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On a Diophantine equation with factorials
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Abstract. The double factorial of a positive integer z, denoted z!!, is
defined as the product of all positive integers up to x that have the same
parity as x. In this note it is shown that there are precisely three triples
(a,b,c) of positive integers with b < ¢ satisfying the equation a! = b!! 4 c!!.
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Any reader of this journal is familiar with the factorial, defined by
2! =1-2- .-z for positive integers x and 0! = 1. This function can be extended
to all reals in various ways, but the most significant generalization has been
derived by Daniel Bernoulli via an integral formula I(z) = [;%¢* te~tdt
for x > 0. The improper integral is convergent even for complex numbers
with positive real part and can be extended by analytic continuation to a
meromorphic function that is holomorphic in the whole complex plane except
the non-positive integers. The gamma function is encountered in many fields
of mathematics, physics, and engineering.

Besides the analytical vein, variations of the factorial with combinatorial
flavor can be introduced. Such an example is the so-called double factorial,
denoted z!! and defined for positive integers x as the product of all positive
integers up to x that have the same parity as x. The explicit formula

n_ J x(—2)---4-2 for x even,
S z(x—2)---3-1 for z odd,

can be written equivalently

(22 + 1)!

Qe)t=2%-21, 2z+1)!= 5 ol

for integer z > 0. (1)
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Several dozens of combinatorial configurations counted by double factorials
are referred to in [4], especially on pages dedicated to sequences A000165,
A001147, A006882, A114488, and A143280.

Here we ignore all developments mentioned above and deal with a Dio-
phantine equation described by its proposer as ‘one factorial equal to two
double factorials’. The user nnkken posted on April 3, 2023 the following
request on [3]:

Suppose a! = bl + ¢!, prove that a + b+ ¢ < 2022.

I can only prove that both b, ¢ are odd numbers.

I wrote a program to search for solutions, which only gives
(2,1,1), (3,3,3), (5,5,7). But I can’t prove that they are the
only solutions.

The aim of this note is to prove we know all solutions, so the maximum
for the sum of entries in a solution is 17.

Theorem 1. The only solutions for the equation
al =bll+¢!l, a,b,ceN, (2)
are (a,b,c) = (2,1,1),(3,3,3),(5,5,7),(5,7,5).

It is clear that the right-hand side of equation (2) is at least 2. Hence,
in any solution one has a > 2, so the left side of equation (2) is even. This
implies. in particular, that the values for b and ¢ are congruent modulo 2.
We discuss separately the solutions according to the parity of b in the next
two sections. Although there are many ideas common in these two cases, the
differences are sufficiently marked that it is better to write down the details
in distinct sections.

One common ingredient in arguments is a well-known formula for the
exponent vy,(x!) with which a prime p appears in the factorization of the
number z!. For reader’s convenience, here is its statement.

Lemma 2. (Legendre’s formula)

=[]+ [3] 5]

1. EVEN CASE

Throughout this section we denote by (a, b, ¢) a solution to equation (2)
with b = 2s and ¢ = 2t for some integers 1 < s < t. For the sake of simplicity,
we shall put R = b!! 4 ¢!l.

A moment thought reveals that either R = 4 or R > 8, whence a > 4.
This in turn implies ¢ > 3. The assumption b < c¢ entails b!! divides c!!, in
other words, R = A - b!! for some integer A > 2.
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Our first lemma provides comparison of the entries of the solution under
consideration.

Lemma 3. a > max{2s,t+ 2} and t < s+ 2.

Proof. We argue by contradiction. Assume first that ¢ < 2s — 1. Then
Legendre’s formula in conjunction with (1) yield

25 —1
vg(a!)gs—l—i—Z{ S2k;

k>2

J <s—1+v(s!) <wva(b!) < wa(R).

Thus, the equality a! = R cannot hold.

Suppose now a < t 4+ 1. Then, by (1) and (2) one has (t + 1)! > a! >
el = 284!, in contradiction with the inequality 2% > z+1 valid for all integers
x> 1.

The final part for the conclusion of our lemma follows from the ele-
mentary fact that the product of three consecutive integers is divisible by 3.
More precisely, if t > s + 3, then from R = 2° - s!(l +275(s + 1) - “t) one
gets v3(R) = wv3(s!) < v3(t!), while from a > ¢ one obtains vz(al) > v3(t!),
whence the contradiction a! # R. O

In view of what we just proved, we have to further consider the Dio-
phantine equations

al =251 . gl
al =2%(2s+3) - s,
al =2%(2s +3)% - sl.

The prime divisors of the right-hand side of each of them are all less than
or equal to s, with the possible exception of 2s + 3. This contradicts the
so-called Bertrand’s postulate, proved by Chebyshev in [2], asserting that for
any x > 2 there exists a prime p satisfying z < p < 2z. Indeed, any prime
between s and 2s divides a! because a > 2s.

This contradiction ends the proof of the main result of the section.

Proposition 4. There are no solutions for equation (2) with even b.

2. ODD CASE

The most visible source of differences between the reasoning employed
in the previous section and that used below is the existence of solutions.
Their presence requires deeper investigation than above. We try to decide
the existence of solutions under various additional hypotheses, whence a more
intricate structure of the proof and longer arguments.

From a technical point of view, the explanation for the additional chal-
lenges we have to overcome is found in formula (1): z!! is a product of ‘simple’
factors when x is even and a quotient thereof when x is odd. This makes the
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evaluation of multiplicities with which relevant odd prime numbers appear
in various terms much more problematic.

Throughout (a, b, ¢) will denote a solution to equation (2) having b and
c odd, while R stands for b!! + ¢!!.

Lemma 5. The only solutions with b = ¢ are (a,b,c) = (2,1,1),(3,3,3).

Proof. This is seen by noticing that the only factorials congruent to 2 modulo
4 are 2! =2 and 3! = 6. O

Lemma 6. The only solution with b =1 is (a,b,c) = (2,1,1).

Proof. For ¢ > 3 one has the right-hand side of the equation at least 4, so
a > 3, whence the contradiction 3 divides a! — ¢!l = 1. O

From now on we may suppose 3 < b < ¢. Consequently, a! > 3!l 45!l =
18, so that a > 4, and a! < 2- ¢!l < ¢!, whence a < c.

The next observation points out a simple yet effective condition on the
odd values b, c.

Lemma 7. There exist positive integers s, t such that {b,c} = {8s+1,8t+5}.
In particular, b, ¢ € {5,7,9,13,15,17,21,23,25,29,...}.

Proof. 1t is sufficient to notice that ¢ > 5 entails a > 4, so a!, as well as R,
must be multiple of 8, and then to look at residue classes modulo 8 of the
double factorials. O

Up to now we have used the p-adic valuation of an integer x and a prime
p, denoted vy (z), simply as a short-hand for the largest integer e such that
p¢ divides z. Next we shall need a well known property of this function, viz.,
vp(z 4+ y) > min{v,(z), vp(y)}, with equality attained if v,(x) # vp(y).

Lemma 8. b =15 only for (a,b,c) = (5,5,7).

Proof. Indeed, for b =5 and ¢ > 9, one has v3(5!!) = 1, vs(c!!) > v3(9!) = 3,
so that vs3(R) = 1. This implies a < 5, in contradiction with a! > 9!! > 6!. O

The argument from the previous paragraph shows that no solution has
b="17.

Suppose now that b = 9. By Lemma 7, either ¢ = 13 or ¢ > 21.
The later possibility is excluded since then v3(R) = 3, which is a value not
attained by vz(a!). If b =9 and ¢ = 13, then R = 144 -9!!, so that vy(a!) = 4,
whence a < 7. Thus we reached the contradiction 5040 > a! = R = 144 - 945.

We can continue to similarly examine small values of b, concluding, for
instance, that in any other solution one necessarily has b > 23. A patient
reader will even obtain the lower bound b > 53. A less patient reader could
use a computer for excluding many more values for b. Adopting a conservative
standpoint, we agree to assume b > 53, which entails a > 34.
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The arguments involve two main ideas: comparison of the 2-adic and/or
3-adic valuations of a! and R, on the one hand, and of the sizes of a! and c!!,
on the other hand. In order to perform such tasks for larger values of a, b, c,
one needs to refine the ideas employed in the previous section. One of them,
which served to complete the proof of Proposition 4, was to make appeal to
Bertrand’s postulate. This is the first of a series of results of the type: For
fixed real € > 0, there exists N(¢) with the property that for any = > N(¢),
there exits a prime p satisfying * < p < (1 + €)z. For our purposes, it is
sufficient the next result, established in [1].

Lemma 9. (Nagura’s analogue of Bertrand’s postulate) There exists a prime
between x and 1.2z for any x > 25.

For the sake of concision, we introduce a new notation. For an integer
x > 2, let g(x) denote the largest prime which is less than or equal to z.

Here are some consequences derived for a hypothetical solution (a, b, ¢)
restricted as follows:

3<b<ec, 34<a<ec (3)
Lemma 10. g(a) = q(b).

Proof. The inequality g(a) > q(b) is obvious from the fact that ¢(b) divides
both b!! and c!! (because b < c¢), so it divides b!! + ¢!! = a!. The converse
inequality follows by noticing that g(a) divides both a! and ¢!! (recall that
a < ¢), and hence their difference, which is b!!. O

In view of Nagura’s bound, as soon as min{a,b} > 29 one obtains
b < 1.2¢(b) = 1.2¢(a) < 1.2a, whence

Lemma 11. 56+ 1 < 6a for b > 53.

Proof. Indeed, b > 53 together with Lemma 10 entail a > 53, so the condition
for using Nagura’s result for a is fulfilled. O

After we showed that a and b can not be too distant one from another,
we prove that ¢ can not be very close to b.

Lemma 12. For any solution satisfying the standing hypothesis (3) one has
c—b>6 and vs(b!! + cll) = vg(b).

Proof. Since the product of three consecutive odd numbers is divisible by 3,
the second part of the conclusion is a direct consequence of the first one. In
view of Lemma 7, we need to consider the following cases.

Case b = 8s — 1. Then ¢ = 8t + 5 for some integer ¢ > s, so that
c—b>06.

Case b = 8s+1. Assuming ¢ = 8s+5, one obtains bll+c!! = (8s+4)2-b!!,
whence va(al) = va(R) = 4. Hence a < 7, in contradiction with (3). Thus,
¢ = 8t + 5 for some integer ¢ > s, which readily gives ¢ — b > 12.
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Case b = 8s + 5. Note that one necessarily has s > 6. It suffices to
show that none of the possibilities ¢ = 8s + 7, ¢ = 8s + 9 occurs. When
¢ =8s+ 7, then R=8(s+1)-b!l. Put s = 2°u — 1 for some odd u to obtain
v2(R) = e + 3. With Lemma 11 and Legendre’s formula one gets

40s + 26
2(al) >Z{ 6.2k JZ(35+4)+(S+5)—|—5+2—|—1>2e+2u26—|—3.

If c = 85+ 9, then R = 64(s + 1)? - b!! and va(R) = 2e + 6. Proceeding
as in the previous paragraph, one arrives again at vy(al!) > 4(s + 1). Since
the inequality 4(s+ 1) > 2e + 6 is obvious for e < 10 and is a consequence of
2% > x + 2 for e > 11, we reached again the contradiction vy(a!) > v2(R).

It results that in this case one has ¢ — b > 10. O

In the last step in the search of solutions satisfying condition (3) we
compare the 3-adic valuations of the two sides of Equation (2). The outcome
of the study is the next result, in whose proof we use Legendre’s formula and
the obvious inequality |z +y| < |z]| + |y] + 1.

Lemma 13. For any solution (a,b,c) of (2) that satisfies (3) one also has
vz(al!) > vz(bl).

Proof. Put b = 2s + 1 and let u be the unique integer identified by the
requirements 3% < b < 3“T1. Note that b > 53 entails v > 3. By formula (1),
one gets

va(B11) = v3((25 + 1)1) — vy(s]) = Zu: Q%;,g 1J - L;ICD |

k=1

Since, for any integer k > 1, from Lemma 11 one gets

a 5s+3 25+1-3 25+ 1 s
L?J = { 3h+1 J - { 3k =T | LakHJ -1
we obtain

st~ 2 3 ([1) = [55] 1) = [5] vz g e

(remember that u > 3). O

Comparison of the last two lemmas results in the main result of this
section.

Proposition 14. No solution of equation (2) satisfies condition (3).

Now, Theorem 1 follows from Propositions 4 and 14 together with Lem-
mas 5, 6, and 8.
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A cover property

GABRIEL T. PRAJITURAY, GABRIELA ILEANA SEBE?

Abstract. We discuss the possible size (in the Lebesgue measure sense)
of certain union of open intervals centered at the rational numbers.

Keywords: Cover, Lebesgue measure, enumeration.
MSC: Primary 28A05, Secondary 54A25.

1. INTRODUCTION

The starting point of this work is a statement from [2] used in the
proof of the fact that every infinite set of real numbers contains a countable
subset which is dense in the original set. The statement is that if (r,) is an
enumeration of the rationals then

o 1 1
U (Tn—n,’l”n‘i‘n) = R.

n=1

While this equality is possible, it is definitely not true for an arbitrary
enumeration and, in fact, the union above can be rather small. We will find
the infimum of the Lebesgue measures of all possible enumerations, will show
how to get the equality above, will give a proof of the statement about sets
independent of this covering property and will discuss two generalizations of
this problem.

1>Department of Mathematics, The College at Brockport, State University of New York,
350 New Campus Drive *Brockport, New York 14420-2931, USA, gprajitu@brockport.edu

2)Politehnica University of Bucharest, Faculty of Applied Sciences, Bucharest, Romania,
Gheorghe Mihoc-Caius Iacob Institute of Mathematical Statistics and Applied Mathematics
of the Romanian Academy, Bucharest, Romania, igsebe@yahoo.com
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2. THE COVERS

By an enumeration of a countable set A we understand an invertible
function ¢ : N — A. We will denote by £(A) the set of all such enumerations.
Let p be the Lebesgue measure on the real line.

¢elg(f@)u (U <¢(”) - quﬁ(n) + n)) =2.

1

Theorem 1.

Proof. Since

o) =100 +1) € U (900~ Lo+ 1)

n=1
and

n((o(1) —1,0(1) +1)) = 2,

u([j <¢<”>—iv¢<”>+i>> >

n=1
and thus the infimum above is > 2.

We will construct a particular enumeration of Q, .

Let ¢(1) = 0 and a natural number k£ > 1. Let A = the rational
numbers in (—1/2,1/2) except for 0 and B the rest of the rational numbers.
Since B is countable we consider some enumeration 6 € £(B).

For n > 1 we define

B = 6(n).

Since A is countable there is some enumeration 5 € £(A).

Let C be the set of all natural numbers except 1,281 2k+2
C' is countable there is some enumeration ¢ € £(C).

We define ¥ (¢(n)) = B(n). Notice that the least element of C is 2 and
thus

. Since

1
¢(n)
Since B(n) € (—1/2,1/2) we have

1 1 1 1
(¢<¢<n>> - S o) + M) _ (mn) - B+ (b(n)) C (-1,1).

Therefore for the enumeration 1 we have

U (410 = 3w+ L) cn 000 (w07 - vt )+ ).

n=1

<

l\)\r—t

o
1 1
ket k+
M( ) U U ( (2) _2k+n’¢(2 n)+2k+n>>
n=1
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< (=10 Do () = i v + )

=2 1
:2+22k+n :2+2k—1'
n=1

This implies that

u<U<wm—;wmw§D>s2+gﬂ

n=1

and thus the infimum in the statement is < 2 4 2k1,1. Since £ > 1 was an

arbitrary natural number we get that the infimum is < 2.
This implies the conclusion. O

Proposition 2. There is ¢, an enumeration of the rationals, such that

U (800 - 2o+ 1) =m

n

Proof. Let ¢(1) =0, and, for n > 1,

1 1 1
dn — 1) = = 4+ — 4 ...
oln 1) =g+t 5
and . .
4 N=——=— = .
on+1)=—-5-3 in+1
Let A be the rest of the rational numbers. Since A is countable, there
is ¢ € E(A).

We define ¢(2n) = ¢ (n).
We will show that in this case

In fact

> 1 1

nL:Jl (¢(2n1) o =1+ 2n_1> =R.
eR.

(717

Let =

If x € 1) then
€ (p(l)—1,¢0(1)+1).

Suppose that > 1. Since
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there is a natural number n such that

Loy cpeiptog o
377 m-1-">377 An—1 " 4n+3
Therefore

e [(]5(471 — 1), 0Un— 1)+ 3>

C (¢(4n—1)—1,¢(4n—1)+ ! )

4n —1 4n —1
Suppose now that x < —1. Since
lim <_1_1 ..... 1 ):_oo
n—00 5 9 In+1 ’
there is a natural number n > 2 such that
1 1 1 1 1 1 1
5 9 An—3 4dn+1 5 9 4n —3
Therefore
1
T € <<Z>(4n -3) — T o(4n — 3)]
<¢5(4n -3)— L ,p(dn —3) + ! >
4n — 3 -3
Thus

> 1 1
L:J <¢> (2n — 1) 2n_1,¢(2n—1)+2n_1)

and so

1 1
R C U <¢ (2n —1) 2n_1,¢(2n—1)+2n_1>.

Since the opp081te inclusion is obvious,
o0

U <¢(2n—1)—%1_1,¢(2n—1)+ ! ):R.

2n —1
n=1

3. THE SUBSET PROBLEM

We will show here a proof of the statement at the beginning of this
paper which does not use the covering property above and which we consider

more in the spirit of real analysis.

Recall that a set X is dense in a set Y if every element of Y is the limit
of a sequence of elements in X. In other words, if Y C X, where X is the

closure of the set X.
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Proposition 3. If A is an infinite subset of real numbers, then there is a
countable set B such that B C A and B is dense in A.

Proof. If A is a countable set then we can just take B = A. Thus, we can
assume, without loss of generality, that A is uncountable.

We will assume first that the set A is bounded, A C [u, v].

Let by € A. If A\ {b1} N [u, (u+ v)/2] # 0 then we chose by € A\
{b1} N [u, (u+v)/2]. If A\ {b1} N[u, (u+ v)/2] = 0 we choose an arbitrary
by € A \ {bl}

If A\ {b1,b2} N[(u+v)/2,v] # 0 then we chose bg € A\ {b1,b2} N [(u+
v)/2,v]. If A\{b1}N[(u+v)/2,v] = 0 we choose an arbitrary b3 € A\{by,b2}.

We continue the procedure next dividing the interval [u, v] into 3 inter-
vals of equal length and choosing 3 more elements, then 4 and so on.

Let B = (by). Then B is countable and B C A. It suffices to show that
B is dense in A\ B.

Let a € A\ B.

At step n the interval [u, v] was divided into n sub intervals of length (v—
u)/n, at least one of them containing a. Since a ¢ B, when the intersection
with that sub interval was considered it was not empty an we chose some
bp, € B from that subinterval.

This means that
v —U

|a*bpn’ <

and so a is in the closure of B.

This completes the proof in this case.

For the general case, if A is an unbounded set, for all integers n let
A, =AN[n,n+1].

If A,, is at most countable then we take B,, = A,,. If A,, is uncountable
then, by the first case, there is B,, C A,, B,, countable, B,, dense in A,,.

Let B =J,, Bn. Then B C A and B is countable. Moreover,

UB.oUB.oJ4n = A

The first inclusion in the chain above is a general property of closures
of sets. See, for example, the statement 5 on page 126 of [1]. O

4. A GENERAL CASE

We will consider here a more general problem. Let (r,) be a decreasing
(not necessarily strictly) sequence with limit 0. We will do a computation
similar to the one in Section 2 where r,, = 1/n.

Theorem 4. If (zy,) is a sequence decreasing to 0 and X is a countable dense
set of real numbers, then
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inf (U — T, d(n) + Tn)> = 2ry.

¢eg(x

peE(X)

n=1

(b) sup u(U(¢(n)—m¢( +rn>—2zrn

Proof. Let a be the infimum and § be the supremum.
Since, for every ¢ € £(X) we have

oo

(6(1) = r1,0(1) +71) € | J(@(n) = 1, d(n) + 1)

n=1

we get

p (U (p(n) — 7, P(n) + rn)> > p((@(1) =71, 0(1) +11)) = 2771
n=1

Therefore o > 2x7.

We will consider that 1y =ry =+ =1y > rpel-

Let £ > 1.
We will take ¢(1) arbitrary and for 2 < n < m we choose

o) € (00,600 + ez ) 0 X\ (61, 602)o, 6~ D)),

The choice above is possible because X is dense and so is any subset of
X of finite complement in X.
Let

A= (X0 (o) + rmr1 —71,0(1) +71 = Tmg1)) \ {6(1), 6(2), ..., p(m)}

and
B =X\ (AU{6(1),6(2).....9(m)}).

Because X is countable and dense both A and B are countable sets.

Since 7, has limit 0 there is a subsequence (k,) with ky > m and k; 1 >
k; + 2 such that r, < 1/28147 Let C = {n:n>m+1,n # k;, 1 < j}.
Then C is countable.

Let 6 € £(A) and v € £(C). We define ¢(vy(n)) = 0(n).

Let ¢ € £(B). We define ¢(ky,) = ¢(n).

Then

oo

U ((]5(71) — Tn, ¢(n) + Tn)

n=1
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= (¢(1) —r1,0(1) + 1) U | J(6() — 15, 6() +75)
7j=2
U U — Ty, O(Ki) + 1) U U(¢(7(j)) =T (7), (Y () + )

Let j > 1. Then
o(v(j)) = 0(4) € (¢(1) + rmy1 — 71, 6(1) + 71 — Tips1)

and Ty() < Tm+l-
Therefore

O(1) + g1 —r1 < o(v(J)) < ¢(1) + 71 — Tt
which implies that

$(1) =11 < (1) + rmi1 = 1y() = 71 < V(1)) — )

and
o(v(4)) + iy < O(1) + 71 — i1 1) < A(1) + 11
Hence
U @) = 0y, 6(3(5)) + 1)) € (6(1) = 11, (1) +71)
j=1
and so

-
S

n) — rn, ¢(n) + 1)

—

CF 5
+

bﬁ
‘C8

<
[|
¥
-
Il
—

= (¢(1) =71, 0(1) +r1) U {J(6(F) =75, ¢(j) (P(Ki) = 7h;» (ki) +78,;)

T
'C8

<
||
N
.
Il
—

= (¢(1) =r1, ¢(1) +r1) U J(0()) =71, 0() +7r1) U (ki) =7k G(Ki) + 7y )

For2<j53<m
1
(1) < o(j) < o(1) + %17

and so
P(1) —r1 < () =7
and ) .
¢(7) +r1 <)+ 71+ g < )+ 71+ s

Hence
m

(000) = r1.00) + 1) € (600 = 1.0(0) 4 11+ 5 )

j=2
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and thus
N 1
U1(¢(n) —Tn,¢(n) +1a) C <¢(1) —r1,¢(1) + 71+ 2k+2)
U J(@(k:) = 1y, d(ki) + 7).
i=1
Therefore

|

<p <<¢(1) —7r1,9(1) + 71+ 2,612) U@ k) = ri, ki) + %))

=1

1Ce

((;5(71) — Tn, ¢(”) + rn))

1 1
<27‘1+2k+2+22rk <2+ o +221/2’f+1“_2r o
=1 i=1

2k

This means that o < 2r; + %—,1 and since k was an arbitrary natural
number then o < 2r;.

Therefore o« = 2x1.

For any ¢ € £(X) we have

M(U(¢< >_rn7¢ +Tn><ZM Tn7¢ +Tn —QZrn

n=1

This implies that 5 <23 >,
Let m > 1.
We define ¢(1) arbitrary, and we choose ¢(2) € X N (¢p(1) 411 +re, 00),
?(3) € XN(p(2)+ro+rs,00) and so on, p(m) € XN(p(m—1)+rm—1+7rm, 00).
In this case

U —715,0()) +15)

is a disjoint union.
Let v € E(X \ {o(1),0(2),...,0(m)}. We define, for n > m,¢(n) =
P(n —m).

Since

@) = r5.6() +75) € [ (@(n) = 7, $(n) + 1)

j=1 n>1
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This implies that 5 > 2 Z;nzl r; and since m was arbitrary we get that

B2t
Therefore f =Y | . O

5. AN EVEN MORE GENERAL CASE

One more step we can take is to consider a sequence in which some
terms repeat infinitely many times.

Theorem 5. If (r,) is a bounded sequence such that liminf, r, = 0 and
sup,, ', = r and X is a countable dense set of real numbers, then

¢€i?(fX)u (U (@(n) = 70, #(n) + Tn)) = 2r.

n=1

Proof. Let a be the infimum. Since for every ¢ € £(X)
(p(m) — T, (M) +1m) C U (p(n) = rp, d(n) +10)
n=1

we get that

s (U (6(n) — 1, 6(n) + rn>> > 10 (9(m) = Ty $(m) + 71m)) = 21y
n=1

Hence a > 27, for every m and so o > 2r.

Let € > 0. Since liminf,, r,, = 0, there is some subsequence (7, ) such
that r, < e/2"*! for every n.

Let A= XN (—¢/4,e/4), B=X\ Aand C =N\ {kap}.

Let 60 € £(B). We define ¢(kay,) = 0(n).

Let 0 € £(A). Since C is countable, there is an invertible function
7:C—N.

For m € C we define ¢(m) = o(7(m)).

IfmeC,

(@(m) =rm, p(m) +7m) = (o(7(m)) =rm, o (T(M) +rm) C (—r—e/4,7+/4)
and thus the measure of the union of all these intervals is < 2z + £/2.

For ¢(ka2,) the union of all intervals (¢(kap) + Tky, , @(Kon) + Tk, ) has
measure < 2 0 /22 < /2.

Therefore the measure of all intervals for these enumeration is < 2r+¢,

which, since € was arbitrary, implies that o < 2r
Thus a = 2r. O
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Solutions to two open problems involving odd harmonic
numbers

NANDAN SAT DASIREDDY D)

Abstract. In this paper we solve two open problems recently consid-
ered by Ovidiu Furdui and Alina Sintadmarian concerning the calculation
of a cubic and a quadratic series involving the odd harmonic number
O, = Hyp — éHn =1+ % + -+ in_l, Our proof involves the use of
some identities due to De-Yin Zheng and Cornel Ioan Vilean.

Keywords: Riemann Zeta function, generalized harmonic numbers, infi-
nite summation formulas.

MSC: Primary 40A25; Secondary 11MO06.

1. INTRODUCTION AND THE MAIN RESULT
In this paper we calculate the following harmonic series
oo oo
o3 0?
— and —
> >
n=1 n=1

that were considered as an open problem by Furdui and Sintamarian in [1,
p. 11].

Throughout this paper H,, denotes the nth harmonic number defined
by H, = > 14 %, O,, is the nth odd harmonic number given by O, =

POy ﬁ, and Og) is the notation for the generalized nth odd harmonic

number of order r defined by Ogﬂ) => 0, m We also mention that
¢ (s) is the Riemann zeta function ¢ (s) = >.o°, &, R(s) > 1 and Li, ()

o0
denotes the polylogarithm function, defined for |z| < 1 by Li, (z) = >_ i—:,
k=1

neN, n>2.
The main result of this paper is the following theorem.

1)Hydelrabad7 Telangana, India, dasireddy.1818@gmail.com
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Theorem 1. The following identities hold:

3
@ 2% - Zeece)
n=1
2
B Y% -T@eE -6
n=1

Proof. (a) Using the Dougall-Dixon summation theorem [5, p. 56|, De-Yin
Zheng [2, (3.6d)] has evaluated the series

=203 + 05 93
— =506
n=1

In [4, (75)] J. Braun, D. Romberger, and H. J. Bentz proved that

> 0P 93 21
D=5 C6) = TC@B)

n2

n=1 n?
and it follows, based on the previous equality, that
03 21
> =202, (1)
n=1 n

(b) Using the Dougall-Dixon summation theorem [5, p. 56|, De-Yin
Zheng [2, (3.6¢), (3.7c)] has evaluated the following two series

o0

2
s Yot ;H") O _ %C (5) @)
n=1
and
ZI{"%QWLZZC(Q)C(?))#-%C(E)). (3)
n=1

Using the identities H,_1 = H, — % and O,, = Ho,, — %Hn on left side
side of (3), we obtain that

1 1
e e} o0 Hn_* Hn Hn_*Hn
H,_1H,O < n) ( S >

Z _nzn n:Z

2
n=1 n=1 n
1 1
RS ] e ),
_ -
n=1
H2n X HP N HonH, <= H?
=Z Zgnz P R D
1 n=1 n=1
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In [3] it is proved that the following formula holds

i HonH, 307 1

160 —5¢2)CB) + §10g3(2)C(2) — Tlog?(2)¢ (3)

3

8 . (1 . (1
— 1—510g (2) — 161og(2) Liy <2) — 16 Lis <2> .

We have, based on the above equality, that

Z H2n Z on2 Z m3 2“2) ¢(3)+ @C( 5) + glog3(2)§ (2)

n3
n=1

n=1
1 1
— Tlog%(2)¢ (3) — G 1og5(2) — 161log(2) Liy <2> — 16 Lis <2> .
In the previous identity using Euler sums (see [6, (3c)] and [6, (3b)])
D3 =—C@CB) +5 T¢(5) and Z =C(2)¢(3) +10¢ (5)
n=1
we get
2 Hy,H2 9 421 8
St %) ¢(3) + 2 (5) + 5 og*(2)C (2) — TIog(2)C (3)
= (W
8 . (1 . (1
- 1—510g (2) — 16log(2) Lig <2> — 16 Lis <2> .
Using the identity O, = Hs, — %Hn on the left hand side of (1), one
has that

1 3
o] <H2n - 2Hn)

oo
o3
zjln Z n?
—
3H. = H3 X3H? H =\ H3
_Z % Zgn2 231 22,22”4'2 n22n
e

n=1

= 2¢@)C),

We observe that
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and it follows

3H2n > 3H3 H, ) 2" S (-0)"H
Z Zgnz P bRl DI D D 5
n=1 =

n= 1 n=1 n=1
= 2@
Using the following relation (see [7, p. 865])
—H} ., 9 27 3 21
2o (=1)" = 3¢ 05) + 75C (2 C(3) +log? (2) € (2) = - log™ (2) C (3)

1 . (1 (1
—% log® (2) — 61og (2) Liy <2) —6Li5 (2) ,

formula (4) and the Euler sum _°° = ((2) ¢ (3)+10¢ (5), in the identity

(5) one obtains that

n1n2

0 2
S — B (9)¢(3) + S5 <(5) + 5 og*(2)(2) — Thog?(2)¢(3)

8 . (1 . (1
— 1—510g (2) — 161og(2) Liy <2) — 16 Lis <2> .

1 1
Using the identities H,_1 = H,, — — and O,, = Hy,, — §Hn on the left
n
side of (2), we obtain that

n=1

n=1 n=1 n’
_Zzﬂo ;%%
—szn _;21%[2” 22}22 nil(;j
=§C(5).

It follows, based on the preceding equality and the previous formulae,
that

12
> = T @cE) - 2,

and the theorem is proved. O
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Traian Lalescu national mathematics contest for university
students, 2023 edition

ALEXANDRU NEGRESCUY, VASILE Por?), MARCEL RoMaN®), RADU
STRUGARIUY

Abstract. We present the problems from the 2023 edition of the Traian
Lalescu National Mathematics Contest for University Students, hosted by
the Gheorghe Asachi Technical University of Iagi between May 4 and 6.

Keywords: Functional equations, trace, rank, determinant, eigenvalues,
normal matrix, integral inequalities, power series, gamma function, Fer-
mat’s Little Theorem.

MSC: 11A25, 15A18, 15A21, 26A03, 26D15, 39B22, 40A05.

The 2023 edition of the Traian Lalescu National Mathematics Con-
test for University Students and the National Session of Student Scientific
Communications were organized between May 4 and 6 by the Department
of Mathematics and Informatics of Gheorghe Asachi Technical University of
Tasi, with the support of the Traian Lalescu Foundation and under auspices
of the Ministry of Education and the Romanian Mathematical Society.

A total of 101 participating students represented 11 universities from
Bragov, Bucuresti, Cluj—Napoca, lagi, and Timigoara:

e Section A — first- and second-year students from faculties of Math-

ematics;

e Section B — first-year students that follow some specialization in

Electrical Engineering, or in Computer Science;

1)University Politehnica of Bucharest, Romania, alexandru.negrescu@upb.ro

2 Technical University of Cluj-Napoca, Romania, Vasile.Pop@math.utcluj.ro
3>Gheorghe Asachi Technical University of Iagi, Romania, marcelroman@gmail.com
4)Gheorghe Asachi Technical University of lagi, Romania, rstrugariu@tuiasi.ro
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e Section C — first-year students from technical faculties with a spe-

cialization outside the field of Electrical Engineering;

e Section D + E — for second-year students from technical faculties.

e Scientific Communications, Mathematics Section;

e Scientific Communications, Computer Science Section.

The awarded prizes were substantial, being offered by the Traian Lalescu
Foundation, the Ministry of Education, the Romanian Mathematical Society
as well as by the sponsor, the Amazon company.

The contest was held in the famous library of Gheorghe Asachi Technical
University of Iagi and afterwards the students had the opportunity to visit
the beautiful city of Iagi.

The interested reader may find additional details at the competition’s
website: http://math.etti.tuiasi.ro/TL2023/.

We present the statements and solutions of the problems given at Sec-
tions A and B of the contest.

1. SECTION A

Problem 1. Solve the following equation 22023 = 38 in Zsgos.

Gabriel Mincu, University of Bucharest, Romania

Author’s solution. Since (38,2023) = 1, 38 is invertible in Zages and,
consequently, any solution x of the equation is invertible in Zsogss.

Therefore, using Euler’s Theorem, z:#(2023) = 21632 — T, so the equation
is equivalent to z39! = 3A8, which can be written

21723 _ 3%
According to Chinese Remainder Theorem, this congruence is equiva-
lent to the system
21723 =38 (mod 7)
21723 =38 (mod 17?),
1

(mod 7) and 21617 = 7#(17)

Il
—_

which, taking into account that 2% =
(mod 17?%), can be written as follows:

x=3 (mod7),
{ z177 =38 (mod 172). (1)

From z'77 = 38 (mod 17?) we get z'”7 = 38 (mod 17). Since z'6 =1
(mod 17) by Fermat’s Little Theorem, we obtain 27 =4 (mod 17).

Raising this last congruence to the power of 7, we get z = 4" (mod 17),
that is, x = —4 (mod 17). Hence, there exists A € {0,1,...,16} such that
x = —4 + 17X\ (mod 17%); it is verified by calculation that all these values
are solutions of congruence z'”7 = 38 (mod 17?). According to Chinese
Remainder Theorem, the solution of the system (1) is x = 3 - 1156 + 868 -
(—4417)\) (mod 2023), that is z = —44+595\ (mod 2023), A € {0,1,...,16}.
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Concluding, the solutions of the initial equation are:

(445950 A€ {0,1,...,16}} = {—4+ 119A: A € {0,1,...,16}}.

Problem 2. Let A, B € M,,(C) such that there exist a,b € Cand ¢ € R\{%}
for which

aA+bB = (1—-c¢)AB + cBA.

Prove that (AB — BA)" = O,,.

Mihai Opincariu, Avram Iancu National College, Brad, Romania

Vasile Pop, Technical University of Cluj-Napoca, Romania
Authors’ solution. The relation in the statement can be written
(A —0bl,)(al, — B) +abl,, = ¢c(BA — AB)

and, respectively,

(al, — B)(A — bl,) + abl, = (c — 1)(BA — AB).

The matrices (A—bl,)(al,— B)+abl, and (al,—B)(A—bl,)+abl, have
the same characteristic polynomial, so they have the same eigenvalues. Then
the matrices ¢(BA — AB) and (¢ — 1)(BA — AB) have the same spectrum.

If ¢ = 1, the conclusion is obvious. If ¢ # 1, we deduce that BA — AB
and _%3(BA — AB) have the same eigenvalues. Let A be an eigenvalue of
the matrix BA — AB. Then —“5 ) is also an eigenvalue and, by induction,

k
(ﬁ) A is an eigenvalue for the matrix BA — AB, for any integer k > 1.

Because BA — AB has a finite number of eigenvalues and 5 # +1,
one has A = 0. All the eigenvalues of the matrix BA — AB are therefore zero,
hence the conclusion.

Problem 3. Let f:[0,1] — R be a C! function such that f (0) = f (1) = 0.

Prove that
1 2 1 1 ) )
(/0 22 f (z) da:) < 2 ), (f' (z))" da.

Dan-Stefan Dumitrescu, University of Bucharest, Romania
Author’s solution. We consider

/01 <x3;—c)/f(x)dx_ (xg?:i—c) f(z) : _/01 <x3;0) f(2) da
= —/01 (“33“) F(z) da.

By applying the CBS inequality, we obtain

</01 <x3;c> f/(x)d:c>2 < /01 <x33+c)2 dx'/ol (f'(ac))gdx.
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We compute

1 3 2 1
1 1/1 1
/0 (x;—c) dx:/0 9($6+20:1:3+02)dx:9<7+204+02>.

The function g(c) = $c® + 75 - ¢ + g5 attains for ¢ = —1 its minimum
value, which is ﬁ
Problem 4. Let f: (0,00) — (0,00) be an increasing function such that
1
lim flz+1) - 1.
z—oo  f(x)
Prove that lim féf) =0, for any a > 1.
T—>00

Teodor Chelmus, Alexandru Ioan Cuza University of Tagi, Romania

Author’s solution. Let a > 1 be arbitrary. Suppose, by contradiction, that
the function z — % does not have the limit equal to 0 when x — co. Then
there exists p > 0 such that, for any r > 0, there exists x,, > r such that

f(xr) >

a*r

In particular, for any n € N, there exists x,, > n such that f(z,) > pa®.
Obviously, z, — oo.
Fix now ¢ € (0,a — 1). From

lim 7]“(1‘ +1)
@)

we get the existence of b € R such that, for any x € [b, 00),

flz+1)
1< " o1t
f(x)
By induction, we deduce that
fx+k) < (1+e)kf(x), Voelboo), VkeN*

In particular, f(b+ k) < (14 )*f(b), for any k € N*.
Let n € N such that x,, > b. We denote k& = |z, — b] + 1. Then
k>uxz,—0b,or b+ k> x,. We have

pa®n < f(xn) < f(b+k) < (14 f(b) < (1+¢)T2f(b),

hence we deduce

=1,

R e e

for any n € N with z,, > b. By passing to the limit for n — oo, we obtain
that f(b) > oo. Contradiction.

Alternative solution. The following solution was given by Florin Grigore,
from Babes—Bolyai University of Cluj—Napoca (contestant).
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Using the assumption of the problem, we deduce that lim Hotd) _
n—00 (n)

Consider the sequence (y,) with y, := fé:f),Vn > 1. We have that

1 n 1
lim YnL o L0ED et L
n—oo Yy n—oo gntl f(n) a

hence y,, — 0 for n — oo.
For arbitrary > 0, denote n := [z],son <z <n+1and f(n) <
f(z) < f(n+1), hence
10 _J@ _ St
a antl a® an
The conclusion follows easily.

= Yn+1 - G.

Alternative solution. The following solution was given by Marian Vasile,
from West University of Timisoara (contestant).

Define g : (0,00) — R by g (z) := In f (x). Using the monotony of f,
we get that g is increasing.

The assumption of the problem implies that

lim (g(x+1)—g(z)) =0.
T—00
Then, by Stolz—Cesaro Theorem, we obtain

i 900 _ gy 907D 90

n—oo n n—00 1

=0.

Let > 0 and n = [z|. Then, since g is increasing, n < x < n+ 1 and
g(n) <g(x) <g(n+1), hence

gn) n _gm) _g& _ghnt+tl) gh+l) ntl

n n+l n+17" =z — n n+1 n

I

hence lim % =0.
T—00

Now, take arbitrary a > 1 and fix ¢ € (0,lna). We know that there
exists 0 > 0 such that, for any = > 0, g (z) < ex. Then, for any x > ¢, we
have g (z) —xIna < x (¢ — Ina), hence li_)m (9 (x) —xlna) = —oo, and

x (o.9]

hm M — exli_{go(lnf(fc)—l?lna)

rz—o00 ¥

=e *=0.

2. SECTION B

Problem 1. Let A,B € M,(C) such that AB = A and BA = B. We
consider the following functions:

f:C—=C, f(z)=Tr((1—-2)A+2B), foranyzceC,
g:C—N, g(z)=rank((1 —2)A+2B), forany ze€C,
h:C—C, h(z)=det((1—2)A+zB), foranyz e C.
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Prove that the functions f, g, and h are constant.

Mihai Opincariu, Avram Iancu National College, Brad, Romania
Vasile Pop, Technical University of Cluj-Napoca, Romania

Authors’ solution. For any z € C, we denote C, = (1 — 2)A 4+ zB. We
have

A2=A-A=AB-A=A-BA=AB= A,
B?=B-B=BA-B=B-AB=BA=B,

and

((
(1—2)24+ 2(1—2)(A+ B) + 2°B

= (122 +2(1-2) A+ (22 +2(1-2) B
(1 — Z)A+ZB - Cz

a) Since Tr AB = Tr BA, it follows that Tr A = Tr B, hence
flz)=TrC,=(1—-2)TrA+2TrB=TrA

for any z € C, so f is constant.
b) Any idempotent matrix M has the Jordan canonical form of the form
Jr = <g 8), where r = rank M, hence Tr M = rank M. Since C, is an

idempotent matrix, it follows that
g(z) =rank C, = Tr C, = f(z) for any z € C,

so g = f, thus g is constant.

c) Since C? = C., it follows that det C, € {0,1}, for any z € C. Let
z € C be fixed. We define the function h, : [0,1] — {0,1}, h,(t) = h(tz) =
det Cy,. Obviously, the function h, is continuous, so h, must to be constant,
wherefrom

>
—~
N
~—
I
>
183
—~
—_
N—
I
>
IS}
—~
(=)
SN—
I

h(0) = det A,

so h is constant.

Alternative solution. The following solution of the fact that the functions
f and h are constant was given by Petru—Vlad Ionescu, from University Po-

litehnica of Bucharest (contestant).
Since Tr AB = Tr BA, we have that Tr A = Tr B, so

f(z)=Tr(1—-2A+z2B)=Tr(A—2(A—-B))
=TrA—zTr(A-B)=TrA—z(TrA—-TrB) =Tr A.
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On the other hand, we have
h(z) =det ((1 —2)A+2B) =det ((1 —2)A+ 2BA)
=det ((1 — z)I,, + zB) det A = det Adet ((1 — 2)I,, + zB)
=det ((1—2)A+2AB) =det (1 —2)A+zA) =det A € {0,1}.
Remark. The matrices A, B, and C, are idempotent. Moreover, rank A =

rank B and since the function g is constant (¢ (0) = ¢g(1) = g(2) = k)
we obtain that the matrices A, B, and C, are all similar to the matrix

I, O
Jp = (O’f 0)'

With this argument, since the trace, rank, and determinant are invariant
to the similarity of matrices, we deduce that

flz)=Tr C,=TrJ, =k,
g (2) =rank C, = rank J, = k,
0, k<n,

h(z) = det C, = det Jj, =
= =aan={} [

Problem 2. Let A € M,,(C) be a matrix of rank 1 such that Tr A € R and
there exist a,b € C with |a| = 1 such that

A? + aAA* +aA*A +b(AY)? = O,
where A* = AT. Prove that there exists u € C" such that A = +u - a’.

Marian Pantiruc, Gheorghe Asachi Technical University of Tagi, Romania

Author’s solution. Since rank A = 1 it follows that A can be written in the
form A = z - g7, with z,y € C" \ {0}. Moreover, A2 = (z,y)- A=TrA- A.
Obviously, because Tr (A4*) = Tr A and A* also has rank 1, we have that
(A*)2 = Tr A - A,

Let’s note, first, that if we had Tr A = 0, then also Tr A* = Tr A = 0
and, passing to the trace in the relation from the statement, we obtain, taking
into account the previous relations,

(Tr A)? + a Tr(AA*) + a Tr(A*A) + b(Tr A*)? = 0 & 2a Tr(AA*) = 0
S A=0,,

which contradicts the fact that rank A = 1. So, Tr A = Tr A* ¢ R\ {0}.
We rewrite the relation from the statement, successively, as follows

(A+aA*)(A+ad*) + (b—a®)(A")? = O,
(A +aA*)(A+aA*) = (a® — b)(A*)?,
a(@aA + A*)(A+ aA*) = (a® — b)(A*)?,
(A + aA*)*(A+aA*) = (a — ab)(A%)%
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If b = a? or, equivalently, a — ab = 0, from the last relation it follows
that A4+aA* = O, and from here, taking into account that Tr A = Tr A* # 0,
it follows that a = —1, which implies that A = A*.

If b # a2, from the equality (A 4+ aA*)*(A + aA*) = (a — ab)(A*)? it
also follows that [(A + aA*)*(A + aA*)]* = [(a — ab)(A*)?]" is equivalent to
(A+aA*)*(A+aA*) = (a — ab) A2, therefore
RoTdar="""% na 104 =279

a—ab a—ab a—ab

9 a—ab

(A%) A

- SLZ =1, therefore A = A*.

a—a

Passing to the trace, it follows that

We conclude that A = A*.

Taking into account that A* = ((azng))* = yz”, the equality A = A*
implies, multiplying scalar by =z,

2y’ =yl & (z,y) -z = ||lz]]* - v.

»

Therefore x and y are linearly dependent, x = ay, with a = =l

R\ {0}. Then, it follows that

=4u-a’, withu= Mz

Iyl

A=a -z 77

Alternative solution. The following solution was given by Roland Nicholas
Cornoc, from Technical University of Cluj-Napoca (contestant).

Let « = Tr A € R. Because A? = Tr A - A, we have that A2 = aA. On
the other hand, we can write (A*)? = Tr (4*) - A* = Tr (A) - A* = aA*.

If o = 0, then A2 = (A*)? = O,,. Passing to the trace in the relation
from the statement, we obtain a Tr (AA*)+aTr (A*A) = 0, so 2a Tr (AA*) =
0. Since |a| = 1, we find that Tr (AA*) = 0, which means that A = O,,
contradiction with rank A = 1.

Thus « # 0. The relation from the statement is equivalent to

oA+ aAA* 4+ aA*A + baA* = O,,. (2)

Multiplying relation (2) to the right by the matrix A* we get

QAA* + aqAA* + aA*AA* + ba’A* = O,
On the other hand, multiplying relation (2) on the left by the matrix A* we
= QA*A + aA*AA* + aaA* A+ b’ A* = O,
Subtracting the last relation from the previous one, we obtain

a(AA* — A" A) + aa (AA* — A*A) = O,
so (a+1)(AA* — A*A) = O,,.
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Multiplying relation (2) to the right by the matrix A we obtain
Q? A+ aAA* A+ aacA* A + baA* A = O,
On the other hand, multiplying (2) on the left by the matrix A we get
o?A+ aaAA* + aAA* A + baAA* = O,.
Subtracting the last relation from the previous one we obtain
aa (A*A — AAY) + ba (A*A — AA™) = O,

so (a+0b) (A*A — AA*) = O,.

If A*A # AA*, we obtain that @ = —1, b = 1. The relation from the
statement implies that A2 — AA* — A*A 4 (A*)? = O,, so (A — A*)* = O,,,
wherefrom (A — A*) (A* — A) = Oy, s0 (A — A*) (A — A*)* = O,, and we get
that A — A* = O,,, therefore A = A*, so AA* = A* A, contradiction.

So AA* = A*A, which means that the matrix A is normal. It follows
that the matrix A is unitarily diagonalizable. Since rank A =1 and Tr A € R,
there exists a unitary matrix U € M,, (C), such that

A
0
A - U . U*a
0
with A € R\ {0}.
If A > 0, we can write
VA
0
A=Ul| (ﬁo 0>U*.
0
With the choice
VA
0
u=U/| . ,
0

we have A = u -ul.

If A < 0, we can write
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With the choice

we have A = —u - u?.

Problem 3. Let f:[0,1] — R be a C! function such that f (0) = f (1) = 0.

Prove that
1 2 1 1 9
(/0 22 f (x) dx) < 12, (f' (z))" da.

Dan-Stefan Dumitrescu, University of Bucharest, Romania
Solution. See Problem 3 from Section A.

Problem 4. Consider the continuous and strictly increasing function f :
[0,4+00) — [0,400) which satisfies f(0) =0 and f (N) C N.
o

a) Prove that f is bijective and the power series me (") converges for
n=0
any z € (—1,1).
b) We denote the inverse of f by g, and the sum of the previous power
series by h. Suppose that

flay) = f(x) f(y), Vo,y=0.
Compute lim g (1 —z) - h(x).
rz—1
<1
Radu Strugariu, Gheorghe Asachi Technical University of Iagi, Romania
Author’s solution. a) Since f is strictly increasing, it is injective, and from
the continuity of f and the fact that f(N) C N it follows that lim f(z) =
T—>00

+o0o. Since f(0) = 0, it follows that f is bijective.

[o.¢]
Observe that the power series can be written as Zakxk, where

n=1

ak:{ 1, fork=f(n),

0, otherwise.

Then lim sup {/|ax| = 1, hence the radius of convergence of the power
k—o00

series is 1.
b) By denoting u (z) = In f (e*), we observe that w is continuous and
satisfies the Cauchy functional equation

u(lx+y)=u(x)+uly), Vr,yeR.
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We have, successively,
u(z)=u(l)z, forany z € R.
f(e®) =e"W?  for any z € R,
f(z)=2a"Y, for any z > 0.

Since f(N) C N, we get that there exists p € N* such that f(z) = 2P, for
any x > 0.
Moreover, since f is increasing and x € (0, 1), we have for y € [n,n + 1]

that
2f (1) < 2@ < xf(”)7

hence

n+1
2 < / Wy < 5™,

It follows that

N N+1 N
S0 < / Wy <3 2f0),
n=0 0 n=0

and, since the series converges for x € (0,1), we obtain that the integral

oo
/ zfWdy converges and
0

lim g(1—2)h(z)= lim (1_1;);/ Wy
0

r—1_ r—1_

. 1 > yP-Inx
= lim (1—2x)? e dy.
0

rz—1_

By the change of variable y? - lnx = —t, we get

1
/OO ey”mdy—/met-l D L Y
0 0 p\—lnz —Ilnx

Using relation (3), we obtain

1
, _(1—z\#1 _(1\ 1_/(1
s o= =i (55) 50 () =50 ()
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MATHEMATICAL NOTES

Maximal number of diameters of finite planar lattice point
sets

CALIN Poprscul)

Abstract. Given an integer n > 2, we prove that the largest possible
number of diameters a planar set of n lattice points may have is n — 1.

Keywords: Finite planar lattice point set, diameter, diameter graph.
MSC: Primary 52C05; Secondary 11HO6.

1. INTRODUCTION

Erdos addressed a large number of various topics in combinatorial geom-
etry, such as allowed or forbidden subconfigurations of point configurations,
extremal numbers of different types of distances in finite point configurations,
to name a few. Amongst these latter, he dealt with the maximal number of
occurrences of the largest distance (diameter) in a finite point configuration
in the Euclidean plane [4]. This topic goes back to [7, 12].

A diameter of a finite planar set is any line segment of maximal Eu-
clidean length having both end points in that set.

Fix an integer n > 2 once and for all. If n > 3, the largest possible
number of diameters a planar n-point set may have is n [4, 7, 10, 12]. The
standard proof is by induction on n. The key point is that, by the triangle
inequality, every two diameters intersect: Either they both emanate from the
same point or they both cross at some interior point.

Consider the diameter graph on n pairwise distinct points in the plane,
i.e., the geometric graph on those points, whose edges are the diameters of
the configuration. In the continuous realm, it may very well happen that the
diameter graph be 2-regular, i.e., vertices all have degree two. A 2-regular
graph consists of one or more (disconnected) cycles. Since every two diame-
ters intersect, this is possible if and only if n is odd, in which case the diameter
graph is a star-shaped self-crossing n-cycle A1 AsAs... A, whose polygonal
convex hull reads around the boundary A;AsAs... A,AsAgAg.. . An_1. A
star-shaped regular polygon with an odd number of vertices is one such.
However, this configuration is not unique, at least for n =5 [2].

A lattice point in the Cartesian plane is one whose coordinates are both
integral. It seems natural to ask what is the largest possible number of
diameters a planar set of n lattice points may have. Our purpose here is to
prove that this maximum is n — 1.

D Simion Stoilow Institute of Mathematics of the Romanian Academy, P.O. Box 1-764,
RO-014700, Bucharest, Romania, calin.popescu@imar.ro



32 CALIN POPESCU, MAXIMAL NUMBER OF DIAMETERS

Theorem 1. The largest possible number of diameters a planar set of n
lattice points may have is n — 1.

The inductive argument goes verbatim along the lines in the standard
proof [4, 7, 10, 12], and will therefore not be repeated here. The only dif-
ference is that this time the diameter graph cannot be 2-regular. Roughly
speaking, there are always ‘loose ends’. The base case, n = 2, being clear,
this is precisely what makes induction work, to force the upper bound n — 1
on the number of diameters.

It is therefore sufficient to rule out the virtually possible case of a 2-
regular diameter graph. Ball’s theorem [1] settles the case: There are no
equilateral lattice polygons (possibly, self-crossing) with an odd number of
vertices. In particular, the diameter graph is acyclic.

Before proceeding any further to prove the upper bound achieved, we
take time out for a brief digression. A 2-distance set (configuration) of points
in an Euclidean space is one whose non-zero distance set has size two. The
vertex set of a non-equilateral isosceles triangle, or of a square, or of a regular
pentagon are obvious examples in the Euclidean plane. The full collection of
2-distance sets in the Euclidean plane is described in [3, 13].

In the lattice point realm, Ball’s theorem [1] rules out most of these
configurations, to leave only non-equilateral isosceles lattice triangles and
lattice squares. The size of the vertex set can equally well be directly obtained
from the theorem.

Corollary 2. A 2-distance set of lattice points in the plane has size 3 or 4.

Proof. Consider a 2-distance set of n lattice points in the plane. By the
theorem, there are at most n — 1 diameters, so there are at least %n(n —-1)—
(n—1) = $(n — 1)(n — 2) minimal distances. The maximal vertex degree in
the associated minimal distance graph is then at least n — 2.

Let a be a vertex of maximal degree, and choose n — 2 neighbors of a to
form a set S. Every two distinct points of S are the end points of a diameter;
otherwise, a and some pair of points from S would form an equilateral lattice
triangle, which is impossible. This forces n — 2 = |S| < 2, since otherwise
some triple of points from S would form an equilateral lattice triangle, which
is again impossible. Consequently, n = 3 or4 and the corollary follows. O

In Section 2 below we exhibit a configuration of n lattice points in the
plane with n — 1 diameters.

2. AcHIEVING THE UPPER BOUND

To obtain planar configurations of lattice points that achieve the upper
bound for the number of diameters, consider the Diophantine equation

2% +y* =5, (%)
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where N is a non-negative integer [9, 11].

By Jacobi’s two-square theorem [5, 6, 8, 9, 11], the number of pairwise
distinct solutions of the Diophantine equation z? + y?> = M, where M is a
positive integer, is equal to four times the excess of the number of divisors
of M that are congruent to 1 modulo 4 over those congruent to 3 modulo 4.

In the case at hand, (*) has exactly 4(N +1) pairwise distinct solutions.
This can equally well be established directly [9], by noticing that 1 4= 2y/—1
are Gaussian primes, and %arg(l + 2¢/—1) is irrational; explicitly, the so-
lutions are u(1 + 2v/—1)F(1 — 2¢/=1)N=* where u = +1 or + /—1, and
k=0,1,...,N.

Exactly N + 1 of these solutions lie in the first quadrant, z > 0 and
y > 0; and since 5 is odd, exactly (%(N—{—l)] of these, say, (x;,v;), i =
1,2,...,[3(N +1)], satisfy >y > 0.

The [$(N +1)] lattice points (z;,y;) are all exactly 5N/2 away from
the origin, and every two are (strictly) less than 5% /2 distance apart.

Consequently, the origin and the (z;,y;) form a planar configuration of
[%(N + 3)] lattice points with exactly [%(N +1)| diameters of length 5NV/2
each. Setting N = 2n — 3 completes the argument.

We end by describing a related configuration. Consider an even integer
N > n. The (x4,y) above and the (5Y/2 — z;,5;) form a configuration of
N + 2 lattice points with exactly N + 1 diameters: %N—i— 1 of these join (0,0)
to each (z;,y;), and another N join (5N/2,0) to each (5/2 — 2;,4;) with a
positive y;. Deletion of any N — n + 2 points with both coordinates positive
then settles the case.

Remark 3. For each n < 6, there exists a configuration of n lattice points
whose diameter graph is a path: Let (a,b,c) be a Pythagorean triple, where
a<b<ec<2aeg., (a,bc)=(34,5), and let 4; = (0,0), A2 = (a,d),
As = (a—bb—a), Ay = (a—b+c¢,b—a), A5 = (a — 2b+ ¢,b), and
Ag = (2a — 2b + ¢,0). The diameters are A;4,11 = ¢, i = 1,2,...,5, so
every n consecutive A; form a configuration whose diameter graph is a path.
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A note on the sequence A064222

STEFAN ALEXANDRU AVRAMY

Abstract. We determine the general formula of the sequence A064222 in
The On-Line Encyclopedia of Integer Sequences.

Keywords: OEIS A064222, sequence, general formula, digits.
MSC: 11B83, 11B37, 11A67.

1. INTRODUCTION

The sequence A064222 in The On-Line Encyclopedia of Integer Se-
quences introduced on 31st of October 2007 by Reinhard Zumkeller, is defined
by zg = 0 and, for each n € N, by setting x, to be the number obtained from
14z, _1 by rearranging its digits so that they are written in decreasing order.

Starting at x1, the terms of the sequence are:
1,2,3,4,5,6,7,8,9,

10, 11, 21, 22, 32, 33, 43, 44, 54, 55, 65, 66, 76, 77, 87, 88, 98, 99,
100, 110, 111, 211, 221, 222, 322, ..., 887, 888, 988, 998, 999,
1000, 1100, 1110, 1111, 2111, 2211, ..., 9888, 9988, 9998, 9999,

that this sequence is strictly increasing because every term is by at least one
unit larger than the previous one.

1)Faculty of Mathematics and Informatics, University of Bucharest, Romania,
stefan-alexandru.avram@s.unibuc.ro
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2. NUMBER OF TERMS WITH A GIVEN NUMBER OF DIGITS

Looking at the terms written above, we see that the (nonzero) terms
with k digits start with 10¥~! and end with 10* — 1. We will actually prove
this by induction. From the list above we see that it is verified by the terms
having one digit. By considering that the statement holds true for the terms
with k digits, it means that the last term having k digits is 10¥ — 1, therefore
the first term with k& + 1 digits is 10¥ = 100...0.

——
k
It follows that the next terms are:
1100...0= 10" +10%7*
——
k—1
_ 10k k—1 k—2
11100...0 =104+ 10" + 10
k—2

11...1 =10 + 10" + 10" 2 4. 1
—9.10F k=1 ..
211...1=2-10" + 10" 1 ... 41

99...98=9-10F+9.10" 1 +...+9.10+8
99...9=9- (10" + 10"+ + 1)

The last term written above is followed by terms having more than k+1
digits, because as we have said, the sequence is strictly increasing. We thus
proved by induction that the terms with % digits start with 10*~! and end
with 10% — 1.

Moreover, looking at the list from the induction step above, we see k
terms starting with 1, k terms starting with 2 and, in fact, k terms starting
with ¢ for every digit ¢ # 0. Thus, the number of terms having exactly k
digits is 9k

For k > 1 let us denote by (k) the number of terms of (z,)p>1 that
have at most k digits. Since we will need it for uniformity of writing, let
a(0) = 0. From the above, we immediately obtain that for all nonnegative
integers k
9%k (k+1)

5 .
Using this notation, the first term of (xy,)n>1 that has k digits is

a(k) =

Ta(k—1)+1 = 10571,

whilst the last one is
Tagry = 10% — 1.
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3. NUMBER OF DIGITS OF A TERM IN TERMS OF ITS INDEX
At this point, it is only natural to ask how many digits the terms have.
Given an index n € N, let us assume that x,, has k,, digits. Then,
the first term that has k,, digits < x, < the last term that has k,, digits,
that is,
Lo(kn—1)+1 S Tn < Lo(k,)-

The sequence (z,,), being strictly increasing, these inequalities also hold for
the indices:

alk, —1)+1<n<alky),

which means

9% (kn, — 1) tl<n< %y, (kn + 1)’
2 2
This implies
9%, (kn, — 1) cn_1< %y, (kn + 1)’
2 2
or
8(n—1
k(s — 1) < 20D < 4,
otherwise written as
(2 — 1)2 < 8”; Lo @k 1),
which means
v/ 1
kp < 787“;, 3 <k,+1,

whence
(1)

We now want to find the formula of x, based on its index P, in the
ordered list of terms that have the same number of digits. Let us notice that

P =n—alk, —1). (2)

Also, for ease of writing, for a positive integer s we will denote by 1 (s) the
number

o {s/8n+1+3J

s—1
.10 -1
— T __
11...11—2010— g
S 1=

According to the description we made above as to what the terms of
the sequence look like, we will have

kn—m m
Tp,=aa...aabb...bb

k‘ll
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for some a € {1,2,...,9} and some m € {0,1,...,k, — 1}. Here b was used
to denote the digit a — 1.
Then,
Tntm = aa . ..aq,
kn
and this means we can write

Tn = aw<k’n) - ¢(m),
where
aky, —m = P,.

Since this last relation may be written —P,, = —ak, + m, we notice that

—a = \‘?J’ SO 4 = ’V’;jn-" and m = (—Pn) mod kin Therefore,

n

Tn = [Zﬂ (k) — w((Pn) mod kn) (3)

4. GENERAL FORMULA

Now relation (4) gives us a nice formula for x,,, but it is not very explicit,
since it is written in terms of the rather intricate k,, and P,. If we move to
discard these, plugging P, from (2) and &, from (1) into (3), we get

T = {”_O‘gzn_ﬂ W (k) — w((a(kn 1) —n) mod k:n> (4)

But
n—oak,—1) n 9k, —1)
En " ky 2
and
kn(k, — 1 kn,
a(k, —1) mod k,, = M mod k,, = mod k&,
(2, kn)
12, k] 1 [VBn+i+3 VB 143
= modk:n:§ Q,f mod — |

so we obtain the following general formula for (zy,)n>1:
9 [x/8n+173J
6

V&%ﬁ - ; CILLIL — 1D 11 (5)
LfJ L\/W%J {Q[Wmﬂ
6 7‘267 —n mod L*@‘FBJ

If we choose to replace the expression of the form 11...11 in formula (5)
—_—

S
S

by their

becomes

counterparts, the general formula of the sequence (2, )n>1
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9 L@—fﬂJ 1OL@+3J

n —1
V&@THJ B 2 ' 9
| ST
10#—71 mod {fJ 1
_ 5 )
REFERENCES

[1] The On-Line Encyclopedia of Integer Sequences, https://oeis.org/A064222.



PROBLEMS 39

PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of May 2024.

PROPOSED PROBLEMS

544. Let f : [0,1] — R be a differentiable function with continuous derivative
on [0, 1] such that f(0) = f(1/2) = f(1) = 0. Show that

/Onff(x))gdx - a5 /01 f() dx)z

Proposed by Robert Dragomirescu, Stanford University, USA, and
Cezar Lupu, Yanqi Lake Beijing Institute of Mathematical Sciences
and Applications (BIMSA) and Tsinghua University, P. R. China

545. Let A, B € M,(R) such that A2 = —I,, det B # 0, and AB = —BA.
Prove that n is even and the sign of det B is (—1)™/2.

Proposed by Mihai Opincariu, Brad, and Vasile Pop, Cluj-Napoca,
Romania.

546. Let X,Y € M,(C) such that Y2 = YX — XY and the rank of X +Y
is 1. Prove that Y3 =Y XY = O,,.

Proposed by Stanescu Florin, Serban Cioculescu School, Gaesti,
Romania.

547. Prove that

/Oosina:|d 62—11 e+1
x = n :
o 1422 2e e—1

Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu,
Romania.

548. Let A € M,(C) such that (I, — AA*)?> = I, — A*A. Prove that
A?A* = A, -

Here A* denotes the conjugate transpose of A, A* = A’

Proposed by Mihai Opincariu, Brad, and Vasile Pop, Cluj-Napoca,
Romania.
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549. Let n > 3 and let aq,...,a, € Z>o be pairwise distinct. We denote by
$1, 82, 83 the first symmetric sums in the variables a1, ..., an, i.e., s1 =), a;,
S9 = ZK]- a;a;, and s3 = Zi<j<k a;a;ay. Prove that

n(n—1)(n+1)
(n—2)s1 <52 -

12
When does equality hold?

Proposed by Leonard Giugiuc, Traian National College, Drobeta-

) > 3nss.

Turnu Severin, Romania.

550. Let ay,as,...,a, be real numbers such that a1 > as > --- > a, > 0
and ayag + azaz + -+ - + apa; = n, and let E,(k) = alf +al§ + .- +adk.

(a) Prove that E5(k) > 5 for k > 2.

(b)* Prove or disprove that E7(k) > 7 for k > 3. (This is an open
problem. At this time, the author doesn’t have a solution.)

Proposed by Vasile Cirtoaje, Petroleum-Gas University of
Ploiesti, Romania.

551. Solve in Ma(R) the equation A20?* = — AT where AT denotes the
transpose of A.

Proposed by Ovidiu Furdui and Alina Sintamdrian, Technical
University of Cluj-Napoca, Romania.

552. Let f :[0,1] — [0,1] be a continuous function which is derivable on
(0, 1], such that f’(z) <0 for z € (0,1], f(1) =0 and f’(1) < 0. Prove that
for every integer n > 1 the equation f(z) = 2™ has a unique solution in the

interval (0, 1), denoted by a,, and ILm e (an —1) = -1

Proposed by Dumitru Popa, Department of Mathematics, Ovidius
University of Constanta, Romania.
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SOLUTIONS

529. Prove that

4

H en+1/2 (1 — 12>n = T exp <_7 + Si(f)) .

n 4
n=2

Proposed by Moubinool Omarjee, Lycée Henri IV, Paris, France.

Solution by the author. The infinite product we are asked to compute
4
is the limit of Py = [, e t1/2 (1 - )" as N — .
We have
N N

> (0 +1/2) =) (n®+1/2) - 3/2=N(N +1)(2N +1)/6 + N/2 - 3/2

n=2 n=1

B N3 n N2 N 2N 3
3 2 32
Next, we have
-4 )
— = _ :
n=2 n n=2 n
But
N N-— N
[[n-1)" H ()t = =D T )",
n=2 n=1 n=2
N N+1 ) N \
[+ 0 = I o0 =2 v )™ T
n=2 n=2
Consequently,
N 4 4 N
H 1-— 1 ! = M H D)+ (n=1)*—2n?
n2 T o N(N+1)?
n=2 n=2
4 N 4 N
_ M H nl2n+2 _ (N + )N (N1)? 120’
T oo N(N41)4 : - IN (N+1)4 : )
n= n=

Hence Py = Qn Ry, where

(N D)N(N? N3 N2 2N 3
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We have
1 1 1 1 1
Niog(1+ =) =N (= - _ N5
Og<+N> <N onz Tans aya T )>
= N3 - N%/2 4+ N/3—1/4+o(1).

After taking exponentials, we get
N4
(1 n 1) _ NP-N2/24N/3-1/440(1) v (N3-N?/24N/3-1/4
N .
It follows that
N2
(VDN =N (1) e
Also, by Stirling’s approximation formula,
(N1)? = 2g N2N+1 2N,
It follows that
N NN eN?=N?/24N/3-1/4 9 N2N+1,-2N N3 N2 9N 3
IN(N+1)4 exp

o N NTONEN o <4N3 -n-1).

Qn

3 4

To estimate Ry, we apply the Euler-Maclaurin formula for

N
log Ry =12 Z n?logn

n=2

and obtain

logRN:12( +—=+C+0

3 9 2 6 12

N3logN N? NZ?logN NlogN N <1>>

4N3
= (4N3 4+ 6N? 4+ 2N)log N — ——+N+120+ o(1),

where, by Maple, C = —('(-2) = % and so 12C = 33(23)' By taking
exponentials, we get

4N3
Ry o NANHON2R2N < -5+ N+ 3((23))
v

From the asymptotic values of Qn and Ry we get that

Py =QnNRy Zmexp (_7 + 3C(3))

4 2

when N — oo, which concludes the proof.
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Editor’s notes. The author’s solution is somewhat incomplete, as the key
relation C = —(/(-2) = % is given without a proof, only with a reference
to the Maple software. We now give a proper proof for this relation.

We start by reminding the reader some basic results regarding the
Euler-Maclaurin formula. (A good source for Euler-Maclaurin is wikipedia,
at https://en.wikipedia.org/wiki/Euler-Maclaurin_formula.)

Given m,n € Z, m < n, and p-differentiable function f : [m,n] — C, then
By 1) (k—1)

)= [ fayde =37 D) = D m) + Byl
j= m+1 k=1

where By is the kth Bernoulli nurnber and the remainder R, (m, n) is bounded
by [Rp(m,n)| < 8} [ ] f)(2)|da.
As a consequence, if ng € Z and xy := E;V o1 f( fno f(z)dz —
P Def=D(N), then @, — @, = Ry(m,n). Hence 1f we have that
limy, oo Rp(m,n) = 0, then the sequence zy is convergent. Moreover,
if lime = 6 then zy — ¢ = lim,,_,oo R,(N,n). In particular, |zy — ¢| <
x)| dz.
In our case, we take f(x) = 2%logx, ng = 1, and p = 4. We have
[ flz)dae = ‘””31% — 2 yc, fix) = 2zloge + =, f"(:c) = 2logz + 3,

f"(xz) =227, and f¥(z) = —2272. Then mN = ZnN ,n?logn — ]\m%g]v +
N3 1 N2logN _ NlogN N 1 4) 44
s T 1t mw 1t [y 1M (@) de = @m)iN-

Then we get the estimate from the author’s solutlon with C' =0+ %

To determine the constant ¢, and so C', we extend the problem by intro-
ducing the function f(z,z) = 2= *logx, where x € [1,00) and the parameter
z belongs to the domain D = {z € C : Rz > —5/2, z # 1}. The resulting
sequence will be denoted by x,(z), the remainder by R(m,n, z), and the limit

by £(z). When we take z = —2 we get the original problem, i.e., f(z,—2) =
F(2), 2n(=2) = 2, and £(—2) = €. We have [ f(z,z)ds = T 182 _

(fii;; +C and, by induction, f*)(z, 2) = Py(2)z % *log x4+ Qu(2)x** for

some polynomials Py, Qr € R[X]. (Here the derivatives are with respect to
x.) Then

2 N'=%1log N N Ni=? 1 N~*log N
mn ogn — — —
& 1— - 1-22 (1-22 2

I
(]

zN(2)

- é (Pi(z)N"'Flog N + Q1(2)N~177%)
¥ (BEIN " log N + Qs(s)N )
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and Ry(m,n,z) < (222532 [P |Py(z)z* Flogx 4+ Qa(z)z~*"*|dz. For every

z € D we have Rz > —5/2, so —4 — z < —3/2. Hence |z~47%| < z73/2
for every x > 1. For every R > 0 let Dgp = {z € D : |z| < R}. Let

Mp = (22475;12 max{|Ps(z)], |Q4(z)| : |z| < R}. Then for every z € Dr we have

|20 (2) = 2 (2)| = [Ra(m, 1, 2)]

< / Mg (3% log x4+ 27/?) da

< / Mpg(z=%?logz + 27%/?) dx

= Mp(2m~?logm + 6m~1/?).

It follows that the sequence zx(z) converges uniformly on Dp to a function
{(z). Since each xxy(z) is holomorphic, so is £(z). Since D = Jp-( Drg, this
result holds on D.

If Rz > 1, then the exponents 1 — z, —z, —1 — z, and —3 — z of IV from
the formula for xy(z) have negative real parts, so we have

N
. : . 1 1
(2 = Jm an() = Jim ) n~logn =y = ~C(5) = 7

(We differentiate ((z) = 14+, 5, n ™% and we get ('(z) = =3, ,n " log 2.)
Since #(z) is holomorphic and D is a connected domain, the formula

0z)=—=((2) — ﬁ holds on D. We take z = —2 and we get £ = {(—2) =

—('(—2) — 1/9, which implies that C = ¢ +1/9 = —(’(—2), as claimed.

Finally, the relation —('(—2) = % is a particular case of the well
known formula ¢'(—2n) = (—1)”2((22:))2!n (2n + 1) Vn > 1, which follows from

the functional relation for the zeta function, written in the form ((s) =
sin (%) f(s), where f(s) = 2°7*7'I(1 — 5)¢(1 — s). We then have ('(s) =

Zcos (%) f(s)+sin (%) f/(s). If s = —2n, then sin (%) = 0 and cos (%) =

(—1)". It follows that

¢(—2n) = (—1)"gf(—2n) - (—1)7% 2722010 (9 4 1)¢(2n + 1),

Since I'(2n + 1) = (2n)!, we get the claimed formula.

Solution by Vlad-Ioan Tir, physics student, University of Ozford, UK.
We denote the left-hand side of the equation by L and take its natural loga-
rithm. We have

> 1 1
lnL:Z (n2+2+n4ln <1_n?>>'
n=2
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Using the Taylor series In(1 —x) = —> 72 x—:, we can rewrite In L:
nA—2k
InL = - — .
n Z n? + ; 2

We immediately see that the £k = 1 and k£ = 2 terms in the expansion
cancel the n? and % terms, respectively. Thus we are left with (replacing the
running index k by k + 2)

=~ ZZ k+2n2k

n2k:1

After switching the order of summation, we get

¢(2
nl == Zmzn%— Z =

To simplify the expression above, we will make use of some results known in
literature. Firstly, by [1] we have that

D2 +1) = (1~ t+z 71),

where 7y is the Euler-Mascheroni constant. Plugging in —¢ in the expression
above also gives
1k

D2 —t) = —(1 _7)t+i(4(k)k—1)
k=2

Summing up the two expressions above cancels the odd k terms and leads to

o (C(2k) — 1)

InT(2+¢) +InT(2 - ¢t) = -

k=1

Differentiating with respect to t gives

o0
Y(2+1) P2 —1) =2 (C(2k) - D,
k=1
I'(z)
U(z)
Multiplying the expression above by t* and integrating with respect to
t from 0 to 1 gives

where () is the digamma function, defined as ¢(z) =

C 1
Z ]HQ _/(t4¢(2+t)—t4¢(2—t))dt:—lnL. (1)

0
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Reference [2] gives us an analytic expression for indefinite integrals of the
type above:

n = (*1)1c n— ——
/t ¢(a+bt)dt:n!kzowt Fp(F=D (a + bt),

where 1(¥)(z) is the polygamma function. (It satisfies ¥ (*)(z) = d%w(kfl)(z)
and 90 (2) = ¢(2).)

Relevant to us are the cases n = 4, a = 2, and b = 4+1 which give:
/ 2+ 1) dt = V2 4+ 1) — 439D (@2 + 1) + 12629 (2 +- 1)

— 24t (2 + 1) + 24T (2 + 1),

/t41/1(2 —t)dt = —t*p (@2 —t) — 43D (2 — 1) — 12020 (2 — 1)

— 24ty (2 — 1) — 249 (2 — ).

Therefore the definite integrals evaluate to
1
/ Eap(2+ ) dt = ) (3) — 49 (3) + 12009 (3) — 240 (3)
0

+ 249079 (3) — 2499 (2),

/1 thp(2 —t)dt = —p (1) — 49D (1) — 12003 (1) — 249D (1)

0
— 2499 (1) + 249 (2).
Substituting in (1) gives

—InL = ¢Y(3) — 4D (3) + 12073 (3) — 2494 (3) + 244(=7)(3)
() + 49D (1) + 1203 (1) 4+ 249V (1) + 2499 (1)
—48(=%)(2).
The relevant values of the polygamma function are presented in Table
1. Putting everything together we obtain
7 3¢3)

lnL:an—Z—i— 7

After exponentiating, we get
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TaBLE 1. ¢(*)(t), A is the Glaisher-Kinkelin constant

0 (1) 0

(=2 (1) 5(In(2) + In(m))

(3 (1) 1 Aln(A) + I(In(2) + In(x))

W] 0 (n) +nir)

»(=9)(1) :1 = s(=3) + 16&3) g T 48( n(2) + In(r))

%‘j@) 5 = 3¢/(=3) + 527 — g + 3(n(7) +In(2))

P (3) In(2)

w(—?)(?)) 3+ 711;(2) + 31112(71')

»(=3)(3) 3In(A) — + mfj( ) 4 9lnlx)

w(—4)(3) 91n(A) + 38§(Z;) _ T + 431n( ) + 9112(#)

¢(—5)(3) 91n(A) 2(( 3) + siésrg) — 89 + 113ln(2) 2711%(70
REFERENCES

[1] M. Abramowitz, I. Stegun. Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables. National Bureau of Standards, 1964.

[2] O. Espinosa, V. Moll, On some integrals involving the Hurwitz zeta function. 11, The
Ramanugan Journal 6 (2002), no. 4, 449-468.

Solution by Brian Bradie, Department of Mathematics, Christopher
Newport University, Newport News, VA, USA. In his solution Brian Bradie
denotes the infinite product by P and, same as in the solution by V.I. Tir,

he proves that In P = — 3772, C(?i)z_ ! Then

1 o©
InP = —/ > (€(24) = D2/ da.
0 55

From here the proof goes as follows. From the generating function

> = £~ TV cot(my)
j=1

we get
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It follows that

7 1
1nP——4+/( cotq\fH_)d
0
T + / —; cotu + du
4 0 — U2
7 4 4 [T
SR (sinu) —In(7? —u?)|| — / u® In(sin ) du.
4 |t . ™ Jo
Now,
. ut : 2 2
&1}; gy In(sinw) — In(7* — u*) | = —In(27)
and
ut 2 _ 2
11}{‘"% [7T4 In(sinu) — In(7* — u )] = —2Inm.

Using the Fourier series

o €08 2
In(sinu) = —1In2 — Z cosk k’u7
k=1

we find
™ 7.‘.4 0 1 m
/0 w3 In(sin u) du = —Zln2 - Z k/o u® cos 2ku du

m 372
=——1In2— Z k:3 (after integration by parts)
=1

4
m 377%(3)
=——1In2—
1" 1
Finally,
7 4 m 312 (3) 7 3¢(3)
lnP:—4—ln2+ln7r—ﬂ_4<—4ln2— 1 >:—4—|—1n7r+ 2

which yields

- n2+1/2 L\" 7 3((3)
He +1/ (1—n2 =mexp |~y + 5

n=2

upon exponentiation.
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Remarks. In his proof, Brian Bradie leaves to the reader two limits
that are not very obvious. First we have

i [ n(sin) — (e — )] = tim (%5 1) nGeinoy
im |— In(sinu) — In(7* — =lim [ — — 1 ) In(sin
Lo 1 In(sinu ™ —u L {1 sinu
+ lim (In(sinw) — In(x? — w?)) .

u T

4

For the first limit in the right-hand side note that *; — 1 = O(7 — u)
and In(sinu) = In(sin(m — u)) = In(m — u) when w is close to m. Thus

Z—i —1)In(sinu) = O((m —u) In(m —u)) = o(1) and so the first limit is zero.
The second limit writes as

. . 1 1
limIn —2%_ — fim In sin(r —u) | =In{1l-—)=—In(2n).
uSr mE—u? u S T —u T+ u 2T

Also as u approaches 0 we have % In(sinu) = % Inu = o(1), so

4
lim [u4 In(sinu) — In(7? — u2)] = —In7? = —2In7.
u\O | 7T

The generating function for ((2j) follows from the Euler’s formula for
the cotangent 7 cot mx = %— Yoy %, obtained by taking the logarithmic
derivative of the sine function written in the Euler’s product form sin 7z =

2 2 2
. Hzo:1 (1 _ %) But n22_36x2 - %% . ﬁ = %ngl % It follows
that iy
1 2 ¥ 1 2 2j
mTeotmr = — — — Sy = T T 2j)x™
r x Z n?  x :L‘ZC( 7
n,j>1 j=>1

and so 2]21 ¢(27)x% = %— T cot mx. When we replace by \/z, we get the
claimed formula.

And the Fourier series for In(sin z) follows from the fact that the relation
In(l—2)=-> % can be extended to {z € C : |z| <1, z # 1}. We take
z = exp(2ui), where u is not a multiple of 7, and we get

In(1 — exp(2ui)) = — Z exp(ka’).

k>1

When we take the real parts, the right side becomes — )", L,fku), while

the left side becomes In |1 — exp(2ui)| = In | — exp(ui)(exp(ui) — exp(—ui))| =
In| —2iexp(ui)sinu| =In|2sinu| =In2+In|sinwu|. Hence In2+1In|sinu| =

— > 1 Cos(kiu), which concludes the proof.

530. Let a,b,c,d,e € Rbesuchthat a>b>c>d>e >0 and
ab+ bc+ cd 4+ de + ea = 5.
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Prove that
B-a)?+B-0*+B-c)?+B-d)?*+(3-¢e)?>20.

Proposed by Vasile Cirtoaje, Petroleum-Gas University of
Ploiesti, Romania.

Solution by the author. We prove the following more general result.

If ai,ag,...,an, (n > 3) are real numbers such that ay > ag > -+ > ay,
and
aiaz + agasz + -+ +ana; = n,
then
B—a1)*+(B—a)’+---+(3—an)? >4n.

Proof. Let
az+az+ -+ an—1

n—2
By Jensen’s inequality applied to the convex function f(z) = (3 — z)2, we
have

(B—a)*+(B—az)*+-+B—an1)*>(n—2)(3-a)
Therefore it suffices to show that
B—a1)’+ (B —an)?+ (n—2)3—a)?>4n.
Using the substitutions

the inequality writes successively as follows:
(3+a—242+B+a—2B)*+ (n—2)(3—a)?® > 4n,
4(A2+ BH —4(B3+a)(A+B)+2B+a)’+(n—2)(3—a)>—4n >0,
4(A+B)? —4B+a)(A+B)+2(3+a)? + (n—2)(3 —a)* — 4n > 8AB,
(2A4+2B -3 —0a)*>+ (3+a)*+ (n —2)(3 — a)? — 4n > 8AB.
It is therefore enough to prove that
(3+a)*+ (n—2)(3 —a)® — 4n > 8AB.
By Lemma below, we have
4AB + (n — 4)a? < n.
So, it suffices to show that
(B+a)?+ (n—2)(3—a)®> —4n > 2n —2(n — 4)d?,
which is equivalent to the obviously true inequality
3(n —3)(a—1)2>0.
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The equality occurs for a1 = a9 =+ =a, = 1.

Lemma. If aj,ag,...,a, (n > 3) are real numbers such that a; >
as > --+ > ay, then
(a4 ay)(a+ ap) + (n — 4)a® < ayas + azaz + - - - + apaq,

where
_axtaz+---+an—1

- n—2

Proof. For n = 3, the inequality is an identity. For n > 3, since the
sequences (ag,...,an—2) and (as,...,a,—1) are decreasing, by Chebyshev’s
inequality, we have

(n—3)(azag + -+ -+ an—2an—1) > (a2 +---+apn—2)(ag + -+ an—1).
Thus, the desired inequality is true if

(a1+an)at(n—3)a” < arag+an—1an+ (ag+--+an—2)(az+-+an_1),

n—3
which is equivalent to

1
n—3

a1(a—ag) +an(a—an_1)+ (n—3)a® < [(n—2)a—an—1][(n—2)a — as].

Since a — ag < 0 and a; > ay we have aj(a — a2) < ag(a — az). Since
a—ap—1 > 0and a, < a,_1, we have ay(a —ap—1) < ap—1(a —ay—1). Hence
it suffices to show that

as(a—as)+an_1(a—an_1)+(n—3)a* <

1
3 [(n—2)a—anp—1][(n—2)a—as],
which, after multiplication by n — 3, becomes

(2n —5)a® — (2n — 5)(ag + an_1)a+ (n — 3)(a3 + a2 _,) + asan_1 >0,

2
_ 2n —7
a— 42 F On 1> + n (ag — an_1)*> > 0.

2n—5

20 -5) (a2, -

Remark 1. The inequality
(k—a))?+(k—az)?+-+ (k—an)? > n(k —1)

does not hold for k¥ > 3. Indeed, by choosing as = --- = ap—1 = 1, the

constraint ajas +asag+- - -+ ap_16, + ana; = n becomes aja, + a1 +a, = 3,

while the inequality can be written as follows:

(k—a1)?+ (k—an)*>2(k—1)2 ie., af+a2 —2k(a; +an) +4k—2>0.

To complete the square, we add 2(a1a, + a1 + a, —3) = 0 and the inequality

becomes

(a14-an)*+(2—2k) (ay4an)+4k—8 > 0, ie., (a14+an—2)(ai+a,+4—2k) > 0.
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We have a1 > 1 > a,. Then a1 = 1+ ¢, with £ > 0, and the constraint

aya, + a1 + a, = 3 becomes (2 +t)a, + 1+t =3, ie., a":%: —2%,

and so a1 +a, =2+ Zt—jt We take t > 0 small. Then the required condition
a1 > 1 > a, holds and, moreover, ay + a, > 2 and aj + a,, is close to 2. Then
(a1 + an — 2)(a1 + an + 4 — 2k) > 0 is equivalent to a; + a, > 2k — 4. But
when we take t — 0 we get a1 + a, — 2. So we get the necessary condition
2 > 2k — 4, that is k < 3.

Remark 2. Using the substitutions a; = x; + 1 for ¢ = 1,2,... n, the
constraints become

Ty > @19 > > Ty, r1T2 + Tox3 + -+ xpxr +2(x1 2+ -+ xp) =0
and the desired inequality becomes
a4+ al — Azt aa o+ 3) >0,
ie.,
24 ad 4 a2+ 2mao 4+ Tpo1Tp + Tpxy) > 0.
By homogenizing, one proves that :U% —f—l‘% +o b2 42T+ T 12+
xpx1) > 0if x4+ -+ + 2, # 0. (We cannot have equality because this would

imply z; = -+ = x, = 0, which contradicts z1 + -+ + z,, # 0.) Then, by
continuity, one gets the following result.

If v1,29,...,2y (n > 3) are real numbers such that x1 > x9 > -+ >
and x1x9 + roxs + - + xpw1 + 2(01 + 22+ - + x5) = 0, then

1’%+$%+“‘+l’i+2(x1$2+“‘+l'nxl) >0,
with possible equality only if x1 + -+ + x, = 0.

A direct approach gives a more precise result. We denote x = (zo+-- -+
Tn_1)/(n—2). By the Jensen’s inequality applied to the map u > u?, we get
34422 | > (n—2)2?, with equality if and only if 23 = -+ = 2,1 = =,
and, by the Lemma, x122+- - - +z,21 > (z+21)(x+1,) + (n—4)2%. Putting
Tn+1 = 21, we conclude that

n
Z(x? +2z5m41) > o7 4+ 22 + (n— 2)2 + 2(2 + 21) (T + ) + (20 — 8)2?
j=1
= (21 + 20)? + 22(21 + 2) + (3n — 8)2?
= (21 + 2p + 2)° + (3n — 9)2* > 0.

For the equality to hold, if n = 3 we must have z1 + z3 + = = 0, i.e.,
21+ 20 +23=0. If n >4 we must have x =0, s0 x9 = --- = x,_1 = 0, and
1+ xp+2x =0, ie., x1 +x, = 0. One checks that these conditions are also
sufficient, so the equality holds if and only if either n = 3 and z1+x2+2x3 =0
orn>4, x0o=---=x,_1=0,and z1 +x, = 0. O
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We also received solutions from Leonard Giugiuc and Marian Cucoanes.
In both these solutions they prove a slightly stronger result, where negative
numbers are allowed, i.e., where the condition a > b > ¢ > d > e > 0 from
the hypothesis is replaced by a > b>c¢>d > e.

531. If n > 2 is an integer, it is known that if k t n Vk < /n, then n is a
prime.

Let 6 € [1/3,1/2]. Determine the probability for a number n > 2 with
ktn Vk <n? to be a prime. That is, determine the limit

i _ P <z ¢ pprime}
z—oo #{n <z : kfnVk <nf}

Constantin-Nicolae Beli, IMAR, Bucuresti, Rom&nia.

Solution by the author. Let P(x) = {p <z : p prime} and let Ap(x) =
{n <z : ktnvk < n%. Note that if § = 1/2, then Ay(x) = B(z),
so our limit is 1. Therefore we will assume that § > 1/2. By the prime

number theorem, #P(z) =: w(z) ~ z/logz. Hence we must determine
1 z/logx
=00 ZA ()

If n € Ag(x) factors into primes as n = py---ps, then p; > nf Vi so
n > n%. Thus s < 1 and so s < 1/6 < 3. Hence Ag(x) = P(x) U By(x),
where By(x) is the set of all n € Ag(z) that write as n = pg, where p < ¢ are
primes.

If p < ¢ are primes, then n = pg belongs to By(z) iff p > (pq)?,
ie. ¢ < pY?1 and pg < z, ie. ¢ < x/p. Hence g must belong to both
[p,p"/?~1) and [p, z/p]. The first interval is always non-empty, since 6 < 1/2,
sol/0—1>1andp< pt/?=1. The second interval is nonempty iff p < z/p,
ie. iff p < /z. Tt follows that

#Bg(x) = > #{g € p.p"*") N [p,x/p]},
p<Vz

where p and ¢ run through prime numbers. The interval [p, p'/?=1)N[p, z/p] is
equal to [p, pt/?=1) or [p, z/p] corresponding to p'/?~1 < x/p or p'/?~1 > z/p,
respectively. But p'/?~1 > z/p is equivalent to p > z?. Hence #By(z) =
S1 + S2, where

Si=> #{gchp /" N} and  So= Y #{q€pa/p]}.
p<af 20 <p<\/xw

We have #{p < 2} = n(2?), so S; is a sum of 7(2%) terms. For each
term we have p < 2 so p'/?~1 < 2'7¢. Hence #{q € [p,p"/? 1)} < {¢ <
217} = 7w(2'?). It follows that
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339 l’lia x

logz? logzl—0 - 6(1—0)log’z’

S < w(a)m(xt=?) ~

Thus S; = O(x/ log? z).

For Sy we note that there are m(x/p) primes < x/p and there are 7(p)—1
primes < p. Hence #{q € [p,z/p]} = w(x/p) — (7(p) — 1) and we have
52 = Sg — 54 where

S3 = Z m(x/p) and Sy = Z (m(p) — 1).

20 <p</x z0<p<x

We have #{2? < p < /r} < #{p < vz} = 7(\/7), so Sy is the sum of
< w(y/x) terms. For each term we have p < /x so w(p) — 1 < 7(y/z). Hence

sccont~ () =

Hence Sy = O(x/log? x).

For S3 we note that for z¥ < p < /z we have x/p > x > 1 so
m(x/p) ~ f(p), where f(t) = logm({f/t) = ogaTogp)- 1t follows that S ~ S5,
where S% = > wt<p<yz f(p). To estimate S5 we employ Riemann-Stieltjes
integrals, a technique widely used in the analytic number theory. We note
that 7(x) is a step function with jump discontinuities of 1 at prime numbers.
More precisely, we have 7(p~) = 7(p) — 1 and w(p™) = w(p) for every prime

p. Since also f is continuous, we have S§ = fz‘f f(t)dm(t). We integrate by
parts and we get

VT NG
- / r(Ddf () = F(t)n(t)

T

For 0 < a < 1 we have f(z%) = ng(gza) = (1f;;;)gx and m(z%) ~ 102% =

N
alogz- Hence f(z%)m(z®) ~ m. It follows that f(¢)m(¢) =
O(z/log*x).

Since f(t) = xt~!(logx — logt)~!, by taking differential logarithms, we
get,

1 -1/t 1
- / —= when 2 <t <z

f/(t)/f(t):—t T logz—logt " 1

(We have logz — logt > logx — log /2 = %logx>> 1 so % > m.)
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Hence f'(t) ~ —1f(t) = — FToa(z/ny» Which, together with 7(t) ~

¢
t logt*
implies 7(¢)f'(t) ~

x
" tlogtlog(z/t) " Hence

vz vz .
—/xe w(t)f’(t)dtw/we 7logtlog(1:/t)dt/t'

We make the substitution ¢t = z*. Then dt/t = logx du and the last integral
writes as

1/2 T 1/2 x x u V2
log z du = du = 1
/9 log z%log(z/x™) g T au /9 u(l —u)logx “ log x 1w 0
x
=log(1/6 —1)—.
og(1/0 = 1)i

Since also f(t)m(t) = O(z/log?z), we get Sz ~ S4 ~ log(1/6 —

9

)xz/logz. We also have that both S; and S; are O(x/log®x). Hence
#By(x) = S1+ 52 = S1 + 53 — Ss ~ log(1/8 — 1)z /logx. Together with
#P(x) ~ z/logz, this implies that #A4g(x) = #P(x) + #By(x) ~ (1 +
log(1/0 — 1))x/log . Tt follows that our limit is

lim r/logx 1
a0 #Ag(x) 1 +1log(1/6—1)

532. Let (5,-) be a semigroup with the property that for every x € S there
is a unique 2’ € S such that (z2')? = za'.

Prove that S is a group.

Proposed by Gheorghe Andrei, Constanta, and Mihai Opincariu,
Brad, Romania.

Solution by the authors. Let x € S be arbitrary and let 2’ € S such that
(z2')? = z2’. If y = 2’22’, then 2y = xa'zz’ = (z2)?, so (xy)? = (za')* =
((zz")?)? = (z2')? = xy. By the unicity of 2/, we get ¥’za’ = /.

Consequently, (2'z)? = (2'x2')z = 2’x. Hence 2", the unique element

of S with the property that (2'z")? = 2’2", coincides with z. Then, if we

replace x by 2’ in the formula 2'z2’ = 2/, we get 2”"2'2" = 2", i.e., za'z = .
Note that if zyz = =z, then (zy)? = (zyx)y = 2y, so y = 2’. Hence
y = 2’ is the only element of S with the property that zyz = .
Let now x,y € S be arbitrary. Put a = z(yx)'y. By using the formulas

2'rvr’ =2’ and z2'x = z, we get
a(zz’)a = z(yx)'y(za'z)(ya)'y = 2(yz)ya(yz)'y = 2(y2)'y = a
and

a(y'y)a = x(yz) (yy'y)z(yx)'y = x(yzx) yz(yz)y = z(yx)'y = a.
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But the only element b € S with the property that aba = a is b = d'.
Hence we must have zx’ = v’y = a/. Thus we have proved that 2’ = 'y for
every x,y € S. When we take x arbitrary and y = z, we get xx’ = 2/z. If we
fix ¢ € S and we denote e = cc, then for every x € S we have z2’ = dc = e.
Since 2’z = z2’, we also have 2’z = e. Then ze = x(2'x) = z2’x = x and
ex = (xx')x = za'xz = x, so e is a neutral element of S. Since z2’ = 2z = e,
each element of x € S has an inverse, namely z’. Hence S is a group.

We also received a solution from Hao Zhang, from Hunan University,
P. R. China. Same as the authors, he obtains the formulas 2’z2’ = 2’ and
2" = z. But after that he proceeds differently.

For every x,y € S we have (xy(xy)")? = xy(zy)’. By uniqueness we get

a' = y(zy)'.

We apply this property with = and y replaced by y and (xy)’. We get

I/

y = (zy) (y(zy)) = (zy)'z" = (xy)'z.

By using the two displayed formulas above we get
o'z = y(zy)z = yy.

From here on the proof goes as in the authors’ solution.

533. Prove that
o 2

(=)™ (¢(m) = ¢(m +1)) (Huma — Hy ) = % (1= log2) — 27,

m=2

where ((k) = Yo%, 1/nF is the Riemann zeta function, H, = fol L= da,

and v = lim,, o (—logn + > ;_, 1/k) is the Euler-Mascheroni constant.
Proposed by Narendra Bhandari, Bajura, and Yogesh Joshi,

Kailali, Nepal.

Solution by the authors. Before proving the proposed result, we prove
the following:

Z Hm (C(m) - C(m + 1)) = C(2) - = 10g27 (1)
Hyn = log 2 + (_;)m (H%1 — H%) , 2)

where H,, = > jo, (—1)¥*1/k is the mth skew-harmonic number. Using the
results (1) and (2), we obtain the proposed closed from.
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Proof of (1). Since the generating function of the skew-harmonic num-

bers is given by > > | H,z™ bgl(ﬂ for |z| < 1, we have:

M8
®

3
~
§,
Q
3

+
Mg
®

3
M8
\H
VR
;;

m=2 m=2 j=1 ']m ‘7
0 0 oo log (141
1) Hy, 1 g( J) 1
= () B (15) [
j=1 ( I/ =2/ j=2 J i J
> 1\ 1 1 - 1,1
:Z<log<1—|—> ——I—,2> =Z<log<1+> —+2> —log2
= i) J = j
N 0
1 1 1
= i log (1+=)—= = log2
Ngnoozl<og( +j> j) 25 los
j= j=
= J\;gnoo (log(N +1) — Hn) 4+ ((2) —log2 = ¢(2) — v — log 2.
This completes the proof of result (1).
Proof of (2).
m 1 n+1 0 n—l—l 0 ( 1)n+1
Mo =30 Z -2

n=1 n=m+1
- ( 1)n+m+1

n
— e 1
=log2 — —F— =log?2 )™
°8 Z n+m 082+ ( Z(Qnerl 2n+m>

n=1 n=1

_ =
=log2+ 5 (HmT—l —Hg> ;

n+a n+b
and b = 2, and the formula v¢y(a) = H,—1 — 7. Here ¢y(a) is the digamma
function. ThlS completes the proof of (2).

where we used Y 7, (L - L) = Yo(b+ 1) — thola + 1) for a = 2+

From (1) and (2), we get

i(—l)m (¢(m) — ¢{(m +1)) (Hm,1 _ H%)

2

m=2
:Qi C(m+1))(Hm — log2)
m=2
7[.2
— 2(¢(2) — 7 — log2) — 2(((2) — 1) log2 = = (1 — log2) — 2.

3
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(Note that ((m) —C(m +1) = 532, (1= 1) e = 532 (1= 3) i o0

§<c<m>—c<m+1>>= Y <1_1.>

m=2 m=2 j=2 =2

2

Also ¢(2) = %)

Editor’s notes. (i) The formula for the generating function of the skew-
harmonic numbers is not widely known. We provide here a proof. We have

. H m o__ S (_1)k+1 m __ e (_1)k+1 m
D o Hmr™ = Y A=) Y
m=1 m=1 k=1 k=1 m=k

= (=D gm og(1 4 2)
N Z kK 1-z  1—-z
(Here we used the fact that > 07 >0 = D00 1 D chcp = Dopet Dometk
and the well known formula for log(1 + x).)
(ii) Formula (2), written as HmT—l —Hm =2(=1)"(Hm —log 2), may be
proved by more elementary means, without resorting to digamma function.

We have
L/1— (m—1)/2 1— m/2
Hum 1 — Hm :/ ( * _ot dz
2 2 0 1—= 1—2

B /1 x(mfl)/Q(ﬁ_ 1)
0

1—=x

1 (m=1)/2
- [
0o 14+x

We make the change of variables u = \/z, i.e., z = u?2. We have dz = 2udu,

SO
1 m 1 (. \m
:—2/ 4 du:2(—1)m/ Ll Gl S S P
0 1+U 0 1+u 1+U

The integral of the first term writes as

dx

Hmfl _H

2

I3

1 /m—1 m—1
/ <Z(—1)kuk> du= Y (-1)"/(k+1) = Hp
O \k=0 k=0
and the integral of the second term as —log(1 + u)‘(l) = —log2. Hence the

claimed formula.
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Solution by Brian Bradie, Department of Mathematics, Christopher
Newport University, Newport News, VA. We denote the desired sum by S.

Note that S writes as
S =¢(2) (H - Hl) + 3 (-1)"¢(m) (H%_l - Hm) .

m=3

11_ 1 1 1
le/ \/Ed:r:/ dx:2/ u du = 2(1 — log 2),
2 0 1—=x 0 1+\/§ 0 1+U
—Hy=2(1—-1log2)—1=1-2log2, and

so H:
2
1,.m m_q 1
_ m 2
Hem oy — Hn :/ de:—/ (@3 Nde = —=
2 2 0 1 — X 0 m
Thus,

o~ (=1)™¢(m)

S=((2)(1-2log2)—2)
m=3

=((2)(1 —2log2) — 2 (Z (_1)2«”’) - C(;))

m=2

o0

=2((2)(1 ~log2) —2 ) (_1)Z€(m)
m=2

m? o (=1)"¢(m)
=—(1-log2) —2 —
5 (1—log2) 7;2 -
For the remaining sum on the right side,
o (CDm) o~ CD e o (D)7
) D DR Dh =i D Dy
m=2 m=2 k=1 k=1m=2
B 00 1 o) (_1)m
k=1 m=1
= i 1 log | 1+ =
“Z\k U Tk
k=1
: "1
= nl;ngo (— log(n+1) + Z k> =7
k=1

In conclusion, S = %2(1 —log2) — 2.
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Editor’s note. For the first displayed formula in Brian Bradie’s solution
one must first take the partial sum

i_(—l)m (Clm) = Clm+ 1) (Honoa — Hy ) = () (Hy — )

m=2

2

T i_ (=1)"¢m) (Hy oo = Hy ) + (DY 1) (Hy — ).

m=3

To prove the claimed formula, one must show ((N + 1) (H N~ —H 71) —0
2
as N = oo. But ((N+1) = 1as N — oo and

L™ g L5 Loy 2
Hy —Hy1 = —dz = —d 2 dr=——
T U /0 1-z /01+\/:Ex</0x2 TNt
which concludes the proof.

We also received a solution by G. C. Greubel, Newport News, VA,
USA. The version presented below includes details missing in the original
submission. In this solution, H, denotes the skew harmonic numbers and

one uses the same formula (—1)" (HL—I - H%) = 2(H] — In2) from the
2

authors’ solution. With this, the series in question, denoted by S, becomes

§=2% (¢(m)—((m+1))(Hy, —In2).

m=2

Then we note that
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Also
0o N
> (Cm) = COm + 1) Hy, = Tim 3 (¢(m) = ((m +1)H
m=2 m=2
~ i (<(2>H5 (N + 1) HY
N
+ 3 Cm) (it~ )
m=3
—C(2)H. 1n2+§: 2? (m)
m=3
= ((2)H. m2+< v+%€ )
=¢(2) —In2—.
Consequently,

S =2(¢(2)-In2—)—2In2(¢(2)—1) = 2¢(2)(1-In2)—2y = 71;(1—1112)—27.

Note that this solution made use of {(N + 1) — 1 and

S
Hy — ——— =log2 as N — oo,
n
n=1

_1\)n—1 0o _1\yn—1
H, —Hj,_ = cue Hjy =5, and 3207, =y ¢(n) = —.
The last sum writes as
- ()"t - L 1
1 - — .
.0 —, Z og -

n=2m=1

(We reversed the order of summation and we applied the well known formula
_1\yn—1
log(l+x)=> 7", %x" tox =L
Then we have the partial sum Z%Zl (log (1+ L) — 1) =log(N+1)—
fo:l %, whose limit as N — oo is —7.

534. Let n > 4.
(a) Find the smallest positive constant k,, for which the inequality

n 2>a1++an

T 1 kn - n -
R (Var = van) n

an

holds for all a4,...,a, € R with a; > --- > a, > 0.
(b) Find the largest positive constant ¢, for which the inequality

n <a1+-~+an

+en(var — Van)®

1 1 —
ail_|_+7 n
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holds for all aq,...,a, € R with a; > --- > a, > 0.

Proposed by Leonard Giugiuc, Traian National College, Drobeta-
Turnu Severin, and Vasile Cirtoaje, Petroleum-Gas University of
Ploiesti, Romania.

Solution by the authors. (a) The statement is homogeneous, so we may
assume that a, = 1. Also the inequalities ao > --- > a,_1 play no role since

the inequality is symmetric in the variables as,...,a,—1. So the condition
ap > ag > -+ > anp_1 > a, can be replaced by ag,...,a, € [1,a1]. Then the
inequality from (a) writes as f(ag,...,an—1) > 0 ¥Y(ag,...,an—1) € [1,a1]",
where
n2 n—1
flza, ..., xp_1) = — +nka(Var — 1) —1—a; — > ;.
1+1/a1 + Z?:Ql 1/z; ;
If ag = 1, then ag = -+ = a,—1 = 1 and we have f(ag,...,an—1) = 0.

Therefore we may restrict ourselves to the case a1 > 1.
Note that f is a concave function in each variable. Indeed, if we assume

that xo,...,&;,...,x,—1 are constants, then f(zo,...,z,-1) = g(x;), where
g has the form g(x) = ﬁ —c—1z = ;%5 — c—z for some a,b,c € R,
a,b > 0. Hence ¢"(z) = —ﬁ < 0Vz e (1,a1). Then f has a minimum
on [1,a1]"~? and this minimum is reached for some (z2,...,z, 1) with z; €
{1,a1} Vi. Since f is symmetric, we only have to consider the case when
ag = -+ = Ap—m = a1 and ap—my1 = -+ = ap—1 = 1 = a, for some

1<m <n-—1.If we put x = \/aj, then our inequality writes as

2
n
74'”]{7 .’IJ—12— n—m:r:Q—m>O,

that is,
m(n —m)(z? — 1)2

mx2+n—m

)

nkn(xz —1)% >

which is equivalent to nk, > h,(x), where h,,(z) = %W This
should hold for every z > 1 and for every 1 < m < n — 1. Therefore

nkn, = max suphp,(z).
1<m<n—1 4>1

We have hl (x) = Qm(nfﬁigii)_(zf);nfmx). Then h,, is increasing on

the interval (0, ™) and decreasing on the interval ("™, 00), so it has a
maximum on (0,00) at =™ and we have h,,("=*) = n. If 2= ¢ (1,00),
which is equivalent to m < %, ie., to 1 <m < [Z71], then sup,. hin(z) =

maxy>1 hy(2) = n and this maximum is reached for x = »—™. If -0 < 1,
then hy, is decreasing on (1,00), 80 sup,~q hm(x) = (1) < maxyso hm(z) =

n, with equality if and only if 1 = "= i.e., if and only if m = 7.
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Hence nk, = maxij<m<n—1Sup;~q Am(x) = n and so k, = 1. Equal-

ity is obtained when a; = -+ = a, or when for some m € {1,..., 251}
—m)? )2

(a1, ...,a,) is obtained after scaling the vector (n=m)” et 1),
m m

—m)? . .
where there are n — m copies of (”m?) and m copies of 1, by a positive

number. (Recall that a; = 2% and = “-") Alternatively, this means
that (ay,...,a,) = Puy, for some 1 < m < L%J and some 8 > 0, where
vm = ((n—m)2,....(n—m)%, m2,...,m?), where there are n — m copies of
(n —m)? and m copies of m?2.
(b) Assume that a; =y > land ag = ... = a,, = 1. Then our inequality
writes as
n 9 _y+tn-—1
—  +c¢ 1)< .
1/y—i—n—1Jr Wy =17 < n

We divide by y both sides of the inequality above and we take limits as
y — 00. We get ¢, < % We prove that in fact ¢, = % For this we must

prove that

n Z?:l a;
ZZ 1 1/az (\/7 ,\/7) n *

We will prove a stronger inequality, namely

n 1/n
(H) (VT — ) Zaz

This can be written as ([[;-, ai)l/n <i (Zl 5 @i + 2\/a1an) which is sim-
ply the AM-GM inequality applied to ao, ..., an_1, /a10n, /A10n.

535. Let A, B € M,(C) be two matrices of the same rank and let £ € N.
Then A**1B* = A if and only if B*¥*1A* = B

Proposed by Vasile Pop, Technical University of Cluj-Napoca, and
Mihai Opincariu, Avram Iancu National College, Brad, Romania.

Solution by the authors. Our statement is symmetric in A and B, so it
is enough to prove the “only if” implication. We assume that A*t1BF = A,

We have rank A = rank (A1 B*) < rank (A*+1) < rank A, therefore
rank (A**1) = rank A. Tt follows that dimker(A**!) = dimker A. But
ker A C ker A1, so ker A = ker AR,

Next, from (A*1B*1)B = A*1BF = A we get that ker B C ker A.
But rank A = rank B, so dimker A = dimker B. Hence ker B = ker A =
ker AF+1

We have AF1BEAR = AAF = AR 5o ARTY(BFAF — 1) = O,. Smce
ker A¥*1 = ker B, this implies that B(BkAk I,) = O,, so BF1AF =
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We received essentially the same proof from Moubinool Omarjee, from
Lycée Henri IV, Paris, France, and Marian-Daniel Vasile, from West Univer-
sity of Timigoara, Romania.

Solution by Hao Zhang, Department of Mathematics, Hunan University,
P. R. China. We assume that A*t1B*¥ = A and we prove that B¥*1AF = B.

We have ker B C ker A*+1B*¥ = ker A. But rank A = rank B, so we get
ker B = ker A. On the other hand, we have

rank A = rank A¥*1 B¥ < rank AF1 < rank A.

So we have rank A1 = ... = rank A2 = rank A. It is clear that ker A C
ker A2, so we have ker A = ker A2. Now we claim that C* =ker A®Im A. In
fact, it is enough to prove that ker AN Im A = 0. If x € ker ANIm A, then
there exists y € C™ such that x = Ay, so A%’y = Az =0, i.e., y € ker A2 =
ker A. This gives x = Ay = 0. So we can choose a basis such that A is of the

form
A1 0
0 0/’

where A; is invertible. Since ker A = ker B, we may assume that B is of the
following form under the same basis.

By 0

By 0/
Finally, from A1 B* = A we see that A’fHB{C = A;. So we have A’fo =1,
since A; is invertible. Now it is easy to see that B¥t1AF = B.

Editor’s note. The end of Hao Zhang’s solution is somewhat incomplete.
Explicitly, we have

phtl gk _ B0\ (4F 0\ _ (ByTtAr 0
BsBY 0)\0 0 BsBFAY 0)°
(The formulas for B**! and A are easily proved by induction.) Since

A¥BY = I,, we have Bf = (A})~!, whence B¥AY = [,. Tt follows that
Bf“A’f = B1I,, = By and BngA’f = Bsl, = B; and so BFt1 Ak = B.



