:s) —C(2)+gln4 2— g In®2+2In%2— gg(g) In2

3 3 2 5
—5¢B3)In2 = 2¢(2) "2+ 5¢(2) In2,

and the theorem is proved. O
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A number of 79 students participated in the contest, representing 24
universities from France, Greece, North Macedonia, Romania, and Turk-
menistan. The jury awarded 9 gold medals, 19 silver medals and 27 bronze
medals. No contestant obtained the maximum possible score. The stu-
dent Horia Mercan from National University of Science and Technology Po-
litehnica Bucharest, Romania, obtained the highest score of the contest, and
won the title of Absolute Winner of the competition. University of Bucharest,
Romania, won the title of Best University.

We present the competition problems and their solutions as given by
the corresponding authors, together with alternative solutions provided by
members of the jury or by the contestants.

Problem 1. Let (:Un)n21 be the sequence defined by x,+1 = ©, — \:% for all

[e.e]

n > 1, and z; € (0,1). Find the values of o € R for which the series > =%
n=1

is convergent.

Dumitru Popa, Ovidius University, Constanta, Romania

Author’s solution. By induction, we can easily deduce that z,, € (0,1)

for all n > 1. Next, from 0 < for all n > 1, it follows that

n

N \f

T Ty — X T
lim — = 0. Since 1 — ntl _ T forall n > 1, we deduce
n—+00 f Tn Tn \/ﬁ
that lim Tntl _ 1.

n—oo I

Now let m» > 1. By the recurrence relation we have

1 _i_xn—xm_l_ T, 1
= — S
Tn+1 In TnTp+1 Tn41 \/ﬁ
which implies that
1 _ 1
. n . x
lim = +11 o~ lim —% =1.
— — —
n—00 7n n—=00 Tp41
1

S 1. ]. b
mce 11m °
\/>

n—00 2 n—1
lemma that

) = o0, it follows by the Stolz-Cesaro

1

lim In — =1
=00 1 s ek e
Also, by the same lemma,
Vn . ovVnt+l-—yn
= lim lim ————— = 5"
n%oo1+f+ -+ — n—00 \/ﬁ nﬁoow/n_|_1_|_\/ﬁ
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1

Combining the previous two limits, we obtain lim *> = 2, hence
n—00 +/MN
:L,O(
lim —* = 27*. By the comparison criterion for positive series it follows
n—00 —=_

n%
oo oo
a : . . 1 . ..
that g x% is convergent if and only if E — s convergent, that is, if and
n=1 n=1

only if % > 1, which finally leads to a > 2.

Alternative solution. This follows the ideas from a solution given by

. . Tn+1 .
the jury. Deduce, as above, that lim ntl = 1, hence lim —=
n—oo  ITp, n—00 Tp41

=1, so

In

1
there exists ny € N such that — <

1 1 T
— — =" . _—_ we obtain that for all n > n,

Tn+1 Iy Tn+1 \/ﬁ

< 2 for all n > n;. Next, using
Tn+1

1 1 1 2

— < < . 1
2\/ﬁ Tn+1 In \/ﬁ ( )

1 1
Using also the fact that the sequence (1 +—=+ "+ —=- 2\/ﬁ> con-
n

V2 v

verges, one can find some constants ci,co € R and ng > nqy such that, for all
n > na,

1 1
9 < e — < 2v/n. 2
c1+2vn < nf2+ +\/ﬁf02+\/’ﬁ (2)
Taking the sum for £ = ng,...,n in relation (1), and using (2), we get for all
n > no that
c1 I~ 1 1 1 |
—+vn< - — < - — <2 — < 2c2 +4/n.
R P T T Dy S A
=n29 k—TLQ
1
Dividing the previous relation by v/n + 1, since nh_)rrolo (% + \/ﬁ) . e =1,
1 1
lim —————= =0, and lim (2¢3 +4/n) - —= = 4, it follows that
n—>ool»n2.,/n_|_1 n—>oo( 2 \/>) vn+1

there exist some positive constants ki, ko > 0 and ng > no such that, for all
n Z ns,
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1

hence the sequence (%) is bounded from above and from below by
vn/ p>1

oo
positive numbers. This is enough to guarantee that the series Zx% and

n=1
oo
Z% have the same nature, so the conclusion follows as above.
n:ln
1 Ty

Remark. The author’s solution proves that z,, ~ (ie., lim —— =1),

QVﬁi n—00 eV

while the alternative solution limits the argument to showing that (zy)n>1

a
can be squeezed between two sequences () and () , for some
V) 1 V) 1

a,b> 0.

An (incomplete) argument which shows that z, ~ can be given

1
NG

c
by assuming (without proof) that z,, ~ — for some positive numbers & and
n

2 2
. x c
c. Then, by the recurrence relation, we have that x, — xp41 = —= ~ ——,
\/ﬁ n2kts

il 1 1 c(,_(; 1 \"* c
e — ~ _—— — = — — — ~ —
WHEE n =l ™ € Lk (n+ 1)k nk n+1 nk

k k 1 1
] N#. It follows that 2k+§:k+1 and ¢? = ck, hencec:kzi.

Although this problem was considered to be easy by the jury, only 13
contestants solved it completely. The ideas of the contestants mainly followed
the author’s solution.

Problem 2. Let A, B € M,(R) two real, symmetric matrices with nonneg-
ative eigenvalues. Prove that A% + B? = (A 4 B)? if and only if AB = O,

Kadyrberdi Annabayev, Turkmen State Institute of Architecture
and Construction, Turkmenistan
Author’s solution. If AB = O, then
AB =0, = (AB)" = BT AT = BA.
Therefore A and B commute and
(A+ B)*> = A+ B* +3AB(A + B) = A*> + B>.

Assume now that A%+ B3 = (A+ B)3. Since the trace operator is linear
and invariant under cyclic permutations, it follows that

Tr(ABA) + Tr(BAB) = 0. (3)
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We recall that a real, symmetric matrix M has nonnegative eigenvalues
Al .-y Ap, 1.e., M is positive semidefinite, if and only if M can be decom-
posed as a product M = QT Q for some real matrix Q. Moreover, if for such
a matrix Tr M = 0, then M = O,,. Let U,V € M, (R) such that A = UTU
and B = VTV. Then, using the symmetry of A and B we get
ABA=AVI'VA=WVAT(VA) and BAB=BU'UB=(UB)T(UB),

so Tr(ABA) > 0 and Tr(BAB) > 0. From (3) it follows that we must have
Tr(ABA) = Tr(BAB) = 0 and therefore ABA = BAB = O,,.

In particular, for every z € R™ we have

|VAz||? = 2T (VAT (VA)x = 2TABAz = 0,
so VA = O,. Again, for every x € R"
|ABz|? = 2T(AB)T(AB)z = «"VT(VA)ABz = 0
and, finally, we find AB = O,,.
Alternative solution. This is based on the solution given by Marian
Pantiruc. The matrix A is a real, positive semi-definite matrix, so Tr A > 0
and Tr A = 0 if and only if A = O,,. Denoting the usual scalar product over
R"™ by
(x,y) = 2Ty =y x, forall z,y € R,

we have (Azx, x) > 0 for every x € R™ and (Az, z) = 0if and only if z € Ker A.
The same goes for B.

We observe that BAB is symmetric and

(BABzx,z) = (ABx,Bz) >0, forall z € R",

which implies that BAB is also a positive semi-definite matrix. Similarly,
ABA is symmetric and positive semi-definite.

Then, if (A + B)? = A3 + B3, as in the author’s solution we obtain
Tr(ABA) = Tr(BAB) =0, so BAB = O,,. Because

(BABzx,x) = (ABx,Bz) =0, forall z € R",
we conclude that Bx € Ker A, for every x € R", i.e., AB = O,,.

This problem had 13 complete solutions given by the contestants and
generated the greatest total number of points in the competition.

Problem 3. For every n > 1 define z,, by

dzx.

1
1
xn:/ ln(1+x+az2+---+ﬂ$")-1nl
0

(a) Show that x,, is finite for every n > 1 and lim z,, = 2.
n—oo

..on
(b) Calculate nh_}rrgo m@ — Tp).

Mircea Rus, Technical University of Cluj-Napoca, Romania
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Author’s solution. (a) For all n > 1 and = € [0, 1),

1 1
>1 and Ogln(l—i—x—i—x?—l—---—l—x")-ln <Ilnn-ln )
1—=x 1—=x 1—2z

1
Since In

dz is convergent (to 1, by a direct computation), it follows
—x
that z,, is finite.

1
Next, the sequence of functions f,(z) = In(1+z+2%+---+2")-In ]
-z

satisfies:
0 < fu(z) < fay1(z), for all z € [0,1) and n > 1,

I TR (S ek A W N DTS L S
ngn;ofn(x)—nin;o n———— Ino— ) =ln"-—— fora z €[0,1).
It follows by the Lebesque—Beppo—Levi theorem (of monotone convergence)

that

1 1
1
lim z, = lim fo(z)de = / In? dez =2
n— 00 n—oo [q 0 1—2x
(the last equality follows by an elementary computation).

(b) From (a),

1 ) 1 1_xn+1 1 1 1
2—x, = | —1 -1 der =] In(1—2""")In(1—2x)d
T, /O(n T, T nl_w>3: /On( ") In(l1—x)dx

+1

and with the change of variable y = 2", we obtain that

1
/ In(l1—y)-In (1 - yn%rl) -yn%l_l dy.
0

By shifting the index, for convenience, it follows that

2_xn:n—l—l

.on : n—1 i P Inn
i) T ) T
1 1
lim / (1 —g) I (1—yn ) yr " dy
n—>oolI1TL 0
1 L +
In(1 — nIn(l —yn
~ lm / n( Y) Y n( Y )dy.
n—00 0 Yy lnn

We want to verify the conditions in the Lebesgue dominated convergence
theorem, so consider
1 1
_In(l—y) yrn(l—yn)
Y Inn

gn(y) , for y € (0,1), and n > 2.

The pointwise convergence follows in a standard manner: we start from
1

. n o—

lim T

n—oo -

n

1 1
=Iny, hence lim n (1 — y%) =Iln—- >0,
Yy

n—oo
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which leads to

nh_}ngo (111 (1 —y%> —l—lnn) =In <1n ;) .

Then
1
In(1 — In (1 — yﬁ)
lim g,(y) = u lim y% - lim ——~
n=s00 Y n—00 n—00 Inn
1
In(l —y) ln<1—yn)+lnn
=——. lim -1
Yy n—o0 Inn
In(1 — 1 1
:u (ln (ln) -—1)
Yy Yy &
In(1—
= —u, for all y € (0,1).
Y
To check the domination condition, let g(t) = —In(1 —¢) = In ¢ for
t €10,1). Note that g is positive. Since 0 < y% < 1, it follows that
In (1—yn "
=y 2(1=0") g 9 ()
0<gnly < ( y) = g(y) ,forallm > 2 y € (0,1).
Y Inn Y Inn
(4)
From
1—1t"

g(t)—g(t") =1In =In(1+t+-- -—|—t”_1) <lInn, forallt € (0,1), n > 1,

1—
1

t
it follows that g (yn) — ¢g(y) < lnn, hence
) (v)

g(y
< —2L > 3.
S 1+ Ty S 1+g9(y), foralln >3 (5)

3=

Combining (4) and (5) and replacing g, we finally obtain

In?(1 —y) —In(1 —
0<gn(y) < n(1—y) —In( y),for alln >3, ye€(0,1).
Yy

Mn?(1—y) —In(1 —y)

It is an elementary exercise to check that dy is con-

0 Y
vergent, which concludes the proof of the domination condition and estab-
lishes that

'n(1 —y) dy:ﬁ,
Y 6

n—oo Inn

L= lim ”(2—xn)=—/
0
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where the last equality is a well-known result, that can be obtained by in-

In(1 —
tegrating the Maclaurin series of —u

1 2
PR

n>1

and then using Fuler’s identity

Alternative solution. This solution, given by Mircea Rus, uses a different

1
approach to the computation of the limit lim o / In(1—2")-In(1—=z) dz,
n—oolnn Jf
which is the answer to (b), as seen from the previous solution. This ap-
proach was suggested in an incomplete solution by the contestant Adrian—
Nicolae Ariton, from National University of Science and Technology Po-
litehnica Bucharest, Romania, whose intuition led to the correct result. We
try here to fill in the gaps in the contestant’s solution with some alternative

arguments and simplifications.

1
For every n > 2, denote a,, = 171/ In(1 —2")-In(1 — z)dz. Now,
nn Jjo

X L kn

1

fix n > 2. We have In(1 —z") - In(1 — z) = Z %ln 1 for all x € [0,1)
k=1

—x
from the Maclaurin power series expansion of In(1—z"). Using the monotone

convergence theorem for the sequence of partial sums of the above series, we
obtain that

o0

n 1/t 1
=— - 1 dx | .
i lnn;k(/ogg "1 a:>
It follows, by an elementary computation, that for every m € N

! 1 1 ! Lo 1
/ 2™ 1n dz = / (:Uer —1) -In dz
0 1—2 m-+1J 1—2
1 O | Lgmt+l _q
+ / dx
0 m+1J, x-1

= 7(00"”’1 —1) In
l1—=z
1 1 H
:/ l+x+4+--+2™)da = m+1
0

m—+1
m+1 m+1’
1 1 .
where Hyp1 =1+ = +--- 4+ ——. It is easy to show that the sequence
2 m+ 1

defined by ¢, = Hp+1 — Inm is decreasing and with positive values (it is
convergent to the Euler-Mascheroni constant «). This leads to

n Ool‘anH:ii‘ nk .cnk—I—lnnk
k_1k2 nk+1 ’

anzlnn k nk +1 Inn
k=1
Using Buler’s id t‘tEji—”—Z laim that li _r
sing Euler’s identity 2 = g We claim that lim an = .

k>1
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Indeed,
2 =1 nk  cpr +Innk
n— L | = 75 : -1
UG kng (nk+1 ) )
=1 nk cnk—i-lnnk
<N = -1
_Zk nk+1  Inn '
k=1
and
nk cnk—i-lnnk_l < nk cnk—i-lnnk_ nk 3
nk+1 Inn “nk+1 Inn nk+1
< Cnk +1Ink 1 < c2+1Ink i7
- Inn nk+1~ Inn nk

for all kK > 1, so
cz+lnk 1 1 SInk) 1 1
Zk,‘2< Inn nk) lnn< 2_37 p ) 5273

Because the three series in the last expression are all convergent, we can
2

T
ap — —
6

conclude that — 0 (as n — ), so the claim is proven.

This problem proved to be the most difficult of the contest, a maximum
of 7 from 10 possible points being obtained by only 2 contestants.

Problem 4. Let n € N, n > 2. Find all the values £ € N, k£ > 1, for which
the following statement holds:

“If A € M,(C) is such that A*A* = A, then A = A*. *)

(Here, A* = A" denotes the transpose conjugate of A.)

Vasile Pop, Technical University of Cluj-Napoca, Romania
Mihai Opincariu, Avram Iancu National College, Brad, Romania

Authors’ solution. First, we limit the range of the possible values for k, by
choosing A = eI,,, with suitable € € C, |¢| = 1, such that the implication in
(*) is false, so we ask that A¥A* = A, but A # A*. Then el,, = A = A*A* =
ehzl, = 11, and eI, = A #+ A* = I, which are equivalent to gh—2 =1
and € ¢ R. Consequently, if £ = 2, then let € =i and if £ > 5, we can take
win 2T 4R (s 27 0,7))
g Tisin ¢ R (since . € (0,m)).
This means that k € {1,3,4}. We prove next that the statement (*) is
true for these values of k.
For k = 1, if AA* = A, then A" = (AA™)" = (A")" A" = AA" = A, so
(*) is true.
For k € {3,4}, we provide two methods.

& = COS
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First method. A*A* = A implies that rank A = rank (AkA*) < rank AF <
rank A, so rank A¥ = rank A = rank A*. By the rank nullity theorem, it
follows that dim Ker A¥ = dimKer A = dim Ker A*. Since Ker A* C Ker A
(by A¥A* = A) and Ker A C Ker A*, we obtain

Ker A* = Ker A" = Ker A. (6)

Next, APA*AF=1 = AAR—1 = AF g0 A% (A" A1 — 1) = O,,, then we de-
duce that A* (A*A*! — I,)) = Oy, by (6), hence

(A%)? AR = 4%, (7)
For k = 3, (7) becomes (A*)* A2 = A*, so we have A = ((A*)2 AZ)* =

(A*)2 A% = A*, which means that the statement (*) is true.

For k = 4, (7) becomes (A*)> A3 = A* so (A")> A'A* = (A%)* A3 .
AA* = A*AA*. At the same time, (A%)° A*A* = (4")? A4, so (A*)*A =
A*AA*, which leads to (A*)? A2 = (A*A)®. With B = A*A — AA*, we have
B* = B and

Te BB* = Tr B2 = Tr (A" A — AA")? = 2 (Tr (A*A4)? — Ty ((A*)2 A2)> =0,

hence B = O,,. This proves that A"A = AA™ (i.e., A is normal), so A
is unitarily diagonalizable, A = U*DU, D = diag (A1, A2,...,\,) with
A, A2,..., A, € C, U € My(C) with U~! = U*. Then A* = U*DU,
and A*A* = A becomes D*D = D, which means that )\f)TZ- = )\, for all
i = 1,2,...,n. It follows that A\; € {-1,0,1}, for all i = 1,2,...,n, so
D = D, therefore A* = A, which means that the statement (*) is true.

Second method. We continue from relation (6) (from the first method).
It is true in general, for any matrix A € M,(C), that Ker A* L Im A.
(Indeed, if Y € Ker A" and Z = AX € Im A, then (Z,Y) = (AX,)Y) =
(X,A"Y) = (X,0) = 0.) Then, by (1), it follows that Ker A L Im A, so
C" = Ker A @ Im A.

Consider an orthonormal basis in Ker A and an orthonormal basis in
Im A, which together give an orthonormal basis in C”, such that A = U* AU,
where A; = [(B; 8] with B € M,,(C) invertible, and U € M, (C) with
U~! = U*. Then the relation A*A* = A becomes B*B* = B, hence B* =
(Bfl)kfl. From the Cayley-Hamilton theorem, it follows that B~ = f(B)

for some polynomial f of degree at most n—1, so B* = (f(B))*~!, which leads
to B*B = BB”" (that is, B is normal). Just like in the previous approach,
B is unitarily diagonalizable, B = V*DV, D = diag (A, \2,...,Ap) with
M, A2, . 0 Am 0, V€ My, (C) with V=1 = V*. Then B* = V*DV, and
the relation B¥*B* = B becomes D*D = D, which leads to )\?_1)\7 =1, for
all 4. Tt follows that [\;| = 1 and A¥=2 = 1, for all i. When k =3 or k = 4,
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then \; € {—1,1} for all i, so D = D, therefore B* = B, then A* = A, which
means that the statement (*) is true.
Conclusion: k € {1,3,4}.

Alternative solution. One other solution, proposed by Marian Pantiruc,
uses an idea that is similar to the one in the second method above. More
precisely, the proof is based on the claim that every matriz that verify the
relation A¥A* = A for some k € N* is a normal matriz, i.e. AA* = A*A. We
postpone proving the claim to analyze its effects. If A is normal, then A and
A* are simultaneously unitarily diagonalizable, so A = A* if and only if all
its eigenvalues are real numbers. Then, the problem is equivalent to finding
those values of k € N* for which the equation A*\ = X has only real solutions.
We obtain A\ = 0 (which is real) or |\| = 1 and \¥=2 = 1. If k—2 > 3, the last
equation has at least two complex roots, and if k = 2, any non-zero complex
number (of modulus 1) is a solution, so we can only have k € {1, 3,4}.

Let us now prove that A is a normal matrix.

If A is invertible, then A* is invertible and from (*) we have A* =
(AF=1)=1 = (A~1)k=1 But, using Cayley-Hamilton theorem, A~! is a poly-
nomial of the matrix A, hence so is A* = (A71)*~! and because a matrix
commutes with any of its powers, we get AA* = A*A, i.e. A is normal.

Assume now A is not invertible. Because A¥A* = A it follows that
Ker A* C Ker A and since we always have def A = def A* we obtain Ker A =
Ker A*. (Here def A stands for dimension of the nullity of matrix A.) More-
over, the algebraic multiplicity of 0, denoted by a(0), equals the geometric
multiplicity of 0, here denoted by ¢(0). Indeed, if, on contrary, a(0) > g(0) =
def A = def A*, then there exists some v € C™ such that

Au#0 and A%u=0.
But then A*u # 0 and A*(A*u) = 0 on account that Ker A = Ker A*, and it
follows that
0 = (A4 (A%, u) = (A(AW), ) = (Au A) = | A,

thus obtaining A*u = 0, which leads to Au = 0, a contradiction.

Consider now B = {uy,...,Up, Upt1,...,U,} an orthonormal basis in
C™ such that {u1,...,up} is a basis in Ker A and denote by S the matrix
having these vectors as columns. Clearly,

S*=8"1 and Auj=---= Au, =0.
Let ¢ € {p+1,...,n} and consider aig,...,0pq, QAptiqs---,nq the coordi-
nates of Au, with respect to B:
alq
Aug = a1qur + -+ + opgllp + i1 gUpt1 + 00 F Qpglly = S

Qng
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Then, using the scalar product in C”, the orthonormality of B, and the
equality Ker A = Ker A* we obtain for every ¢ € {1,...,p}

aig = (Aug, ui) = (ug, A*u;) = (ug, 0) = 0.
Then,
AS = [Auy, ..., Auy, Aupi, ..., Auy) = [0,...,0, Aupiq, . .., Auy)

0 Op n—
-9 P pn p) :
(On_p7p B

where B = (aj), 1,5 =p+1,...,n, and we actually have

0p  Opn-
s*As=( v Cen p).
(ovr, 5

The matrix B cannot have 0 as eigenvalue, so it is invertible (of order n —p).
The initial relation A¥A* = A leads to B¥B* = B. From the first part
it follows that B is normal (BB* = B*B) and then by a straightforward
computation A is normal, completing the proof.

Alternative solution. Another solution, proposed by the contestant Balkan
Jepbarov from Magtymguly Turkmen State University, Turkmenistan, uses
Schur’s triangularization theorem and the assumptions of the problem to
prove that A is normal, and then, by the same observations as in the begin-
ning of the previous solution, to get the conclusion. Let us briefly describe the
contestant’s solution. Using Schur’s triangularization theorem, there exists
an orthogonal matrix @ such that A = Q*T'Q, where T is upper triangu-
lar. It follows that A* = Q*T*Q, then A¥ = Q*T*Q, hence the assumption
Ak A* = A implies T*T* = T. Denote

t11 ti2 SN lin
0 to
T —
B tn—l,n—l tn—l,n ’
0o ... 0 ton
hence
E i N 0 tlfl C]? e Cln
T — t12 22 ce. . ’ Tk — 0 t59 .
R i Cn—1n
tin - tnin ton 0 ... 0 tk
We have
tlfl c12 ... Cln E g ... 0 t11 tig ... tin
0 thy .. oo || T2z T2 o o | | O a2
Cn—1n 0 tn—l,n

0 ... 0 th, tin e oo tom 0 ... 0 tp
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hence we deduce

(TkT*> = th B = (1), =tn =0, i=T,n—1.
n

)

If t,, # 0, then t;, =0, for i = 1,n — 1. If ¢,,,, = 0, then

tin = (T’CT*) = Cintom = 0.

m

Hence, t;, =0 fort=1,n—1, so

t
0

0

c12 ... Cln E i 0 t11 tig ... 0
tISQ ) t19  to2 . 0 too
-+ Cn—1n IR i o
0otk tin oo tn—in ton 0 ... 0 tun

Next, we have that

(TkT*)n_“ —tf Tt = (D) = tae1i =0, i=T,n—2

As above, by considering the two cases t,,—1,—1 # 0 and ¢,,—1,—1 = 0 and
similar method as above, one deduces that t;,—1 = 0 for i = 1,n — 2. In the
same fashion, one proves that ¢;; = 0, for any j > ¢ and ¢ = 1,5 — 1. We
deduce then that T is a diagonal matrix, so A is normal.

Remark. We can summarize the conclusions of this problem as follows. If
k€N, k>1,and A € M,(C) are such that A¥A* = A then:

If k=1 or k =3, the matrix A is a hermitian projection.

If k = 4, the matrix A is hermitian and A2 is a (hermitian) projection.
If £ = 2, the matrix A is unitarily similar to a diagonal matrix hav-
ing the modulus of every diagonal entry 0 or 1. A is not necessarily
hermitian. If every non-zero eigenvalue of A is a root of unity, then
there exists m € N, m > 2, such that A™ is a hermitian projection.
Otherwise, AP # AY for all p,q € N, p # q.

If k£ > 5, then A¥=2 is a hermitian projection, A is not necessarily
hermitian.

We leave to the interested reader the analysis of the converses of the claims
stated before.

Although it was considered the most difficult problem by the jury, 6
complete solutions were found by the contestants.
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the authorsquare will be asked to submit the TeX file also. The
referee process will usually take between several weeks and two months. Solutions
may also be submitted to the same e-mail address. For this issue, solutions should
arrive before 15th of November 2024.

PROPOSED PROBLEMS

553. Let ABCD be an isosce&tetrahedron with centroid G. Let M, N be
two points such that ]Vé = 3GM. Prove that

NA+NB+NC+ND>MA+MB+ MC+ MD.

Proposed by Leonard Giugiuc, Drobeta Turnu-Severin, Romania.

99554. Let n € N, n > 2.

(a) Prove that det(4%? — B?)(C? — B?) > 0 for all A, B,C € M,(R)
with AB = BC.

(b) Find all values k& > 1 such that det(A* — B?)(C* — B?) > 0 holds
for all A, B,C € M, (R) with AB = BC.

Proposed by Mihai Opincariu, Brad, Romania, and Vasile Pop, Tech-
nical University of Cluj-Napoca, Romania.

555. Let f : [0, 1] — R be a differentiable function with continuous derivative
such that f(1) =0 and f’(1) = 1. Prove that there exists ¢ € (0,1) such that

f(e) = £'(¢) /O (@) de.

Proposed by Cezar Lupu, Beijing Institute of Mathematical Sciences
and Applications (BIMSA) and Tsinghua University, Beijing, P. R. China.

556. For given n > 3, prove that k = 2n — 3 is the smallest positive constant
such that

1 n 1 T 1 <N
a1 +k as+k anp+k ~ 1+k
holds for any nonnegative real numbers aq, ..., a, such that at most one of
. n(n—1)
them is > 1 and Z aja; = —
1<i<j<n

Proposed by Vasile Cirtoaje, Petroleum-Gas University of Ploiesti,
Romania.
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557. Find the differentiable functions f : (0,00) — R that satisfy the iden-

tity:
Fa =z (3)
for all x € (0,00).

Proposed by Dorian Popa, Technical University of Cluj-Napoca,
Romania.

558. Let f:[0,1] — R be a continuous function such that
1

/ " f(x)dz =0 for 0<k<n-—1
0

and

/lx"f(x)d:r: 1.
0

/01 @) de > (2n + 1)(2”)2.

n

Prove that

Proposed by Cezar Lupu, Beijing Institute of Mathematical Sciences
and Applications (BIMSA) and Tsinghua University, Beijing, P. R. China.

559. Let f :[0,1] — [—1,1] be a continuous function, with finite derivative
1
in 0 and f(0) =1. Find lim / [ (z") dx.

Proposed by Mircea Rus, Technical University of Cluj-Napoca,
Romania.
2
560. Let (2,)5,>1 be the sequence defined by z1 € (0,1) and 241 = @, — 52
for all n > 1. Prove that the sequence (x,,),>1 is convergent to a limit C' > 0
and moreover,

2 3 12C* + 32C°
. n—1 _ _ — =
s (s C i ) <

Proposed by Dumitru Popa, Ovidius University of Constanta, Romania.
561. Calculate

i[” <§3‘ <n+11>3+<nj2>3""> ‘2171]'

n=1

Proposed by Ovidiu Furdui and Alina Sintamarian, Technical Univ-
ersity of Cluj-Napoca, Romania.

562. For any matrix M, let M* = ' denote the transpose conjugate of M.
The matrix M is called anti-Hermitian if M* = —M.
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Prove that if A € M, (C) is invertible and anti-Hermitian, then the
function

an(C)*)Mn(C), f(X) :AX*XA% XGMn((C)
is bijective.
Proposed by Mihai Opincariu, Brad, Romania, and Vasile Pop, Tech-
nical University of Cluj-Napoca, Romania

SOLUTIONS

536. Let p be a prime number, F, the field with p elements, and n > 1 an
integer. If f € F,[X] is the polynomial X? — X € [F,[X] composed with itself
n times, determine the splitting field of f over IF,,.

Proposed by Tudor Paisanu, Ecole Polytechnique, Paris, France.

Solution by the author. For m nonnegative integer, define f,, as the
polynomial X? — X composed with itself m times. Then we have fp,+1(X) =
Fin(X)P = fin(X) = fin(XP) = fyn(X). (For every g € F,[X] we have g(X)? =
g(X).)

Notice that fr,41(X) = pXP~Lf! (XP) — f'(X) = —f/(X). Since
fo(X) = X, so f((X) =1, by induction, f} (X)= (—1)". In particular, fp,
and f] are coprime, so f,, has deg(f,,) = p"™ distinct roots in the algebraic
closure Fp.

We'll view all field extensions of ), as vector spaces over it. Consider
D: I_Fp — I_Fp the linear operator on I_Fp given by = +— zP, i.e. the Frobenius
automorphism. Note that (D—1) f, () = fi(a?)— fr (@) = fr+1(c). Then,
by induction, (D — 1)™a = (D — 1) fo(a) = fm(a) for any a € F,, and thus
the set of roots of f, is ker(D — 1)™, for any m > 1. Therefore ker(D — 1)™
has p™ elements, so dimker(D — 1)™ = m.

Thus we can construct a flag, i.e. a linearly independent sequence
(m)m C Fp such that ker(D — 1)™ = (a1, q2,...,qy,) for all m > 1. As
ker(D — 1) = F,,, without loss of generality, take o = 1.

For any n > 1, a,...,a, are roots of f,, that generate all the others,
so L, = Fp(a, o, .., 0p) is the splitting field of f,. Consider (my), the
sequence of natural numbers for which L,, = Fpm.. The key observation is
that for all x € Fp, € L, < 2" =1 <= z € ker(D™ — I). Thus,
L, = ker(D"™ — I).

Let p? be the smallest power of p larger than or equal to n. I claim
that m,, = p? for all n > 1, which will be proven by induction.

Forn =1, L1 = Fy(a1) = F, so m; =1 = p?. Now, suppose that for
some n > 1, m, = p? and thus L, = ker(DP"" — I) = ker(D — 1)P"". We
analyse two cases:

1. n+1 < p¥ ie. gui1 = gn In this case, a1 € ker(D — 1)1 C
ker(D — 1)P"" = L, 50 L1 = Lp(ans1) = Ly,. Therefore, m,, 1 = pin+1.
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2. n+1>pi, ie quy1 = go + 1 In this case, L, = ker(D — 1)P"" C
ker(D — 1)1, If a1 € Ly, then ker(D — 1)"*! = (a1,...,an41) C Ly,
false. Therefore a = 41 € L. We need to find the minimal polynomial of
«a over Ly,.

We have (D—1)""'a = 0,50 = o —a = (D—1)a is a root of f,. (We
have f,,(8)(D—1)"8 = (D—1)"*1(a) = 0.) It is not hard to check that the p
roots of the polynomial X? — X — 3 € L,[X] are o,a+1,...,a+(p—1). (For
every i € F), we have i =1, so (a+1)P — (a+1i) — = (oP +iP) — (a+1i)— 3 =
ol —a—p=0.)

Hence, the Galois conjugates of «, i.e., the roots of its minimal poly-
nomial over L,,, are of the form o, o + i1,...,a + 4, for some iy,...,4 € F,
with 1 <1 < p—1. Their sum, (I + 1)a + (i1 + --- + ¢;) is in Ly, so that
(l+1)a€ L, Asa ¢ L,, wefindl = —1 (mod p), i.e. [ =p— 1. Hence,
[Lynt1: Ly| = [Lp(@) : Ly =1+ 1=p.

As such, mp 11 = [Lyt1 ¢ Ly)[Ly : Fp] = ptT0n = p®+1 and the induc-
tion is complete. We thus obtain that the splitting field of f, is Fppmogp nl -

Editor’s note. We have that the set of roots of f,, is ker(D — 1)™ and
ker(D — 1)" C ker(D — 1)"*1. More generally, ker(D — 1) C ker(D — 1) if
n’ < n. From here one can proceed as follows.

Recall that Fp= is the set of all a € I_Fp satisfying 0 = o — a =
(D™ —1)c, i.e. Fpm = ker(D™ —1). On the other hand the set of roots of
fn is ker(D — 1)". Hence f, splits in Fpm iff ker((D — 1)") C ker(D™ — 1).

We have ged((X —1)", X™ — 1) = (X — 1)" for some n’ < n. Then
the condition ker(D — 1) C ker(D™ — 1) is equivalent to ker(D — 1)" =
ker(D —1)" Nker(D™ —1) = ker(D —1)". (If P,Q € F,[X], then ker P(D)N
ker Q(D) = ker R(D), where R = gcd(P,Q).) But this is equivalent to
n =n'. (Otherwise n’ < n, so ker(D —1)" C ker(D — 1)".) Hence f, splits
in Fym iff ged((X — 1)", X™ — 1) = (X — 1), i.e. iff (X —1)" | X™ —1.

Let m = pFl, with p 4 I. Then X™ — 1 = (X?" — 1)P(X) = (X —
1)P" P(X), where P(X) = XP*(=1) 4 ... 4 XP" 4 1. Since P(1) =1 # 0 in
F,, we have X — 1 { P(X), so the largest power of X — 1 dividing X" — 1
is (X — 1)pk. Therefore (X —1)" | X™ — 1 iff n < p¥, ie. iff k > [log, n],
which is equivalent to p“ogp n] | m. Hence the smallest m such that f,, splits
in Fym is m = plogr ™l Thus the splitting field of f, is Fppnogp nl -

537. Let A, B € M,,(C) be such that A2 = A and B% = B. Prove that
Im(AB — BA) =Im(A+ B —I,) NIm(A — B),

where In M = {MX | X € M,,1(C)} for every M € M, (C).

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania.
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Solution by the author. We have
(A-—B)(A+B—-1,) = AB — BA, (1)

(A+B—-1,)(A—B)=—(AB — BA). (2)
From (1) we get
Im(AB — BA) C Im(A — B)
and from (2) we get
Im(AB — BA) C Im(A+ B — I,,).
Hence
Im(AB — BA) C Im(A+ B+ I,) NIm(A — B).

For the reverse inclusion, let X € Im(A 4+ B — I,,) N Im(A — B). This
means that

X=(A+B-1,)Y and X = (A~ B)Z, with X,Y,Z € M,,1(C).
We therefore have
(A—B)X = (AB — BA)YY

and

(A+B—-1,)X =—(AB—-BA)Z.
By adding, we get

(2A—1,)X = (AB - BA)(Y — 2). (3)
We multiply (3) by 24 — I, at left and we obtain

(2A —1,,)°X = (2A — I,)(AB — BA)(Y — Z)

< X =(AB—-BA)(2A-1,)(Z-Y),
so that
X = (AB — BA)U, where U = (2A—-1,)(Z -Y).
Thus X € Im(AB — BA).

Remarks. At the end of the proof we used the relations (24 — I,,)? =
I, and (2A — I,)(AB — BA) = —(AB — BA)(2A — I,,), which are easy
consequences of A2 = A.

We also used the inclusions Im (CD) C ImC and Ker D C Ker (C'D)
valid for all C, D € M, (C).

We also received a solution from Moubinool Omarjee, Lycée Henri IV,
Paris, France. The proof of the In(AB — BA) C Im(A+ B —I)NIm(A— B)
inclusion is the same as in the author’s solution.
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For the reverse inclusion, he uses the Grassmann formula dim(F +G) =
dim F' 4+ dim G — dim(F N G), with F =Im(A+ B —1I) and G = Im(A — B),
and he gets

dim(Im(A+ B —1)NIm(A— B))
=rank(A + B —I) + rank(A — B) — dim(Im(A + B — I) + Im(A — B)).

Since Im(X +Y) C ImX + ImY, we have Im(24A —I) C Im(A+ B —1I) +
Im(A — B). After taking dimensions, we get rank(24 — I) < dim(Im(A +
B —1I)+Im(A — B)). It follows that

dim(Im(A+B—I)NIm(A—-B)) < rank(A+B—I)+rank(A—B)—rank(24A—-1).
But A2 = A, so A is similar to (IOT 8), with » = rankA. Then 24 — I is

similar to Ly 0 , so it is invertible, i.e rank(24 — I) = n.
0 _Infr

We get dim(Im(A+ B —1)NIm(A— B)) < rank(A+ B —I)+rank(A —

B) —n. But, by Theorem 2.7 in [1], since A and B are idempotents, we have

rank(A+ B—1)+rank(A— B)—n = rank(AB— BA). Hence dim(Im(A+ B —

I)NIm(A— B)) < rank(AB — BA). Since also Im(AB — BA) C Im(A+ B —

INIm(A—B), we must have In(AB—BA) = Im(A+B—-I1)NIm(A—-B). O
REFERENCES

[1] Y. Tian, G. Styan, Rank equalities for idempotent and involutory matrices, Linear

Algebra Appl. 335 (2001), 101-117.

538. Let n > 1 be an integer and let ai,...,a2, € Z be pairwise distinct.

Prove that )
2n 2n
9 n(n+1)(2n+1)
E 2 E > .
i=1 o (il al) - 3

When do we have equality?

Proposed by Leonard Giugiuc, Traian National College, Drobeta-
Turnu Severin, Romania.

Solution by the author. First note that the sequence of integers ordered
by absolute value begins with
ol <|=1=<--<|=(n=1|=n-1 <[=n[=|n|.
It follows that
2n
nn—-1)(2n -1
i=1

and this minimum is attained iff {a1,...,a2,} ={0,£1,...,£(n—1)} U {n}
or {0,£1,...,2(n—1)} U{—n}.
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Let B — % and v = W — ﬁ+2n2 So We2have
20 a2 > B+ n? and we we want to prove that 32", a? + <ZZ221 ai> > 7.

Note that if | S22, a;| > n then 327", a2 —i—(zz 1a,) > B+n?+n? =7,

so we are done. Hence we may assume that | 327" a;| <n — 1.

WLOG we may assume that a; > -+ > ag,. Since \21221 a;| <n—1,
we cannot have ag, > —n, since this would imply 21221 a; > (1—n)+(2-
n)+--++(n—2)+(n—1)+n=mn. And we cannot have a; < n, since this
would imply 327" a; < (n—1)4+(n—2)+---+(2—-n)+(1—n)+ (-n) = —n.
Thus a1 > n and as, < —n.

We now prove our statement by induction. If n = 1, then v = 2. Since
a1 > 1 and as < —1, we have a? + a3 + (a1 + a2)? > a} + a3 > 2 = v, so we
are done.

We now assume that n > 1 and we prove the induction step n —1 — n.
As seen above, we may assume that a; > n, as, < —n and, if m = ZZ 1 i,
then jm| <n—1. Weput T' = 22"2 Lai, 2 =a1—n >0, and Y= —ag, —n >
0. Thenay =n+=x, a9, =—n—y,andm=T4a; +ao, =T +2x —y.

The relation we want to prove writes as Zf’;l a? +m? >, ie.

2n—1
> af+ai+d3, +m? >y =p+2n%
=2

But the induction hypothesis applied to as, ..., as,—1 gives 22" ! a2 +
T? > B. Hence it suffices to prove that it holds

a?+a3, +m*—T? > 20 ie. (n+z)?+(—n—y)*+T+z—y)*—T? > 2n?,
which, after reductions, becomes
2+t +2n(z+y) + (z—y)? +2T(x —y) > 0.
But [T = |m — (z —y)| < [m|+ |z —y[ <n—1+ |z —yl, so
2T (z—y) > —2T| jr—y| > —2(n—1+|s—y])[r—y] = —2(z—y)*~2(n—1)[z—y].
It follows that
22+ y? Fon(z4y) + (@ —y)? +2T(x —y) >2® + % — (x — y)? + 2n(z + v)
—2(n—1)|z—y| >0.
(We have x,y > 0, so 22 + 42 > 22 —2zy+y?> = (x—y)? and z +y > |z — 9],
which implies 2n(z +y) > 2(n — 1)|z — y|.)

Note that if | 327", a;| > n then 37", a2 +(ZZ 1az) > B+n?+n? =1,

so we are done. Hence we may assume that | 327" a;| <n — 1.
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WLOG we may assume that a; > --- > ag,. Since |Zl221 a;l <n-—1,
we cannot have ag, > —n, since this would imply 21221 a; > (1—n)+ (2 -
n)+---+(n—2)+(n—1)+n=mn. And we cannot have a; < n, since this
would imply ijl a; <(n—=1)4+n-2)+---+2-n)+(1—n)+(—n) = —n.
Thus a; > n and a9, < —n.

We now prove our statement by induction. If n = 1, then v = 2. Since
a1 > 1 and as < —1, we have a%—i—a%—i—(al%—ag)Q Za%—ka% > 2 =ry, S0 we
are done.

We now assume that n > 1 and we prove the induction step n —1 — n.
As seen above, we may assume that a; > n, ag, < —n and, if m = 222
then |m| <n—1. Weput T = ij;l a;, t=a1—n>0,and y = —ag, —n >
0. Thena; =n+=z, a9, =-n—y,andm=T4+a1+ao, =T +2x —y.

. . 2 .
The relation we want to prove writes as lel a? +m? > v, l.e.

2n—1
Z a? +a? + a3, +m? >y = B+ 2n°.
i=2
But the induction hypothesis applied to as, ..., az,—1 gives 2?22_ ! a% +
T? > 3. Hence it suffices to prove that a? + a3, + m? — T? > 2n?, ie.
(n+x)?+(—n —y)? + (T +x —y)? — T? > 2n?, which, after reductions,
becomes
2+ y? +2n(z 4+ y) + (x —y)? +2T(z —y) > 0.
But [T = |m — (z —y)| < [m|+ |z —y[ <n—1+ ]z -y, so
2T (z—y) > —2|T|Je—y| > —2(n—1+[z—y|)|z—y| = —2(z—y)*~2(n—1)|z—y|.
It follows that

2? +y? 4 20z +y) + (@ —y)* + 2T(x —y) 2a” + 3 = (2 = 9)* + 2n(z +y)
—2(n =1z -yl 20

(We have z,y > 0,50 22+ 92 > 22 —2zy+9?> = (z —y)? and z+y > |z — ],
which implies 2n(z 4+ y) > 2(n — 1)z — y|.)

Note that if | Y27 a;| > n then Y27 a2+ (22221 ai)Q > B4+n?+n? =1,
so we are done. Hence we may assume that | ngl a;| <n-—1

WLOG we may assume that a; > -+ > ag,. Since |ZZ221 a;l <n-—1,
we cannot have ag, > —n, since this would imply 21221 a; > (1—n)+(2 -
n)+---+(n—2)+(n—1)+n=mn. And we cannot have a; < n, since this
would imply 322" a; < (n—1)4+(n—2)+---+(2—-n)+(1—n)+(-n) = —n.
Thus a1 > n and a9, < —n.

We now prove our statement by induction. If n = 1, then v = 2. Since
a1 > 1 and as < —1, we have a? + a3 + (a1 + a2)? > a? + a3 > 2 = v, so we
are done.
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We now assume that n > 1 and we prove the induction step n —1 — n.
As seen above, we may assume that a; > n, as, < —n and, if m = ZZ 1 i,
then jm| <n—1. Weput T' = 21222 1a2, r=a1—n>0,andy = —ag,—n >
0. Then a; = n+ =z, ag, = —n —y, and m = T—i—al—i—agn—T—i—m—y.

The relation we want to prove writes as ZZ 1 24+ m?2 >, ie.
2n—1
Z a? +a? + a3, +m? >y =B+ 2n°
i=2

But the induction hypothesis applied to as, ..., as,_1 gives 22"2 ! a2 +

T? > B. Hence it suffices to prove that it holds
a?4a,+m?—T? > 20 ie. (n+a)?4(—n—y)?+(T+z—y)*—T% > 2n?,
which, after reductions, becomes

2? +y? + 2n(z 4+ y) + (x —y)? +2T(z —y) > 0.

But [T| =|m —(z—y)| < |m[+ |z -yl <n—-1+|z—yl, so
2T (v —y) > =2|T|[z—y| > —2(n—1+|z—y|)|z—y| = —2(z—y)*~2(n—1)|z—yl.
It follows that
2?4y’ +2n(x +y) + (2 —y)* +2T(x —y) 22 +y* — (x — y)* + 2n(z +y)

—2(n—1)|lz—y| > 0.
(We have x,y > 0, so 22 + 42 > 22 —2zy+y?> = (x—y)? and z +y > |z — 9],
which implies 2n(z +y) > 2(n — 1)|z — y|.)

We prove that the equality holds iff (aq, ..., as,) is a 2n-arrangement of
theset S = {0,+£1,...,£n}. The number of such arrangements is (2n1—1'—1)' =
(2n+ 1)l

For the “if” part we note that Y. .z =0and Y _q2?=0%+2(1% +

<+ n?) =~. If (a1,...,a2,) is an arrangement of S, then {ay,...,a2,} =
S\ {m} for some m € S. It follows that 2?21 WG =D pes\fm} T = Dzes T —

m = —m and so

2n 2n 2
Zaf—i—(Zai) = Z a:2+(—m)2:Z:c2:fy.
i=1 i=1

zeS\{m} zE€S

For the “only if” part, we may assume that n > 2, since the case n =1
2
is trivial. Suppose that Zl Lai+ (EZ 1 a2> =~ =+ 2n?.
2
If )Z > ai| > n, then f42n% = 32" a2 + (anl ai) > S a2 4n?,

SO Zl a? < B+ n?. But, as seen from the proof, Z a? > B+ n?, so we
must have equality, Wthh happens iff {a1,...,an} = {0, il, o xm=-1}U
{n}or {0,£1,...,£2(n—=1)}U{-n}. In both cases, {a1,...,a,} CS.
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If ‘21221 ai‘ < n—1, then, WLOG, we may assume that a1 > -+ > agy,.
As seen from the proof of the induction step, in this case a1 = n 4+ z and
as, = —n — y, with z,y > 0 and, in order to have equality, we must have
2n(x +y) = 2(n — 1)|z — y|. Since |z —y| < = + y, this implies 2n(z +y) <
2(n —1)(z +y), whence x +y < 0. It follows that z =y =0, that is, a; =n
and ag, = —n. Since n = aj > -+ > ag, = —n, we have {ay,...,a2,} € S,
and we are done. O

539. Let n > 1 be an integer and let X = {1,...,n}. We denote by Fx
the set of all functions f : X — X and by Sx the symmetric group on X,
i.e., the set of all permutations on X. If f, g € Fx, we say that f and g are
conjugate and we write f ~ g if there is o € Sx such that g = ofo~ L.

Let Mx be the set of all f € Fx such that for every § # Y C X with
f(Y) CY we have f(Y) = f(X).

(i) Prove that if f € Mx and g ~ f, then g € Mx.

(ii) Prove that |Mx/ ~ | = 12d|n B(d) 24 — 1.
n

Proposed by Constantin-Nicolae Beli, IMAR, Bucuresti, Romania.

Solution by the author. (i) Let ¢ € Sy such that g = ofo~!. If
) #Y C X such that g(Y) C Y, then o fo~1(Y) C Y and when we apply 0!
to both sides we get fo~1(Y) C o~ 1(Y). Since f € Mx, we have fo=}(Y) =
f(X) = fo~Y(X) (the latter equality holds because o~ ! is a bijection, so
X = o071(X)). We apply o to both sides and we get o fo~1(Y) = o fo~1(X),
ie. g(Y)=Y. Hence g € My.

(ii) We prove that f € Mx iff fiyx) : f(X) — f(X) is a cyclic per-
mutation. First assume that f € Mx. Note that if Y = f(X) then Y # ()
and f(Y) C f(X) =Y. Since f € My, we have f(Y) = f(X) =Y. Hence
fiy + Y = Y, ie figx) : f(X) — f(X) is a surjective function. Since
f(X) is finite, we have fiyx) € Syx). If (w1,...,2%) is a cycle of the per-
mutation fiyx) and Y = {z1,..., 7%}, then f(Y) =Y, so, by hypothesis,
f(X) = f(Y) =Y = {z1,...,7}. Hence fjsx) coincides with the cycle
($17 ) :Ek)

Conversely, assume that f(X) = {x1,...,7} and fjzx) is the cyclic
permutation (z1,...,x), i.e. f(z;) = x4 for 1 <i<k—1and f(z) = x1.
Let @ # Y C X be such that f(Y) C Y. Let y € Y be arbitrary. Then
f(y) € F(Y) C Y, 50 fP(y) € f(¥) C Y and s0 on. Hence fO(y) € f(V)
for every [ > 1. Since f(y) € f(X), we have f(y) = z; for some 1 < i < k.
Then the sequence f(y), f@(y),..., f*)(y), which is contained in f(Y), is
Tiy.o Tk, X1,y ..., 2i—1. Hence f(X) = {x1,...,zx} C f(Y). The reverse
inclusion is trivial, so f(Y) = f(X). Hence f € Mx.

We have Mx = J;_; Mx , where Mx = {f € Mx : |f(X)| = k}.
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Suppose now that f € Mx, [f(X)| = k and fj(x) is the cycle (z1, ..., xy).
For convenience, the indices in x1, ...,z will be assumed to be from Zj. For
every z; we denote o; = |[f1(x;)| -1 = [{z € X\ f(X) : f(z) = 2;}|.
(We have [{z € f(X) : f(z) = x;}| = [{zi_1}| = 1.) We have 3% o =
Y@ = 1) = Xoeioo @) = (X = X[ - [f(X)] =
n — k. So to the (k + 1)-uple (f,z1,...,z;) we may associate the element
(o1,...,ar) € Ay, where Ay = {(o1,...,ar) ENFiag+--+ap =n—k}.
(Here we use the notations N := Z>¢ and N* := Z>.)

But the cycle f|;(x) is not uniquely written as (z1,...,z)). Instead, for
every h € Zj it can be written as (zp41,..., Tk, 1,...,2). To the (k+ 1)-
uple (f,zp41,..., Tk, x1,...,2) We associate the element (ap1,...,qr, a1,
...,0p) € Ay On A,y we introduce the equivalence relation =, with
a=x pif §; = Qi h Vi € Zyg, i.e. if (ﬁl,...,ﬁk) = (ah+1,...,ak,a1,...,ah)
for some h € Zj. For every a € A, we denote by & its equivalence class
in B,y = Api/ ~. Then we have a map Uy : Mx — By, where if
firx) = (21,..., o) and a; = |71 (24)| — 1, then Wy (f) = @ The definition
of Wy (f) is independent on how the cyclic permutation fr x) is written as
(x1,...,2k), as the class @ is invariant to the cyclic permutations of the
entries aq,...,ap of a.

Since Mx = Up_; Mx , we have a map ¥ : My — (Ji_, Bn given
by ¥ My, = W;. This map is surjective as every Wy is surjective. Indeed, if
& € B, with o = (a1, ..., ) € Ay, then k+a1+- - -+ = n, so we have
a partition X = {1,...,k}UX1U---UXg, with |X;| = a; Vi. Then we define
f:X = Xby fi,. = (1,...,k) and fix, =i. Wehave f(X)={1,...,k}
and fi¢(x) is the cyclic permutation (1,...,k). Hence f € Mx . We have
1) ={m}uX; and f1(i) = {i — 1} U X; for 2 < i < k. Hence for every
1 <i<kwehave [f71(i)] — 1 =|X;| = ay. Thus ¥(f) = ¥(f) =a. So ¥
is surjective.

We claim that if f,g € Mx then f ~ g iff ¥(f) = ¥(g), and so ¥
induces a bijection between Mx/ ~ and |J;_; By k, which implies that a,, :=
\Mx/ ~|=>"}_, ank, where ap = |By k|-

First assume that f ~ g, so g = ofo~! for some o € Sx. Let f(X) =
{w1,..., 7} (with indices in Zg), such that fi;x) is the cycle (z1,...,xy).
We have go = of. Since 0(X) = X, we get g(X) = go(X) = of(X) =
o({x1,...,zk}) = {y1,- .., yr}, with y; = o(x;). For each i we have g(y;) =
go(z;) = o f(x;) = 0(Tiy1) = Yir1, 80 gig(x) is the cycle (y1,...,yx). Let i €
Zy. For every y € X we have y = o(x) for some unique = € X. Then g(y) =
y; writes as o f(z) = go(x) = o(x;), which is equivalent to f(z) = x;. Hence
y = o(x) € g7 (y) iff = € f~'(x;). Tt follows that g~ (y;) = o(f~"(2:)),
which implies that |g=!(y;)] = |f~(x:)|. Consequently, f,g € My and
U(f) = ¥(g9) = @, where a = (ay,...,0q4) is given by a; = |[f~1(x;)| =
97" ()]
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Conversely, assume that ¥(f) = U(g). If ¥(f) = ¥(g) € By, then
f,9€ Mxy. Let f(X)={x1,...,2;} and g(X) = {y1,...,yr} be such that
figx) and gjg(x) are the cycles (x1,...,7%) and (yl,...,yk), respectively.
We have U(f) = a and ¥(g) = B, where a; = |f~}(x;)| — 1 and B; =
|97 (y;)| — 1. Since @ = B3, we have B; = a;4» for some h € Z;,. If we denote
2i = Yi—n, then the cycle (y1,...,yr) also writes as (z1,...,25). Also note
that |7 (z)| — 1 = |g Y (win)| — 1 = Bi_n = ;. We have the partitions
X = {xl,...,azk} UXiU---UXp and X = {21,...,2k}U21 U--- U Z,
where X; = f~(z;) \ {zi—1} and Z; = g71(2;) \ {2i_1}. For every i € Z;, we
have | Z;| = |7 (z:)| — 1 = a; = |f~Y(x:)| — 1 = | X;|, so there is a bijection
o; + X; — Z;. We also have the bijection o : {z1,..., 2} — {z1,..., 2k}
given by z; — z;. Then we define o € Sx by o(4, ... 2,3 = 00 and o, = 0;
Vi € Zy. For each i € Zj, we have go(x;) = g(z;) = zig1 = o0(xiy1) = o f(z;)
and if z € X;, then o(z) € Z;. Since X; C f~!(z;) and Z; C g 1(%), this
implies that go(z) = z; and f(x) = x4, so go(x) = z; = o(x;) = of(x). In
conclusion, go = of, that is, g = o fo~!, and so f ~ g.

We now evaluate an, = > p_; G, With ap = |Bpi| = [Ank/ =~ |.

First note that |A, ;| = ("_llzflf_l) = (Zj) (Here we use a well known
result, which states that the cardinal of {(ny,...,n;) € N¥ : 3% n; = n})

is the coefficient of X™ in the series (1 + X + X2+ ---)F = (1 - X)7%F =
—k . o —k k— k—
ZnZO ( n )(_X)n’ Le. 1t 1s (_1)71( n) = (n+n 1) = (n—I’f_—l 1))
We also use the following elementary result.

Lemma 1. If ~ is an equivalence relation on a set S and for every
x € S, its class in S/ ~ is denoted by &, then

1S/ ~ I—E| =~

€S

Proof. We have S = |_|§€S/N &, so

NEEPIPN-EPIPN RPN :

zeS ¢eS/~ zet ¢eS/~ zet £€S/~
1
In our case an = |Ank/ ~ | writes as anp = Y e ) H
k|
Let a = (oq,...,a) € Apk. (Again, here the indices are from Zj.)

By definition, & = {«a[0], a[1],[2],...}, where alh] is « shifted by h, i.e.
alhl; = a;yn. Now for every h,h' € Z we have alh] = o[b] iff ajyp = qipn
Vi, i.e. iff the map i — «; has period h — h/. Thus the maps h — «a[h] and
i — «; have the same periodicity. It follows that |&@| = T, where T is the
smallest period of «, i.e. of the map 7 — «;.

We have oy = a4, so k is a period of a. Therefore T', the smallest
period of «, is a divisor of k. We write T = k/d for some d with d | k. Because
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the periodicity, the sequence as,...,ay is made of d copies of aq,. .., ag/q.
It follows that n—k = Zle o = de/dl «;. Hence d | n—k, which, together
with d | k, implies that d | (n, k). Hence A, ), = Ud‘(mk) Ay k.d, where Ay k4

is the set of all a € A,, ), for which the smallest period is k/d. It follows that

n—1
S nsal =lnid = (3 71):

d|(n,k)
_ 1 d
Also for every a € Ay, .4 we have |a| = k/d, so @ = E Hence
D DD M D D D T o LY
€A, i d|(n,k) a€Ay k.a d|(n,k) a€Ay, k. dl(n k:)

We denote C, , = Ay 1, i.e. Oy is the set of all o« € A, ;, that have
no periods smaller than k. We also put ¢, = |Cp k.

If d | (n,k) and a € A, 4, then the sequence aq,...,a; is made of
d copies of ai,...,ap/q. If we introduce o/ = (ai,...,a,/;) € Zk/ then
o € (ZF/¥)d = 7F writes as a = o', which is the concatenation of d copies
of /. We have n — k = E = dzk/? Qj, SO Efﬁ a; =n/d—k/d. Thus
o €A, /dk/d- Also aand o/ have the same periodicity, so the smallest period
of o/ is k/d. Hence a’ € Anjar/ar = Cnya, k/d Conversely, if o' € C/q1/a
and a = /%, then Z 1 a; =n/d—k/d, so ZZ 1 0 = de/?az =n—k, and
the smallest period of « is the same as that of o/, i.e., n/k. Thus a € A, k4.
So we have a bijection Cy,/qx/q — Ank,d, given by a’ — o/%. Tt follows that
’A kdl = |Cn/d,k/d| = CnJdk/d-

Then the two relations above may be written as

n—1 d
Z Cnjdk/d = (k B 1> and Z 7 Cn/djo/d = Onk-

d|(n,k) d|(n,k)

Lemma 2. If m >1>1, (m,l) =1, and s > 1, then
ms/t—1
Cms,ls - %:ﬂ(ﬂ( lS/t 1 )
Proof. We have (ms,ls) = s, whence
Z . _(ms—1
ms/tls/t — Is—1)

tls

Hence, if we define f,F' : N* — Z by f(s) = ¢ms s and F(s) = (%3:11), then
F(s) = ZHS f(s/t) = Zﬂs f(t). By the Mobius inversion formula, we get
f(s) =245 1(t) f(s/t), which is precisely what our lemma states. O
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If n>k>1andd]|(n,k), we apply Lemma 2 to m = -, | = k
and s = %. We get
n/dt —1
Cjdpra = p(t) (k;dt B 1)-
t|(n,k)/d
It follows that

dt —1
Qnp Lk = Z kcn/dk/d_ Z Z 7'u (Z;dt—l)

d|(nk) d|(n,k) t|(n,k) /d
From

{(d,t) : d[(n,k), t](n k)/d}t ={(d,t) - dt | (n,k)} ={(e/t;?) : t | e| (n,k)}
we obtain

nm B 5 06

(Here we used the formula 37, wlt) _ 2le)

t e
It follows that

k=1 k=1d|(n,k
But {(k,d):1<k<n,d|(nk)} ={(di,d): d|n,1<i<n/d},so
M o) (n)d—1 d
W= (M) = D )
dln =1 din
where .
" 1/n-1 — 1 /n-1
f(n)_izlz(z—l)_;i—kl( i )

We have f(n) = g,(1), where g,(z) = Y7 fi:ll ("Z_l) Note that
from g/, (z) = S0, (”;l)w’ = (1+2)" ! and g,(0) = 0 it follows that
gn(z) = 3((1 +96)" —1), 50 f(n) = (2" — 1). We get

-3EP o @ =D = L e@ = 1) = L S ol -

din din
(Wehaveazdm Pp(d)=L1-n=1) O

Remark. This problem was inspired by an easier problem, which Gigel
Militaru, from the Faculty of Mathematics and Informatics, University of
Bucharest, proposed to his students. In his problem X was an arbitrary
nonempty set and Mx was the set of all functions f € F'x such that the only
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subset Y # () of X such that f(Y) CY is Y = X. It turns out that if X is
infinite then My = (. And if | X| = n < oo, then My consists of the cyclic
permutations of length n, which are all conjugated to each other. So the
answer for this problem is [Mx/ ~ | = 0 if X is infinite and |[Mx/ ~ | =1 if
X is finite.

540. For any matrix M, denote M* = M’ the transpose conjugate of M.
Let A, B € M, (C) be such that A*B = O,,. Prove that

rank (A*A + B*B) < rank (AA* + BB").

Proposed by Mihai Opincariu, Brad, Romania, and Vasile Pop,
Technical University of Cluj-Napoca, Romania.

Solution by the authors. It is known that for any matrix M, the follow-
ing equalities take place:

rank M = rank M™* = rank (M M™) = rank (M*M).

(Since M and M* M have the same number of columns, to prove that they
have the same rank it is enough to show that ker M = ker M*M. The ‘C’
inclusion is trivial. Conversely, if M*M X = 0, then also 0 = X*M*M X =
(MX)*(MX) = [MX|?, so MX = 0. (If Y := MX is the column vector
(b1, .., bm)t, then Y*Y = |Y|? := |12 + - -+ + |bin|?, which is 0 iff Y = 0.)
Similarly rank M* = rank M M*. And rank M = rank M* is trivial.)

Note that A*B = O,, implies B*A = (A*B)" = O} = O,,. It follows
that

(A+B)*(A+B) = (A*"+B*)(A+B) = A*A+A*"B+B*A+B*B = A*A+B*B,
which implies
rank (A*A + B*B) = rank((A + B)*(A+ B)) =rank(A+ B). (1)

Next, let M = (A B) € My 2,(C). Then M* = (g*) € Mann(C)

and we have

MM* = AA*+ BB* and M*M = <AA AB> = (AA O”)

B*A B*B 0, BB
Since rank (M M*) = rank (M*M), we obtain that
rank (AA* + BB*) = rank (A*A) + rank (B*B) = rank A + rank B.  (2)
Since rank(A + B) < rank A + rank B, the required inequality follows
from (1) and (2).

Remark. Relation (2) can be obtained using an alternative approach.
Since AA* and BB* are Hermitian, they are diagonalizable. Moreover,
(AA*)(BB*) = A(A*B)B* = O, and (BB*)(AA*) = B(B*A)A* = O,,
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so AA* and BB* commute, which implies that they are simultaneously diag-
onalizable. Therefore, there exists some basis with respect to which we have
AA* = diaglay,...,a,] and BB* = diag[by,...,by,], hence AA* + BB* =
diagla; + b1,...,a, + by]. Also, (AA*)(BB*) = O, leads to a;b; = 0, for
all 2 = 1,...,n. From here, it is easy to check that the number of non-zero
elements of AA* + BB* is equal to the sum of the number of non-zero ele-
ments of AA* and the number of non-zero elements of BB*. This is enough
to justify (2).

Solution by Moubinool Omarjee, Lycée Henri 1V, Paris, France. We
use the Frobenius inequality, rank(XY Z) +rank Y > rank(XY)+rank(Y Z),
for X = B*,Y = AA*+ BB*, and Z = A. Since A*B =0, so also B*A =0,
we have XY Z =0, XY = B*BB*, and YZ = AA*A. Then the Frobenius
inequality writes as

0 4 rank(AA* + BB*) > rank(B*BB”) + rank(AA*A).

But for every complex matrix X we have rank X X*X = rank X*X. It
follows that

rank AA*A + rank B* BB* = rank A*A + rank B*B > rank(A*A + B*B),
which concludes the proof.

Editor’s note. For the relation rank X X*X = rank X*X, note that
X*X is a Hermitian matrix, and so it is diagonalizable. This implies that
X*X and (X*X)? = X*XX*X have the same rank. Then from the in-
equalities rank X* X X*X < rank XX*X < rank X*X we get the claimed
relation.

541. Calculate

i Han+1
(2n+1)(2n + 3)’

n=1

where H, =1 + % + -4 % denotes the nth harmonic number.

Proposed by Ovidiu Furdui and Alina Sintamdrian, Technical
University of Cluj-Napoca, Romania.

2

Solution by the authors. We prove that the series equals %
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We have
Han-l—l _ 1 H, Hn—i—l _ Han+1
2n+1)2n+3) 2\ 2n+1 2n +3
B H, <H + n+1> <Hn+1 — n%rl) Hyq
2 2n+1 2n+3
1 H; H121+1
“2\2n+1 2n+3
1 Hn+1
+2 2n+1)+(n+1)(2n+3))
} 7% _ H’f2l+1
2\2n+1 2n+3
1 1 1 2
hl H _
2[ (2n+1 n+1>+ "+1<n+1 2n+3>}
1 H2 B Hn+1 Hn B Hn+l Hn+1 - Hn
2\2n+1 2n+3 2n+1 2n+3 2(n+1)
_ 1 HY  Hi, n H,  Hnpp N 1
2\2n+1 2n+3 2n+1 2n+3 2(n+1)%

We note that, with the exception of the last term, our sum telescopes.
Hence we obtain

i H,H, 1
= 1(2n+1)(2n+3)
Z( _Hm>+i<ﬂa m>+i
2n+1 2n+3 = 2n+1 2n+43 n12n+1
1 H} H 1 1 1 <¢2) 1 ¢2 =

BERE I I A el R R Sl R TS

This concludes the proof. O

Solution by Nandan Sai Dasireddy, Hyderabad, Telangana, India. By
convention, we put Hy = 0. For n > 0 we define A,, by the formula

Han,1

A, = .
" o+ 1

We have
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Hy Hy
Ap— Appr = Hy 221
no et ”<2n+1 2n—|—3>
1 1
Hn+1 - (H + n+1) Hn+1

- H, -
2n +1 2n+3

1 1
_ H,H,. Hn (5 + m) HyHypin

on + 1 n+1  2n+3
 2H, Hyp H, H,
T @2n+1)(2n+3) n  n+1
2Han+1 Hn Hn+1 1

T 2n+1)@n+3) n  n+l (n+1)2

We sum from 1 to infinity. Since we have telescoping sums on both
sides, we get

H Hnﬂ H < 1
=2 S N . -
Z 2n+1)2n+3) 1 ;(n—i-l)Q
But 4; = H1H0/3 =0 and H1/1 = 1. Hence

H,Hyiq I 1 72
; 2n 4 1)(2n + 3) D) +Z n+1 2;::17#_12'

(Here we used the well-known Euler sum 52, 1/n? = ¢((2) = 72/6.)

542. Let n > 2 be an integer and let f : R™ — R, given by f(z1,...,2,) =0
if (x1,...,25) =(0,...,0) and

Yo Sa—
[T e — L
aian (@2 —21)? + (23— 21)? + -+ (2 — 21)?
otherwise.
Prove that:

(i) f is continuous at (0,...,0).
(ii) f is Fréchet differentiable at (0,...,0) if and only if n > 8.

Proposed by Dumitru Popa, University of Constanta, Romania.

Solution by the author. (i) We use the inequality

3:r%---:n%—i—(xg—x1)2—|—(x3—x1)2+~-+(xn—x1)2Z 333%'--.1‘2

n

valid for all (z1,...,z,) € R™. It implies that if all z1,...,z, are # 0, then

5 4.4
0 < f(z1,...,2n) < 52 Tno— x?---22. If 2 = 0 for some i, then
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f(z1,...,2,) =0= X/a?---22. Hence for all (z1,...,7,) € R" we have the
double inequality 0 < f(z1,...,2,) < §/27---22. By the squeeze theorem,

lim flx1,...,2) =0= f(0,...,0).

(z1,eeey2n)—(0,...,
(ii) For every 1 < i < m we have f(0,...,0,z;,,0,...,0) =0 Vz; €
R, so ﬁ(O,...,O) = 0. Hence f is Fréchet differentiable at (0,...,0)

ox;
if and only if its differential at (0,...,0) is zero, which is equivalent to
lim g(x1,...,zy) =0, where g : R*\ {(0,...,0)} — R is given by

(z1,e.y2n)—(0,...,0)

f@y,.mn) = £(0,...,0) = Xp_y 2L(0,...,0)

g, . ) = : :
a3 4
_ flay, ... xp)
If lim T1,...,xy) = 0, then lim ¢ (%,...,%) = 0, ie.
(zl,“.,mn)a(o,...,o)g( ! n) et (% 0
lim —i— = 0, which is equivalent to n > % Since n is an integer, this
k—oo k15 !

means n > 8.
Conversely, let us suppose that n > 8. Let (z1,...,z,) € R"™\{(0,...,0)}.
If all x1,...,x, are # 0, then, as seen in the proof of (i), 0 < f(x1,...,2,) <

15/,.2 2
/L7 Th, SO
15/,..2 2
Xy 2n—15
0<g(z1,...,2n) < 5 "2§ ; 12 ”2:—(x%...xi) 30n .
1/x1_|_..._‘_1:n n ‘n/xl...a’:n n
2

Here we applied the AM-GM inequality to x2,...,22. If 2; = 0 for some
2 2n—15

) 30n . Hence 0 < g(z1,...,2,) <

i, then g(.fl,...,aj‘n) =0 = %(x%xn

2n—15
L@2...22) 5 for all (21,...,2,) € R"\ {(0,...,0)}. But n > 8, so

n

2015 0. It follows that 1 (2-22) 5 = 0. By the
. A4 im Ty n = 0.
30n (@1,es@n)—= (0,0 © LT Y
squeeze theorem, we get lim g(x1,...,xy) = 0. O

(z1,eey2n)—(0,...,0)



