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1. INTRODUCTION

Given a triangle ABC with side lengths a,b,c, denote by hg, hp, he
the altitudes, w,, wp, w. the angle-bisectors, rq, 7, 7. the radii of excircles,
Mg, My, M. the medians, and kg, kp, k. the symmedians.

In a Chinese paper [2], the author established the following two inequal-
ities involving the altitudes and medians of a triangle ABC"

dmpme > (hy + he)?, (1)

(mp +me)® > 2(hif + h?). (2)

In another Chinese paper [4], the author considered improvements of inequal-
ity (1) and proved the following double inequality

wg‘i‘wg > 2ma(mb+m0_ma) > h%‘i‘hzv (3)

in which the second inequality actually improves (1) by a simple algebraic
inequality. We also gave some applications of the double inequality (3) in [4].
Note that the following known relation (cf.[7])

2be
ka = P24 2t (4)
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is equivalent to
2hph.
= M. (5)
CRZ+m2

We conclude that the second inequality of (3) is equivalent to
ko(mp + me —mg) > hphe. (6)

Motivated by inequality (6), the author has recently studied similar inequal-
ities in a triangle and proved some new results, which can be stated in the
following four theorems.
Theorem 1. In any triangle ABC' the following double inequality holds

ha(mp +me — hg) > hyhe > hg(hy + he — wg). (7)
Equality holds in either (7) if and only if triangle ABC' is equilateral.

Theorem 2. In any triangle ABC the following two inequalities hold:
ha(ma + T4 — wa) > hphe, (8)
Wa (Mg + 7q — Wg) > Wpwe. 9)

Equality holds in either (8) and (9) if and only if triangle ABC' is equilateral.

Theorem 3. In any triangle ABC the following two inequalities hold:
myme > ha(my + me — wa), (10)
myme > ha(mg + 14 — wa). (11)
Equality holds in either (10) and (11) if and only if triangle ABC is equilat-
eral.

Theorem 4. In any triangle ABC the following two inequalities hold:
MaTa > ho(mp +me — wg), (12)
Mata > ha(Mma + 14 — wa). (13)
Equality holds in (12) if and only if triangle ABC' is equilateral and equality
holds in (13) if and only if b = c.

From the inequalities given in the above theorems, we can obtain some
inequality chains. For example, by (10) and the first inequality of (7) we can

obtain the double inequality

MM hyhe
he + weq = mp +me > I
Also, it follows from inequalities (13), (8) and the second inequality of (7)
that

+ R (14)

MgT hyh
aa+wa2ma+7aa2 b

a a
The purpose of this paper is to prove these theorems. We shall also

propose similar conjectural inequalities as open problems in the last section.

+ wq > hy + he. (15)



ARTICLES 3

2. PROOF oF THEOREM 1.1

We first give the following lemma.

Lemma 5. In any triangle ABC' it holds that

(O +me)? 2 a4+ B2, (16)
with equality if and only if b= c.
Proof. We recall that for any triangle ABC' the following known inequality

(cf. [3] or [5]) holds:

b+c>+/a?+ 4h2. (17)
Applying this inequality to the triangle GBC' (G is the centroid of the triangle
ABC) and noting that the altitude from G is equal to h,/3, we get

1 2
GB+GC > a2+4<3ha> .

2 2
Also, we have BG = gmb,C’G = gMe: Hence, inequality (16) can be ob-

tained immediately from the above inequality. Note that equality in (17)
holds if and only if b = ¢. Then we easily determine that the equality condi-
tion of (16) is the same as that of (17). This completes the proof. O

Next, we prove Theorem 1.
Proof. We first prove the left inequality of (7), i.e.,

ha(my +me — ha) > hyhe, (18)
which is equivalent to
ha(my +me)? > (h2 + hyhe)?.
By Lemma 5, it is enough to prove that
ha(9a® + 4h%) — 4(hg + hyhe)® > 0.

We denote by S the area of triangle ABC in the sequel. Using the formula
ha = 25/a, one sees that the above inequality is equivalent to

Ag = (be)*(9a* +165?) — 1652 (a® + be)* > 0. (19)
Applying Heron’s formula
S =+/s(s—a)(s—b)(s—c), (20)
where s = (a + b+ ¢)/2, we easily obtain
Ag = a’Ay, (21)
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where
Ay =a® — 2(b% — be+ P)at + (b — 4bPc + TV P — 4beP + ch)a?
+2(b — ¢)%(b + ¢)%be.
Thus, we have to prove A; > 0. But A; can be rewritten as
Ay =2bc(a+b+c)(b+c—a)(b—c)* + a*(a® — b* — & + be)?, (22)

which shows A; > 0. Hence inequality (18) is proved. Furthermore, it is
easily seen that equality in (18) holds if and only if a = b = c.
We now prove the right inequality of (7), i.e.,
hyhe + wahg > ho(hy + he). (23)
Let I be the incenter of the triangle ABC'. It is clear that w, > Al +r, and
then .
Wq 2> T+ 714 (24)
sin 3
Therefore, to prove inequality (23) it is sufficient to prove that
rhy
A
in —
S
Applying r = S/s and h, = 2S/a etc., one sees that the above inequality is

equivalent to
2 n 1 n 1 S 2 (1 n 1
bc  sa A~=a\b ¢)°

sa sin —
2

hphe + hor + > ha(hb + hc).

Using s = (a + b+ ¢)/2 and simplifying gives the equivalent inequality
A be

in— < . 25
Y SRR he—a? (25)
In view of the well known formula
A (s=b)(s—c)
e S S 26
sin 5 b , (26)

for proving (25) we need to show
bed — (b + 2+ be—a?)?(s —b)(s —c) > 0.
Using once more s = (a + b+ ¢)/2 and factoring gives

1
E(a—f—b—i—c)(b—i—c—a)(bQ—i-cQ—bc—a2)220,

which clearly is true. Thus, inequalities (25) and (23) are proved. Also, it is
easy to deduce that the equality in (23) occurs only when a = b = ¢. This
completes the proof of Theorem 1. O
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3. PROOF OF THEOREM 2

We first give the following snappy double inequality.
Lemma 6. In any triangle ABC, we have
MqWq > TpTe > wg. (27)
Equality holds in either inequality of (27) if and only if b = c.
Proof. We recall (see [8] or [7] p. 223) that for any triangle ABC' it holds

Ma (b+c)?
w,  4bc

: (28)

with equality if and only if b = ¢. Also, it is well known that the angle-bisector
w, is given by

2
b+t
Multiplying both sides of (28) by w? and using (29) and the following known
identity

s(s — a)be. (29)

Wgq,

rpre = S(s — a), (30)
we obtain
MqWq > TpTe. (31)
which is just the first inequality of (27). The second inequality of (27) can
be rapidly obtained from another known inequality (see [1]), viz.,
w? < s(s — a), (32)

and identity (30). Moreover, we easily determine the equality condition of
(27). This completes the proof of Lemma 6. O

Remark 1. Inequality (28) is equivalent to (31) and the following two in-
equalities:

A
4m, sin 3 > hy + he, (33)
1 A
Mg > §(b+c) cos - (34)
The later can be obtained from the identity
1 A A
me = 2\/(6 + ¢) cos? 3t (b — c)?sin? 3 (35)

We are now in the position to prove Theorem 2.
Proof. We first prove inequality (8), which has the following two analogues:
hb(mb +rp — wb) > heha, (36)
he(Me +1re — we) > hohy. (37)
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Without loss of generality we may suppose that a > b > ¢. Clearly, in
order to prove inequality (8) is valid for any triangle we must prove that all
inequalities (8), (36) and (37) hold under the hypothesis that a > b > c.

By hq =2S/a and v, = S/(s — a), we get
4(a —b)(a — c)S?

abe(b+c—a)
Hence, we have horo > hphe, hyry < hchg and here > hghy under the hy-
pothesis a > b > ¢. Noting that m, > w, and m, > w., we deduce that
inequalities (8) and (37) hold.

It remains to prove inequality (36) under the hypothesis a > b > c.
According to Lemma 6, it is sufficient to prove

hy <rcra + 7y — wb) > heha,
wy

(38)

hara - hb c =

ie.,
hy(rerq — wi) > wy(heha — hyry). (39)

By Lemma 6, we see that the left hand side of (39) is non-negative. Also,
the above inequality hypry, < hchg shows that the right hand side of (39) is
non-negative, too. Thus, for proving inequality (39) we need to prove that

By = hi(rerq — wi)? — wi(heha — hyry)? > 0. (40)
With the help of software Maple, using the following known formulas

h, — 2\/s(s—a)(s—b)(s—c)’ (41)

a

AT
e — s(s—b)(s c)7 (42)
s—a
and Heron’s formula, we easily obtain the identity
(a+b+c)*S?

=~ _ “ " B 43
dcab?(c+a)t Y (43)

0

where
By = — 4(c+ a)*b® + 8(c + a)3b® — 24(c + a)?cab? — 8(c* — 3ca
+a®)(c+a)3b® + (48 + 17Pa — 12¢4a? — 343a®
—12c%a* + 17¢a® + 4a%)b? — 2ca(c + a)(5¢2 + 6ca
+ 5a?)(c — a)*cab + (c — a)*(c + a)™.

Consequently, we have to prove that B; > 0 holds under the hypothesis
a>b>ec.
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Putting s—a=x,s—b=yand s—c =z, thenweget a = y+2,b = z+x
and ¢ = z +y (z,y,z > 0). Substituting a = y + 2z etc. into By and
reorganizing gives

By = — 64225 + 64(2 + x)zxy” + (42* + 322%2 — 82%2? + 32227
+4xyt +4(z 4+ 2)(2* — 12232 — 102222 — 12223 + 2)y3
—4(—2 4 3x) (=32 + x)(2 + )% 22y® + 32(2 + x) (2% + 2%) %2y
—16(z + x)%2323. (44)

Let us denote by Bj(z,y, z) the polynomial By, i.e., By = Bi(«x,y, z). From
the hypothesis a > b > ¢ we have © < y < z, thus we may set y =z +m, z =
x+m-+n (m>0,n>0). Substituting them into B; and reorganizing gives

Bi(z,x +m,z+m+n)
= 16(m? 4 6mn + n?)(m — n)%z* + 8(m — n)(Tm* + 36m>n + 2m>n?
—12mn® — n) 23 + 4(18m® + TTmn — 4m3n? — 50m*n?
+ 2mn* + 50°Yma? + 8(m + n)(5m> + 17m*n + 3mn? — n¥)m3x
+ 4(2m + n)(m + n)*m?>. (45)

Therefore, we only need to prove that Bi(xz,z +m,z +m+n) > 0 holds for
the positive number x, the non-negative numbers m and n. If m > n, the
inequality clearly holds. If n > m, we may set n = m—+t (¢t > 0). Substituting
this into Bi(x,z + m,x + m + n), we can obtain the identity

Bi(z,x +m,z + 2m +t) = Bot® + 16m>Bs, (46)
where
By = (823 + 202°m + 4m®)t? + (162" + 12823m + 1082?m? — 8xm?
+ 44m*)t + 16(82* 4 202%m + 22*m? — zm> + 12m*)m,
Bs = (8% — 232%m? + 102m? + 26m™)t? — 4m?(z + m) (42 — zm
—Tm?)t + 12m* (z + m)>.
Asm > 0,n >0, it is easy to show that
10822m? — 8xm? + 44m* = 4m? (2722 — 2zm + 11m?) > 0,
2z2m? — am® 4+ 12m* = m?(22% — xm + 12m?) > 0.

So we have By > 0. Note that Bs is a quadratic function in ¢ and 8z* —
2322m? + 26m* > 0. Also, we easily compute its discriminant F; as

Fy = —16m*(8z* + 8ma® — 14m?az? 4+ 16m3z + 29m*) (z + m)2.
Note that 8z* —14m2224+29m?* > 0, hence F; < 0, and then inequality Bz > 0
holds. Since By > 0 and Bs > 0, inequality Bi(xz,z + m,z +2m +t) > 0
follows from (46). Hence, we have proved that for z > 0,m > 0,n > 0
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inequality Bi(xz,z + m,x + m + n) > 0 holds. We also proved that B; > 0
holds under the hypothesis a > b > ¢. This completes the proof of inequality
(8). Moreover, it is easy to determine that the equality in (8) holds if and
onlyifa=b=c.

Next, we prove inequality (9).

By the inequality mqw, > 77, given in Lemma 6, to prove inequality
(9) it suffices to show that

Tpre — wz Z WpWe — WaTq, (47)
which has the following two analogues:
Tela — wl? > WeWg — WyTp, (48)

raTh — wg > WeWp — Wele. (49)

c. In this setting, we need to prove that all three
old. Using the previous formulas (29) and (42), we

Suppose that a > b
inequalities (47)—(49)
easily obtain

>
h

(wara)2 - (wbw0)2
be(a — b)(a — c)(c+a—b)(a+b—c)(a® + 3ab + 3ac+ b)(a + b+ c)?
4b+c)?(c+a)?(a+b)? ’

Thus, one can see that if ¢ > b > ¢ then wyry > wpwe, wpry, < wew, and
were > waewp hold. Then, we conclude by Lemma 6 that both inequalities
(47) and (49) are true. Thus, it remains to prove inequality (48). Noting that
the values of both sides of (48) are non-negative, because we have r.r, > w%
(which follows from Lemma 6) and w.w, > wyr, we only need to prove

(rera — wi)? — (wewa — wpry)® > 0,
ie.,
Co = (rera)? + wi + 2wawywery — 2rerqws — (Wewe)? — (wyry)? > 0. (50)
Applying (29) and Heron’s formula, we get

8abcsS
(b+c)(c+a)(a+d)

(51)

WaWpWe =
Substituting this into Cp and using (29) and (42), with the help of software

Maple we obtain the identity

(a+b+c)?
6(a+b)2(b+c)?(c+a)t

Co = 1 Ch, (52)
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where
C1 = (' — 8c%a — 2c¢%a® — 8ca® + a*)bS + 8(c + a)3cab®
— (265 — 6c%a + 30c*a? + 44c%a3 + 30c%at — 6ca® + 2a5)b?
—2(c+a)(5¢* — 8c%a — 10c%a® — 8ca® + 5a*)cab®
+ (B +2c"a + 178a* — 10c%a® — 36¢a* — 10c3a°
+17¢%a% + 2ca” + a®)b? 4 2(c + a)(c* — 5c3a — 8c%a?
—5ca® 4 a*)(c — a)?cab + (¢ — a)*(c + a)*cPa®.

Consequently, we have to prove C; > 0 under the hypothesis a > b > ¢. If
weset s—a=xz,s—b=yands—c=z thena=y+2,b= 2+ =z, and
c=xz+vy (z,y,z > 0). Substituting a = y + z etc. into C; and reorganizing
gives

Cy = — 64zay® + (42 + 96232 + 562%2% 4 96223 + 421)y°
+ 8(2 + ) (32% — 42z + 32°) (2 — x)%y° + (522° — 144252
— 1322422 + 642%2° — 132222 — 144225 + 5225)y*
+ 8(z + z)(62* + 23z — 182222 + 222 4 62) (2 — 2)%?
+4(425 — 4252 — 152422 + 462323 — 15222 — 4220
4+ 425) (2 4+ 2)%% + 16(2 + 2) (2 — 2)? 2323y
—16(z + z)%2%2t. (53)

From the hypothesis a > b > ¢ we have z < y < z. Thus, it remains to prove
that C; > 0 holds for 0 < < y < z. Let C; = Cy(z,y,z). We may let
y=x+m,z=x+m-+n (m>0,n>0). Then, we need to prove

Ci(z,z +m,x+m+n) > 0. (54)

Making use of software Maple and expanding C1(x,z + m,x +m + n), we
find that all the terms are non-negative. So, inequality (54) holds. This
completes the proof of inequality (9). Moreover, the above proof clearly
shows that equality in (9) holds if and only if @ = b = ¢. Theorem 2 is
proved. O

4. PROOF OF THEOREM 3
In the proofs of both Theorem 3 and Theorem 4 we will use the following
lemma.
Lemma 7. In any triangle ABC' the following inequality holds
mpMe 2 WaTq, (55)

with equality if and only if triangle ABC' is equilateral.
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Proof. By the first inequality of (27) and the fact that m, > w,, we obtain
m2 > ryre, (56)

which was used in my recent paper [6]. Using two inequalities similar to (56)
and the second inequality of (27), we have

myme = VTcTa " AV/TaTh = Ta/TbTc > TqWa,

which proves (55). It is easily seen that equality in (55) holds if and only if
a = b = c. This completes the proof of Lemma 7. O

Remark 2. Inequality (55) can be extended to
MpMe > WeTq = hbhc > ha(hb + hc - wa)7 (57)

in which the second inequality could be proved by using the previous inequal-
ity (24), the third inequality is just the second inequality of (7).

Next, we prove Theorem 3.

Proof. We first prove inequality (10), that is
mpme + wahg > ho(my +me). (58)
Squaring both sides gives
(mbmc)2 + (waha)2 + 2mpmewghg > hz(mb + mc)2.
By Lemma 7, it is sufficient to prove that
(myme)? + (waha)? + 2rqhaw? > h2(my + me)2 (59)

Using Cauchy’s inequality, we have

(o) < o+ em?) (341 ) (60)

Thus to prove (59) we need to show that
Dy = be [(myme)? + ha(he + 2ra)wz] — (b+ c)(bmj + em?2)h2 > 0. (61)

With the help of software Maple, using the previous formulas (29), (41), (42)
and the well-known median formula

4m? = 20 4 2¢% — d?, (62)
we easily obtain

D,

Dy— 2t
07 16a2(b+ )2’
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where
Dy = (2b* + 12b3¢ + 16b%¢% + 12 + 2¢1)a® — 8(b + )b c2a®
— (505 + 15b%¢ + 15642 4 2603 + 15b%¢* + 15b¢° + 5¢5)a?
+16(b + ¢)(b? + A)b?c2a® + (4b5 — 4b*c? + b3¢P
—4b%c* 4+ 45 (b + ¢)%a® — 8(b — )% (b + ¢)*b*cPa
— B +be+Ab-o) b+t

Consequently, we have to prove D1 > 0. Putting s—a =z,s—b=y,s—c = z,
then we have a = y + 2,b = z + x,¢ = z + y. Substituting the later three
relations into D; and reorganizing gives

Dy = 4(y + 2)%8 + 16(y + 2)(y + 18yz + 2%)x” + (9y* + 816>~
+ 846y°2% + 816y2> + 924)2® — (y + 2)(29y* — 688y>2 + 358222
— 688y2> + 2924)2° — (299 — 9%z + 971y* 22 + 17621323
+ 971972 — 9y2® 4+ 29252t + (y + 2)(9y° — 152¢°2 — 9213122
— 7521323 — 9219221 — 152y2° 4 92%) 23 + (1645 — 13152
— 213y%2% 4+ 4049°23 — 213y22% — 13y2° + 1625 (y + 2)%2?
+ (4y5 + 249° 2 + 31yt 22 + 2821323 + 31922 + 24920
+ 425 (y + 2)3x + (y + 22)2(2y + 2)*(y + 2)tyz. (64)

Consequently, we need to prove D; > 0 for the positive real numbers x,y, z.
We set Dy = Di(z,y,2). Since Di(z,y,z) is symmetric with respect to y
and z we may suppose that y > z and let y = z +m (m > 0). With the help
of Maple, we easily obtain

Dy(z,z 4+ m,z)
= 4(z+2)m® + 8(32 4+ 2) (32 4 22)m® + (5692° 4 5472
+ 147227 + 923)m” 4 (25912* 4 2600232 + 3582222
— 80223 — 2921 )m® + (74912° 4 8635212 — 782312
— 17422223 — 16522 — 292°)m® + (1425725 + 1977825z
— 13532%2% — 88682323 — 1361222 + 51422° + 92%)m?
+ 4(z + 1) (446425 + 2977252 — 3416222 — 19942323
+ 460222 + 209225 + 42%)m? + 4(35462° — 1662°x
— 34352127 — 1682323 + 664222 + 86227 + 2°)(2 + x)?m?
+ 16(z — x)(4052* 4+ 90232 — 196222 — 58223
— 2t (z + x)32m + 16(812% + 3822 + 22) (2 — )% (2 + x)*22 (65)
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Thus, we have to prove Dj(z, z+m, z) > 0 for positive numbers z, z and non-
negative number m. If z > x, then it is easy to see that Di(x,z 4+ m,z) >0
holds. If z < z, we may let © = z + n (n > 0) and substitute it into
Dy(x,z+ m,z). Then, we can obtain the identity

Di(z+n,z+m,z2)
= mgzs + m7z7 + m626 + m5z5 + m4z4
+ms3z3 4+ mez? + miz + mo, (66)
where
mg = 8448m? — 30720mn + 3072012,
my = 21632m3 — 62720m>n + 15360mn? + 71680n3,
me = 22976m* — 44608m>n — 54336m>n? + 117248mn> + 66816n?,
ms = 14112m° — 12352m*n — 63616m>n? + 50816m>n?
+ 122368mn* + 31232n°,
my = 5440m® + 2448m°n — 30848m*n? — 1824m>n® + 75312m?*n
+ 55808mn® + 7424n5,
ms = 1272m" 4 2960m°n — 6584m°n? — 8992m*n3 + 20584m3n*
+ 32688m*n® + 12160mn® + 768n”,
mg = 4(m + n)(40m” + 177m%n — 191m°n? — 482m*n3 + 818m3n?
+ 1213m2n® + 268mnS + 4n7),
my = 2m(4m® + 52mn + 87mn? — 98m>n? — 155mInt + 284m3n®
+ 482m>n8 + 192mn” + 8n¥),
mo = (m +n)(m —n)2(2m + n)*(m + 2n)*m?n.
Clearly, in order to prove Di(z+n,z+m, z) > 0 we only need to show that
the coefficients mg, mz, ..., mg are all non-negative. Asm > 0 and n > 0, it

is clear that mg > 0. Also, it is easy to show that mg > 0 and m7 > 0. In
addition, we can rewrite mg, ms, my4 and mg as follows:

me = m(22976m + 47296n)(m — 2n)? + 64(671m?* — 1124mn

+ 1044n%)n?, (67)
ms = m(m — 2n)?(14112m? + 44096mn + 56320n%)
+ 128(779m? — 804mmn + 244n*)n?, (68)

my =m(5440m + 24208n)(m — n)* + 16(464n + 1975m)n°
+ 16(2084m? — 7832mn 4 10419n2)m?n?, (69)
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mg = m(636m + 3706n)(2m + n)(m — n)* + 2(7135m? — 18684mn
+ 14634n%)m>n? + 2(19732m? + 4227mn + 384n?)n’. (70)

Note that 671m? — 1124mn + 1044n> > 0 etc. One sees that mg, ms, ma
and mg are non-negative. Furthermore, it is easy to verify the following two
identities:

2(40m” + 177mSn — 191m°n? — 482m*n? + 818m>n?
+ 1213m?n® + 268mn® + 4n")
= m(2m + n)(40m + 317n)(m — n)*
+ (3020m? 4 219mn + 8n*)n®
+ (1517m? — 3420mn + 2350n%)m>n?, (71)

4m® + 52m"n + 87m®n? — 98m>n® — 155m*n? + 284m3n°
+ 482m2n8 +192mn” + 8n®
= m(2m? 4 33mn + 151n2)(m — n)*(2m + n)
+ (751m? + 41mn + 8n?)n®
+ (699m2 — 1293mn, + 650n%)m3n3. (72)

We can easily show that both right hand sides of the above two identities are
non-negative. So, we have mg > 0 and m; > 0. And D1(z+n,z+m,z) >0
follows from identity (66). We thus proved that inequality D (z, z+m,z) >0
is valid for non-negative numbers m, n and positive number x. This completes
the proof of inequality (58).

Next, we prove inequality (11), that is

myme + wehg > ha(Mma + 74). (73)
Squaring both sides gives
(myme)? + (waha)? + 2mymewgha > h2(mg + 14)2.
By Lemma 7, to prove the above inequality we need to show
(myme)? + (wahg)? + 2rahow? > h2(mg + 74)%,
or equivalently
(mbmc)2 + (waha)2 -+ 2rahawg — hg(mg + 7“2) > 2marah§. (74)

By the simplest arithmetic mean—geometric mean inequality we have

2
ha + % > 2m,. (75)

a

Thus we only need to prove

Ey = (mbmc)2 + (waha)2 +27"ahawg — hz(mz —i—rg) — rahz — 7"ahamg1 > 0. (76)
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Making use of formulas (29), (41), (42), and (62), with the help of software

we obtain
Eq

- 16a3(b + ¢)?’ (77)

Ey

where
Eyp = 4(b* 4 be + ?)a” — 8(b + ¢)bca® + (b7 + 6bc + ¢?) (b — ¢)?a®
—2(b+¢)(b—c)*at — (b7 +bc — ) (b? — be — 2)(b+ ¢)%a3
+ (30 — 2bc + 3¢?) (b — ) (b + ¢)%a® — (b — ¢)* (b + ¢)°.

To prove inequality (76) we need to show E; > 0. Putting s —a=xz,s —b =
Yy,s — c = z, we easily show that F; > 0 is equivalent to

By = 4(y + 2)32% + (124" + 176932 — 184322 + 176y2> + 1221)2°
— (y+ 2)(3y* — 380532 + 514522 — 380y2> + 32%)z?
—2(13y” — 38yz + 132%)(y* — 6yz + 2°) (y + 2)°2°
—3(y* — 10932 + 629%22 — 10y23 + 21 (y + 2)32?
+ 2(6y* + 5322 — 16222 + 5y2° + 621 (y + 2)*z
+ (4yt 4+ 12922 — 159222 + 12923 + 42%) (y + 2)° > 0. (78)
Through analysis, we find the following identity which can be verified by
expanding:
4E| =t + tox(x — y)(z — 2)? + taxyz(y + 2z — 22)?
+ yz(agz?® + boz + o), (79)
where
t1 = 4y°(332% + 20zy + 49?) (z — y)? + 425(332% + 202z + 422)(z — 2)?,
ty = 16(y + 2)3z + 80(y* + 21) + 32y2(26y> — 17yz + 2622),
t3 = (y + 2)(805y% — 859yz + 80522)x + 3(y° + yz + 22)(y — 2)?
+ 2(351y* — 242y22% + 3512*),
ap = (y + 2)(2259y* + 381132 — 42081222 + 381y2°> 4 225924),
bo = —473y° — 1167y° 2 — 1087y* 2 + 1166y32> — 1087y 24
— 1167yz" — 47325,
co = 4(y + 2)(32¢° + 53y°2 + 44y 2% + 10323 + 44922 + 53y25 + 322°).

As x,y,z > 0, we have t; > 0. Also, it is easy to show that to > 0 and
ts > 0. Clearly, to prove FEq > 0 it remains to prove

apx® + bozr + ¢ > 0. (80)
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The left hand side is a quadratic function in x. Note that ag > 0 and the
discriminant F}, is given by

F, :bg — 4agcg
= — (932879y'° + 5185696y° ~ + 121852661° 2% + 16635726y 2°
+16037951y°2* + 156219241° 25 + 1603795125y* + 1663572627y
+ 121852662542 + 5185696y2° 4 932879210)(y — 2)%.

It is clear F, < 0, thus inequality (80) holds. This completes the proof of
inequality (11). Moreover, it is easy to determine that the equality in (11)
holds if and only if a = b = ¢. Theorem 3 is proved. |

5. PROOF OF THEOREM 4

Proof. We first prove inequality (12), that is
MaTa + Weha > he(my + me). (81)
Squaring both sides gives
(MaTa)® + (Waha)? + 2mewarahg > h2(my, 4+ me)?.
By Lemma 7, we only need to prove that
(Mara)? + (Waha)? 4 2ryreraha > h2(my + me)?,

which, by the previous inequality (60) follows from

Fy =bc [(mara)2 + (waha)? + 2ryreraha) — (b+ c)(bm? +em?)h2 > 0. (82)

Applying the previous formulas (29), (41), (42), and (62), we can obtain the
identity
(c+ta—-b)la+b—c)a+b+c)

Fr—
0 16(b+c—a)a?(b+c)?

Fy, (83)

where
Fy = — (26" 4 7b%¢ + 14b%c2 + Tbc® + 2¢)a + 2(b + ¢) (20 + Th3c
+ 14b%c% + b + 2¢h)a® — (b + 6be + ¢2)(b* + 3be
+ ) (b+ ¢)%a® — 2(b* — 2b3¢ — 2b°c — 2bc®
+ b+ e)Pa+ (2 +be+ )b —c)*(b+ )t
Thus, we need to show F; > 0. After analyzing, we obtain the nice identity

= x(xQ — yz)2F2 + (y — z)2F3, (84)
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where t =s—a,y=s5—b,z =5 — c and
Fy =64(y + 2)z? + (112y% + 32y2z + 1122%)z + 64> + 6423,
Fy = 20(y° 4 6yz 4+ 22)z + 12(y + 2)(y* + 10yz + 22)23
+ (5yt 4 40132 + 220222 + 40y23 + 52) 22
+(y+2) (7 + Myz + 2%)(y — 2)’z + (y + 2) y=.

As z,y,z > 0, we have F; > 0. This completes the proof of inequality (81).
Also, the above proof immediately implies that equality in (81) holds if and
onlyifa=b=c.

Finally, we prove inequality (13), i.e.,

MaTq + Wahg > ha(ma + ra)v (85)
which is equivalent to
(maTa)2 + (waha)2 + 2meqwaraha > hZ(mg + T‘g + 27”ama).

According to the first inequality mqw, > 7. of (27) and the inequality

2

1 m
< = a 86
ma_4(rb+rc)+Tb+Tc, (86)

which follows from the simplest arithmetic mean—geometric mean inequality,
we only need to prove

(mara)2 + (waha)2 + 2rprerahg

1 2r
2 2 2 2
> hi |mi 4+ ira(rb +7re) + " +“Tcma ,

ie.,
Go = 2(rp +1¢) [(mara)2 + (waha)? + 2rbrcraha]
— b2 [2(ry +7e) (M2 4+ 72) + 1o (1 + 1e)* + draml] . (87)

Making use of the previous formulas (29), (41), (42), and (62), we obtain the
factorization

a+b+c)(b—c)?S
Go = 2((b 1 c i— a))(cz2(b -3 c)? G, (88)

where
G1=a® —2(b+c)a* + (b+¢)%a® +2(b + ¢)3a® — (3b* + 2bc
+3e3) (b4 ¢)%a+2(b* + ) (b + ).

Thus, to prove inequality (85) we need to prove the strict inequality G; > 0.
But it is easy to get the following identity:

G1 = 322° + 48(y + 2)z* + 8(5y> + 6yz + 52223 + 4(y + 2)(Ty? + 6y=
+ 72822 +8(y* +yz + 2 (y + 2)%x + (y + 2)°, (89)
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where © = s —a,y = s — b,z = s — ¢. So we have G1 > 0 and inequality
(13) is proved. From Lemma 7 and identity (88), we immediately deduce
that equality in (13) holds if and only if b = ¢. This completes the proof of
Theorem 4. O

6. SEVERAL CONJECTURES

In this section, we shall propose several conjectures as open problems.

Conjecture 1. In any triangle ABC' the following double inequality holds:

ha(ma +1a — ha) 2> ware > ha(mp + me —mg). (90)

Conjecture 2. In any triangle ABC' the following two inequalities hold:
Wa (Mp + me —mg) > hphe, (91)
ha(my + me — wg) > hphe. (92)

Remark 3. In the acute triangle ABC we have w, > k, etc., thus by
inequality (6) we know that inequality (91) holds for the acute triangle.

Conjecture 3. In any triangle ABC' the following two inequalities hold:
Wpwe > hg(wp + we — wy), (93)

WpWe > hg(my +me — myg). (94)

Conjecture 4. In any triangle ABC' the following two inequalities hold:

mpme > We(mp + me —my), (95)
MaTq = Wa(Myp + me — my). (96)
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Refined asymptotic expansions for some recurrent sequences
DuMITRU Popal)

Abstract. Let a € R and f : (a,00) = R be a continuous function such
that f(z) > « for all > a, and (zn),,-, the sequence defined by z1 > a
and py1 = f (zn) for alln > 1. We pro_ve that if there exist bo, b1, b2 € R,
bo # 0, such that zlggo 2® (f(z) =2 —bo — &) = bo, then there exists

x

C := lim (xn — bon — Z—; -In n) € R. Moreover,

n— o0
2 2
- by, b1 lnn _ (b1 4 ba=tiC b1 1 1
xn—bon+b0 lnn+C+bg - 2b0+ 72 b nJro(").
Many and various concrete examples are given.

Keywords: Recurrent sequences, asymptotic expansion of a function, as-
ymptotic expansion of a sequence, Cesaro lemma.

MSC: 35C20, 11B37, 40A05, 40A25.

1. INTRODUCTION AND A PRELIMINARY RESULT

In the recent paper [5] we have proved that there is a connection between
the asymptotic expansions of functions and the asymptotic expansions of
some recurrent sequences; several similar results can be found in [1, 6]. We
recall Theorem 2 from the paper [5].

Theorem 1. Let a € R and f : (a,00) — R be a continuous function such
that f (z) > x for all ¥ > a. Let (zn),, be the sequence defined by v1 > a
and xpy1 = f(xy) for all n > 1. If there exist by,b1,ba € R, by # 0, such

that lim 2 (f (x) —x—bg— b;l) = by, then there exists C € R such that

T—00

2
e = bon - dan o O3 B o (B2).
0
A look at the statement of Theorem 1 reveals the absence of by in the
conclusion. The main purpose of this paper is to complete Theorem 1, see
Theorem 3. All our notation and notions are standard, see [3]. We need the

following well-known evaluation. We include one of its possible proofs.

Proposition 2. The following evaluation holds

it e a1 01
n+1 n  n2 n2 2]

Proof. From In(n+1) = lnn+ W (14+1) = nn+ L +o0(2) we deduce
In
0D _ b 1y o (L), From gy = 3 — -+ s o (o) we deduce
Inn Inn lnn+1nnJr Inn Inn lnnjL 1
= — = —— —_— ol — - —_— ol —
n+1 n n2 n3 n3 n n2 n2

1>Department of Mathematics, Ovidius University, Constanta, Romania,
dpopa@univ-ovidius.ro
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and the proof is finished. O

2. THE MAIN RESULT

Theorem 3. Let a € R and f : (a,00) — R be a continuous function such
that f (x) > x for all x > a. Let (zy),>; be the sequence defined by x1 > a
and xpy1 = f(xy) for all n > 1. If there exist by, b1,ba € R, by # 0, such
that lim 2 (f (x) —x — by — %) = by, then there exists

T—r00

C := lim (:):n —bon—% .In n) € R. Moreover,

n—00 bo
bl b% Inn b1 bg—blc b% 1 1
—b R o424 20 (2L T AY A1) 2 2.
n 0n+b0 ot +bg n 2b0+ bg bg n+0 n
Proof. Forallnz1letusputzn:xn—bon—g—é‘lnn—C—Z—z-mT". Using
0
Tnt1 = [ (xn), In (1 + %) = % — # +o0 (7712) and Proposition 2, we get
b1 1 b} (In(n+1) Inn
Z"“‘Z"”"“‘m”‘bo‘bol’“(”n)‘bg T+l n

by (1 1 b» [ lnn 1 1
—fm) —an—bo— (= ) A (-2 —
f(@n) —2 O by (n 2n2> bg( n2+n2>+0<n2>

B b1\ b b1 1
- <f (xn) T, bO xn) + T bO (TL 277,2)

b? Inn 1 1
St N P . 1
i () () 2
Since le Ty = 00, the hypothesis ILm x2 (f (x) —x — by — b;l) = by im-

plies that lim z2 (f () — Ty — by — i’—l) = by. Passing to the limit in the
n—oo n

equality
b b n2
n? <f(mn)_55n—b0—xl> :$i (f(xn)—ajn—bo—xl> E
and remembering that lim 7 = by, we get
n—oo

b b
lim n? <f(xn)—:vn—b0—1> =

n—o0

or equivalently

b b

1 1
f(mn)_xn_bo_;n b%n2+0<n2> (2)
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From (1) and (2) we deduce that

bl b1 1 b% Inn bQ bl b% 1 1
SRV e et hCANTS S U I — ). (3
Fotl — & Tn b n+b8 n2 + b3 + 200 b3) n? to n2 3)

From C := lim (xn — bon — g—é : lnn>, that is z, = bon—i—lg—é-lnn—i—C%—o(l),

n—00
we get é = boin . 1+Zé~lnf+1§)~i+0(}l). But
1 i O (1
1+Z—é-1“7”+%'%+0(%) B on b n n
and hence ,
Relations (3) and (4) give us that
Zn4l — Zn = <2bb10+b2 _bgblo —Zg) ‘7112—'_0(732) )

that is

lim Znl — 2n ﬂ by — b1C b% (5)

n—00 # 2 bg B %

Since by Theorem 1, lim z, = 0 from the Cesaro lemma in the case [9],
n—oo 0

2
see [2], relation (5) gives us that lim ¢ = — (21771 4 b2=hC I%), that is,
n—00 0 b5 bg
2
Zp = — (2%10 + brbglc — Z—é) . % +o0 (%) and the proof is finished. O
0 0

3. SOME APPLICATIONS

We apply in the sequel Theorem 3 to refine asymptotic evaluations of
some recurrent sequences from the paper [5].

Theorem 4. Let ¢ : [0,00) — R be a twice differentiable function such that
o (x) >0 for all x > 0. Let (a:n)n21 be the sequence defined by x1 > 0 and

Tptl = Tp + @ (ﬁ) for all n > 1. Then there exists C' € R such that
¢’ (0) mn
¢ (0) n
EAC n " (0) —2C¢' (0) [ (0)]°
2¢(0) 2 (0))? [ (0)

Inn+C +
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Proof. Letf'(O 00) = R, f(z) =2+ ¢ (%). In this case ¢ (0) = by > 0,

10) — ( ) _ b b b Cc_ b _ ¢0) | ¢"(0)-204'(0) _ [¢(0)
#10) = bi, T3 = bay and g+ 595 -1 = S H TR0 0
We apply now Theorem 3. O

Theorem 5. Let ¢ : [0,00) — R be a three times differentiable function
such that ¢ (z) > 1 for all x > 0, p(0) =1, ' (0) # 0. Let (zp),>, be the

sequence defined by x1 > 0 and xp41 = Tpe ( ) for alln > 1. Then there
ezists C' € R such that

" (0) " (0))* Inn
Ty = ’On—i—so( nn+C+ ——~ g —
[ #"(0) n ¢ (0) =3C¢" (0) [ (0]* ) 1 +0<1>
2¢/ (0) 6’ (0)]° 4l () n "\n)
Proof. Let f : (0, oo) — R, f(z) =zp (L). We have ¢’ (0) = by, “0”2(0) = by,
©""(0) _ 4 b b c _ b _ 90 | ¢"(0)-3Ce"(0) _ [¢” (0)}2
5o~ bz and g0+ BEE - H = 200 617/ (0))2 sgop: Trom
Theorem 3 we deduce the evaluation from the statement. O

Proposition 6. (i) If o} = o (%), then for all v € R\ {0}, (14 ap)" =
1+ ra, + 250 a2 40 ( ).

(ii) Let a, b, ¢, d € R. Then for all ™ € R\ {0}

In Inn 1 1 ! Inn 1
14+a- ——i—b f—}-c — td-—+o| = =1l4ra-—+rb-—+
n? n n n n

r(r—1)a® In*n Inn  [r(r—1)v? 1 1
5 3 —l—[abr(r—l)—krc]-?—i- #—i-rd stol 5.

Proof. (i) We will use the well-known evaluation (1 + z)" = 1+m:+7"( D24

W 340(z%) asz — 0. Sincean:0<n2/3) lim o, = 0, and hence

n—o00
r—1)(r—2)
6

(14 ap)" —1—|—rozn+T(r D 2—|—T(

we get (14 ap)" = 1+ran+r(T L o2 +0( )
(ii) From (i) it follows that

<1+a hl—n—kb —+c m—n—i-d 1 o<1>>
n n?

a3 +o (). Now from o} = o (i)

n2
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Also we have

Inn 1 Inn 1)\? Inn 1\? 1
a-—+b-—+tc-—5+d-— | =(a-—+b-— | +o( =5
n n n n n n n

In” 1 1 1
=a?. n2n+2ab- nn+b2-2—|—0<>.
n n

n n2

Replacing (7) in (6), we get the stated evaluation.

Proposition 7. Let o, 3, v, 6, C € R, a # 0, and r € R\ {0}. If a, =
an—l—ﬁlnn—%C—l—v-lnTn—l—(S-%—{-o(%), then

rB  lnn rC 1 r(r—1)8% In*n
a, =a'n’ + ol-r ) nl-r + ol—r ’ nl-r 202—T '

n27r

+r(r—1)50+7’a7'lnn+r(r—1)02+2roz5' 1 —|—0< 1 )

a2—7" n2—r 2a2—r n?—r n?—r

Proof. From Proposition 6 we have
Inn C 1 Inn 6 1 1Y\

PR (A N )
a n a n o n a n n

= (1422 1O L D8

a n a n 202

n2
([rempse, m) e freope o

o? o n2 202 a| n?

1 r(r—1)3% In*n
« n a n 2cy

= OéT‘n’V‘<1+rﬁlnn+TC 3
n
+r(r71)ﬁ0+roz’y hlin_’_T(T*l)CQJrQTO[(; 1

a

o? n?2 202
By calculations we get the stated evaluation.

In the next result we refine the evaluation from the exercise 2.8 in [4]

Corollary 8. Let (zn),>, be the sequence defined by x1 > 0 and xn41 =
Ty + ﬁ for allm > 1. Then there exists K € R such that

1 Inn 1 1 In2n

T = V2yn+ — — 4K ———— . ——

" v 42 n Vi 64v2 nyn
°0Kv2-1 Inn  (2Kv2-1)" 1

16v2  nyn 162 'n\/ﬁ+0<n1n)‘
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Proof. Squaring the recurrence relation, we obtain z2 1= x%+2—|—x%, Vn > 1.

For all n > 1 we denote x% = a, and thus an41 = an +2+ i =ap+ (i),
where ¢ () = 2 + 2. From Theorem 4 there exists C' € R such that

SO FOF
e "t P w

)
(L0 O =206 0) [fOF) 1, (1
<2w<0>+ 20 OF e OF ) o)

or, x2 —2n+ 1nn+C+8 1“—”—1—20 1 f—i—o(}b) By Proposition 7

ap, = ¢(0)n+

1 1 Inn 20-1 1 1)) /2
Tpn, = (2n+ = -Inn+C+ - —+ T —
2 8 n 8 n n
Inn C 1 (2 In%n

RGeS R Ty R v
20y — BC Inn +4a5—02_ 1 +0( 1 >
dan/ao ny/n 8ay/a  ny/n ny/n

where o =2, 8 = 2,7—%,5:%. Hence
1 lnn C 1 1 In%n

N W AW, v o, S

C—1 Inn (C—1)? 1 N ( 1)
16v2 nyn  16v2  nvn o \nyn)’

If we denote 2\% = K, we get the stated evaluation. O

Proposition 9. Let A > 0 and g : [0, A) — R be a function with the property
that there exist a1, az, ag € R such that g () = z+a12% + a3 +azz* +o (1‘4)
asx — 0, x> 0. Then

9(196) N %—aﬁ-(a%—az)l‘—(a:{’—2ala2+“3)$2+0("’32) as & =0,z >0.

In particular,

1 2 — 32 + 1
T :x—al—i-al 2 _ 4 a12a2 a3+0<2) as x — 0.
g (E) x x x
#7l+a17(a27a2)x -
Proof. By di lcul li olz) = - =—(a$ -2 .
roof. By direct calculus x_}%)l’g>0 g (a1 aias + ag)
A different proof can be found in [5, Proposition 16]. O

Theorem 10. Let A > 0, g : [0, A) — [0,00) be a continuous function such
that 0 < g(x) <z for all0 <z < A. Let (zp),>, be the sequence defined by
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x1 € (0,A) and xp11 = g(xn) for all n > 1. If there exist the real numbers
ai,az,as, a; # 0 such that g (x) = x + a12? + agx® + aszt + o (:):4) as x — 0,
x > 0, then there exists K € R such that

B 1 1 a?—ay Inn 1 (a%—ag)2 In?n
T T a3 n? n? a? 03
(af — a2) (a 2—a2—2a1K) Inn
* a3 n3

_20,[11K2—2a:13 (a%—ag)K—i—a%—a%ag—l—Qalag,—Qa% ) 1 _|_0< 1 )
2a‘;’

Proof. Let f : (%,oo) =R, f(z) = Tll). Then f is continuous and from

T

0 < g(z) <z, VO < 2 < A, it follows that f(z) > z, Va > . For

all n > 1 we define v,, = xi Then v; > % and the recurrence relation

becomes vp+1 = f (vn) for all n > 1. From Proposition 9 it follows that

f(x) :x—l-bo—l-b;l—i- —i—o(zg) as © — 00, where by = —ay, by = a} — as,
by = —a:f + 2a1a9 — a3. From Theorem 3 we have
1 1
vy =an+ Blnn+ C 4+~ 24—5 + 0 ( ),
n
2
where o = by, § = bo’ v = bg, 0=— (2%10 + bQ_bglC b—%,) By Proposition 7
1 6 Inn C ﬁz In?n  26C —~a Inn
T = T %_?'F_?'m @ T T8l
+02 —ad 1 n 1
— = Fo|l =]
a3 n3 n3
2 2 —a 2
Since o = —aq, 8 = —M, v = —%, and
2
5 a%—ag N (a§—2a1a2+a3) +(a%—a2)0 B (a%—ag)
2a1 a? a3 ’
we obtain
28C —ya (a% — ag) (a% —ag + 2a10)
o’ al ’
2 a?—as (a3—2a1a2+a3)+(a2—a2>0 (a2—a2)2
C?—a5 = T+ w T @
a3 N a}

2a102 + 2a1 ( - a,g) C+ al — alag + 2a1a3 — 2a2
2a1
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Hence
1 1 a?—ay lnn C 1 (a%—a2)2 In?n
€T — _— . — —_ . . -
" ar n a? n? a2 n? a3 n3
(a% — ag) (a% —ag + 2a10) Inn
* o g
1
_2a%C2 + 2a1 (a% — az) C+ cflL — a%ag + 2a1a3 — Qa% ' i
2a3 n3
1
+ o E .
If we denote K = — we get the stated evaluation. O

9
ay
In the next result we refine the evaluation from Exercise 2.3 in [4].

Corollary 11. Let (xy)n>1 be the sequence defined by 1 > 0 and xpq1 =
In(1 + xy,) for alln > 1. Then there exists K € R such that
1 2 Inn 2 1n2n+2(3K—1) Inn

1
=2ty TRty s 9 WP

18K2 — 3K +1 1+ 1
144 n3 ¢ n3 )’

Proof. As is well known, In (1 +x) =z — %2 + z—; - % +o(z?) asz — 0, ie.,

al = —%, as = %, as = —%. By Theorem 10 we get
2
1 1 a?—ay Inn LK 1 (af—a2)” In’n
" ar n a$ n2 n2 a3 n3
(a% - az) (a% —ag — 2a§K) Inn
a3 n3

2a§‘K2—2a:{’ (a%—ag)K+a‘{—a%a2+2a1a3—2a% 1 <1>

2a3 03 n3
2 2
ai —a ai —a

We have a% —ag = —%2, 1@3 2 = %, w = —%, ail —G%az + 2a1a3 —

1 1

2 1 2 2 3 SK—1 ) 40 3 (2

2a5 = 147 (al — ag) (a1 —az — 2a1K) = 2a7K* —2ay (al — ag) K

18K* — 3K +1
+af —a2as +2a1a3 — 243 = Taa * , and therefore we get the stated
evaluation. O

In the end we refine the asymptotic evaluation for the logistic map.
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Corollary 12. Let (zy)n>1 be the sequence defined by 1 € (0,1) and xy41 =
Ty, — a2 for allm > 1. Then there exists K € R such that

1 Inn 1 In’n Inn 2K?+2K+1 1 1
R R A T R (m) :
Proof. We apply Theorem 10 for the function g : [0,1) = R, g (z) =  — 22
with a1 = —1, as = a3 = 0. O
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Abstract. The 17th South Eastern European Mathematical Olympiad for
University Students (SEEMOUS 2023) took place on March 7-12, 2023,
in Struga, North Macedonia. We present the competition problems and
their solutions, as given by the authors, or in the line of the official ones.
Alternative solutions provided by members of the jury or by contestants
are also included.
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This year’s competition was hosted between March 7-12, 2023, in Struga
by the Union of Mathematicians of Macedonia and the Faculty of Natural
Sciences and Mathematics, Ss. Cyril and Methodius University in Skopje.
The number of students that participated in the contest was 85, representing
24 universities from Albania, Bulgaria, Greece, North Macedonia, Romania,
and Turkmenistan. The jury awarded 10 gold medals, 21 silver medals and
30 bronze medals. The student Mario—Cosmin Dragut from University of
Bucharest, Romania, was the absolute winner of the competition, being the
only contestant that obtained full marks to all four problems.

We present the problems from the contest and their solutions as given
by the corresponding authors, together with alternative solutions provided
by members of the jury or by the contestants.

Problem 1. Prove that if A and B are n X n square matrices with complex
entries satisfying

A= AB - BA+ A’B—2ABA+ BA? + A’>BA — ABA?,
then det (A) = 0.

Kkk

Authors’ solution. Let k£ be an arbitrary positive integer. By multiplying
the previous equality with A*~!, we obtain

AfF = AFB — AF1BA 4 AMTIB 24 BA + A 1BA% 4 AFHIBA - AFB A2,

Taking the trace and considering that Tr (M N) = Tr (N M), for all M, N €
M,, (C), we deduce

()< ) (00 ) (008) ().
_ o,+ T ((441B) A7) 4 ((441B) 4) - T ((44B) 2°)

Therefore, we proved that Tr (Ak) = ( for any positive integer k, which
implies (see [3], p. 144) that the matrix A is nilpotent, so det (4) = 0.

Alternative solution. Suppose on the contrary that det(A) # 0. By
multiplying on the left the equality from the statement with A~!, we obtain

I,=B—A"'BA+ AB —2BA+ A"'BA?> + ABA — BA®.

As in the previous solution, taking the trace and considering that Tr (M N) =
Tr (NM), for all M, N € M,, (C), we deduce

Tr(I,) = Tr(B)-Tr((A'B)A)+Tr(AB) — 2Tr (BA)
+Tr (A" (BA?%)) 4+ Tr (A (BA)) — Tr (BA?)
= 0,
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which is a contradiction. Hence det (4) = 0.

Second alternative solution. The following solution was given by Carol-
Luca Gasan and Horia Mercan, from University Politehnica of Bucharest
(contestants).

Let us consider the linear operator Ay : M, (C) — M, (C), with
A4 (X)=AX — XA. With this notation, the equality in the statement can
be rewritten

A=AL(B)+AA(AB) — Ay (BA) + Ax (ABA),

so A= Ay(B+AB— BA+ ABA). As an obvious consequence, the ma-
trix A commute with the matrix Ay (B + AB — BA+ ABA). Therefore,
considering Jacobson’s Lemma (see [1], p. 126), we obtain that the matrix
Aj(B+ AB — BA+ ABA) is nilpotent, that is, the matrix A is nilpotent,
and the conclusion follows immediately.

Problem 2. For the sequence
1 1 1

S, = + Fo o ——,
" Vn2 12 n? t 22 Vn? +n?

s (i (14v2) - 8) - e )

find

$kk

Author’s solution. Observe that, if f is a C? function on [0, 1], by Taylor
formula, we can write

k k—1
[ dw—Z/ s Z( ()= (7))
1 ., (k=1 1,
k=1
where F' is an antiderivative of f and ¢, € (%, %
£

2 () -ax (5) -

([ o 5(2)

Z ( < 1) + #f” (Ck,n)> + (f(0) = f(1)). (1)

) Moreover,

hence
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Furthermore, also by Taylor formula,

r-ro=3(s(z) -/ (7))
_ kZ:l (27 (A20) + o o)) 2)

with di, € (21, £) . By combining relations (1) and (2), we obtain

n(n(/olf@)dmiif@))ﬂoim)

which converges to

/ F(x) da — - / e 5 ()7 0).

#
V1+a?

/0 f@)de=1n(1+V2),

1 — k
= - f N
2 (3)
fO0)—f(1) 1
2 2v2(v2+1)’

i.e., the requested limit can be obtained by the procedure described before.
Therefore, the result is

In the particular case of f (z) we obtain that

Ly (0) = —
(0= O) = 5

Remark. This problem is closely related to a well-known result (see [2], p.
7), stating that if f is a C'* function on [0, 1], then

J;ngo”< () /f )f(l);f(()),
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whose proof uses the Taylor expansion on each interval [%, %] for an anti-
derivative of f. So, the idea and the path of the proof described before should
naturally have been visible, and for this reason the problem was considered
to be of easy to medium difficulty. The presented proof follows the author’s
official solution, but tries to better emphasize the natural way to solve the
problem.

Problem 3. Prove that: if A is n X n square matriz with complex entries
such that A+ A* = A?A*, then A = A*. (For any matriz M, denote by

M* = Mt, the conjugate transpose of M.)

Mihai Opincariu, Avram lancu National College, Brad, Romania
Vasile Pop, Technical University of Cluj-Napoca, Romania

Authors’ solution. We will show first that the matrix A is normal, i.e.,
AA* = A*A. The equality A + A* = A2A* leads to

A= (A*-1,) A, (3)
wherefrom A+ 1, = (A—1,)(A+1,) A*+ I,, so
(A-L)[(A+1,)A" —=I,)=1I1, and (A+1,)[l,—(A—1,) A" =1I,,

relations that imply that the matrices A — I,, and A+ I, are invertible. Then
A? — I, is also invertible and by (3) it follows that A* = (A2 — In)_l A. On

the other hand, using the Cayley—Hamilton theorem, we get that (A2 - In) !
is a polynomial of A% — I,,, hence a polynomial of A, so AA* = A*A.

Since the matrix A is normal, it is unitarily diagonalizable, that is,
there exists an unitary matrix U € M, (C) and a diagonal matrix D =
diag (M1, ..., \n) such that A = UDU*. Then A* = UDU*, which, due to
the equality in the statement, leads to D + D = D?D, from where we find
that \; + A; = A?)\;, for all i € T,n. Then 2Re (\;) = \; |)\i\2, so \; € R, for
all i € 1,n, hence D = D and the conclusion follows immediately.

Alternative solution. The following solution was given by George—Viad
Manolache and Horia Mercan, from University Politehnica of Bucharest (con-
testants).

By multiplying on the right with A*, the equality in the statement
implies that AA* + (A*)? = A2 (A*)?, so the conjugate transposes of the
matrices in the two members of the previous equality are also equal, that
is, AA* + A? = A? (A*)Q7 hence A% = (AQ)*. By multiplying on the left
with A*, the equality in the statement implies that A*A + (A*)2 = A*A2A*
and, considering that A? = (Az)*, we obtain that A*A 4 (4*)% = (A*)* =
A% (A*)? = AA* 4 (A*)% so A*A = AA*, which means that the matrix A is
normal.

As in the previous solution, there exists an unitary matrix U € M,, (C)
and a diagonal matrix D = diag (A1,...,A,) such that A = UDU*. From
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A? = (AQ)* we obtain that D? = (D2)*, that is )\? = )TZZ, SO )\ZZ € R, for all
1€ 1,n.

Considering that A% = (Az)*, the equality in the statement also implies
that A+ A* = (A%)%, s0 (A + A*)* = A3, that is A+ A* = A3, which means
that A3 = (4%)". Thus D3 = (D?)", that is A} = \J, so A} € R, for all
1€ 1, n.

Taking into account those established in the last two paragraphs, we
obtain that \; € R, for all i € 1,n, and, as in the previous solution, the
conclusion follows immediately.

Second alternative solution. The following solution of the fact that the
matriz A is normal was given by Carol-Luca Gasan, from University Po-
litehnica of Bucharest (contestant).

It can be shown (for example, as in the previous solution) that A% =
(A*)2. According to Schur’s Triangularization Theorem (see [1], p. 101),
there exists an unitary matrix U € M,, (C) and an upper triangular matrix
T € M, (C) such that A = UTU*. It immediately follows that T2 = (T*)?.
On the other hand, the equality in the statement implies that 7 +7* = T2T"*,
so T = (T*)*> — T*, which means that the matrix T is normal. Since T is
an upper triangular matrix, it follows (see [1], p. 132) that T' is a diagonal
matrix and the conclusion is obvious.

Third alternative solution. The following solution of the fact that the ma-
triz A is normal was given by Alezandru—Constantin Ariton, from University
Politehnica of Bucharest (contestant).

The equality in the statement implies that (A + A*)* = (AQA*)*, SO
A+ A* = A(A*)?. Tt follows that A2A* = A (A*)2

By multiplying on the right with A, the equality in the statement implies
that A2 + A*A = A2A* A. By multiplying on the left with A, the equality in
the statement implies that A% + AA* = A3A*. Subtracting the last equality
from the previous one, we obtain that A*A — AA* = A% (A*A — AA¥).

Suppose on the contrary that there exists A # 0, eigenvalue of the
matrix A*A — AA*, and x # 0, a corresponding eigenvector. That is,
(A*A — AA*)x = Ax, wherefrom we obtain that A% (4*A — AA*)x = )\x,
so M?x = Ax. Hence A%’x = x, which means that w = 1 is an eigenvalue
of the matrix A2, so w = 1 is also an eigenvalue of the matrix (A4*)?. Hence
there exists y # 0 such that (A*)2 y=y.

On the other hand, the equality A + A* = A (A*)2 implies that Ay +
Ary = A(A*)2 y. Then Ay + A*y = Ay, so A*y = 0. As an immediate
consequence, we obtain that y = (A*)zy = 0, which is a contradiction.
Hence, all the eigenvalues of the self-adjoint matrix A*A — AA* are equal to
zero, which means that A*A — AA* = O, that is, the matrix A is normal.
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Problem 4. Let f : R — R be a continuous, strictly decreasing function
such that f ([0,1]) C [0,1].

(a) For all n € N*, prove that there exists a unique a, € (0,1), solution
of the equation

f ) =" (4)

Moreover, if (ay) is the sequence defined as above, prove that lim a, = 1.
n—oo

(b) Suppose f is C* with f (1) =0 and f' (1) < 0. For any x € R, we
define

1
F(a:):/ F(t) dt.

Study the convergence of the series Z (F (ay))®, with a € R.

n=1
Radu Strugariu, Gheorghe Asachi Technical University of Iagi, Romania

Author’s solution. (a) Consider the continuous function g : [0,1] — R
given by g (z) = f (x) — 2™, and observe that ¢ (0) = f(0) > 0, and g (1) =
f(1)—1<0. It follows the existence of a,, € (0, 1) such that g (a,) = 0. For
uniqueness, observe that if would exist two solutions of the equation (4), say
an < by, we would obtain

flan) > f(bn) < ap > b < an > by,

a contradiction.
We prove that the sequence (a,,) is strictly increasing. If it would exist
n € N* such that a,, > a,+1, we would obtain that

flan) < f(ant1) & ap < ap7] < apyy,

since f is strictly decreasing and a,41 € (0,1). It follows that a, < ant1,
a contradiction. Hence, (ay) is strictly increasing and bounded above by 1,
so it converges to ¢ € (0,1]. Suppose, by contradiction, that ¢ < 1. Since
f(an) = al* for any n, using the continuity of f it follows that f(¢) = 0
for ¢ < 1, contradicting the fact that f is strictly decreasing with f (1) > 0.

Hence, lim a, = 1.
n—oo

(b) Observe that F is well-defined, of class C?, with F (1) = 0, F’ (x) =
—f(x)=F'(1) =0, F"(x) = —f'(x) = F" (1) > 0. Moreover, notice that
F (z) > 0on[0,1). Using the Taylor formula on the interval [a,, 1], it follows
that for any n, there exist ¢,,d, € (an, 1) such that

(o) = P () + P (1) (0= 1)+ = = 17 = S0 o -1
£lan) = £ (0 + f (dn) (@ = 1) = £ (dn) (@~ 1). )
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Hence, since ¢, — 1 and F is C?, we obtain

(1—a,)?® 2

li = € (0, ,
M Fay P <O
so, due to the comparison test,
[o.¢] o
Z (F (an))® ~ (1- an>2a .
n=1 n=1
But
. o . (an - 1)
) = M S (e -y
— — lim Ina® = — lim In f (an) = —In ( lim f(an)) = 0.
n—oo n—oo n—oo

It follows that Z (1 — ay,) diverges and, furthermore, Z (1 — an)*™ diverges

n=1 n=1

for any 2a < 1.
Remark that

n(1l—ay) _ (an —1) - nlnay, _ (an — 1)
—In f (an) In(l1+(a,—1)) —Inf(ay,) In(1+ (ap,—1))

Next, consider arbitrary v € (0,1). Using (5) and the fact that d, — 1,
we obtain

lim n” (1 - a") = lim [n (1 - an)]'y : (1 - a/n)li’y

— 1.

1

1=y
N _ Y. |l flan)
=Ty A (e e e
Observe that
7

—In f(a,) = o0 and mll)ngom:(),

hence lim n? (1 —ay,) = 0. So, if & > 3, we obtain that there exists ¢ > 0
n—oo

such that 2a > 1+ ¢, hence for v := L& < 1, we get

- 2a
lim n?*7 (1 — an)zo‘ = lim n(1*+9) (1-— an)QO‘ =0.

n—oo n—oo

o
Using the comparison test, it follows that the series Z (1-— an)Qa converges.

n=1

o0
In conclusion, the series Z (F (an))® converges iff a > 3.

n=1
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MATHEMATICAL NOTES

A series involving a product of three consecutive harmonic
numbers

Ovipiu Furpur!), ALINA SINTAMARIAN?

Abstract. In this paper we calculate the following remarkable series

> %, where H, denotes the nth harmonic number. We

prove that this series equals a rational linear combination of ((2), {(3),
and ¢(4).

Keywords: Harmonic series, product of harmonic numbers, Euler’s series,
Goldbach’s series, Riemann zeta function values.

MSC: 40A05, 40C99

1. INTRODUCTION AND THE MAIN RESULT

Han+lHn+2

At 12) where

oo
In this paper we calculate the remarkable series »
n=1

H, =1+ % 4+ -4 % denotes the nth harmonic number. This paper is
motivated by the following series formula (see [1]) involving the product of

two consecutive harmonic numbers
o0

}{n}Jn+1
n=1
We extend this result by calculating the corresponding series involving the
product of consecutive harmonic numbers H,,, H,+1 and Hj 2.
The main result of this paper, which answers to an open problem posed
in [3, pag. 119], is the following theorem.

Theorem 1. The following identity holds

[e.e]

}{n}¥n+1}¥n+2 . 1 5 5
> = 3¢+ 1¢(3) + 5C4).

nn+1)(n+2)
Before we prove the theorem we compile the following lemma.

Lemma 2. An FEuler and a Goldbach series
The following identities hold:

(@) 3T = 2(3);
n=1

1>Departmen‘c of Mathematics, Technical University of Cluj-Napoca, Romania,
Ovidiu.Furdui@math.utcluj.ro

2>Department of Mathematics, Technical University of Cluj-Napoca, Romania,
Alina.Sintamarian@math.utcluj.ro
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) 3 =P,
n=1

Proof. A proof of the lemma can be found in [3, pp. 238-240]. The two
parts of the lemma also appear as problems 3.55 and 3.58 in [2]. We mention
that the series in part (a) is due to Euler and the sum in part (b) is due to
Goldbach, and thus we correct the statement of problem 3.58 in [2], where

the problem is wrongly attributed to Klamkin. O
Proof. (Proof of Theorem 1.) Let z, = % We calculate the series

> o2 xn by showing that it telescopes. We have

Han+lHn+2 o Han+lHn+2 < 1 . 1 )
nn+1)(n+2) 2 nn+1) (n+1)(n+2)
- 1 Han+1Hn+2 Hn+1Hn+2 1 1 1
_2[ n(n+1) _(n+1)(n+2)< nJrs_n—i—l_n—i—2_n—i—3)]
o 1 (Han+1Hn+2 _ Hn+1Hn+2Hn+3)

2 n(n+1) (n+1)(n+2)

—l—l < Hy 1 Hyypo Hyp1Hyyo Hy 1Hyyo )

2\(n+1)2?(n+2) (m+1)n+2)? m+1)n+2)(n+3))

We calculate

Hn+1Hn+2 Hn+1Hn+2
(m+12(n+2) ' (n+1)(n+2)?

1 1
= Hpi1Hpio <(n+ 1)? - (n + 1)(n+2)>

1 1
H, o H _
+ ”+2<(n+1)(n+2) (n+2)2>
_ Hn+1Hn+2 _ Hn+1Hn+2

(12 (n+2p
Hopr (Hur +555)  (Hove = 55) Hovo

(n+1)2 (n+2)2
_ H721+1 _ H721+2 + Hn+1 Hn+2
n+1)2 (n+2)?2 n+1)2n+2) (n+2)3
_ Hg—i-l _ H72L+2 Hpo H 1 _ 1
m+1)2 (m+22 m+23 "\ mrD2 m+Dn+2)

_ Hi.,  Hi, Hppo n Hpi1 g 1
m+12 m+22 n+22 m+12 "'\ntl n+2
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_ Hy,  Hpp, N Hyto Hpy1 [ Hpp1  Hot2 — =
n+1)2 (n+2)?2 (n+2)3 (n+1)? n+1 n+2
_ Hy _ Hy o Hypo Hppi (Hupr Hpyo
m+1)2 (n+2)?2 nm+2?3 (+1)? n+1l n+2
1
(2
Now we calculate
Hn+1Hn+2 _ Hn+1Hn+2 ( 1 _ 1 >
(n+1)(n+2)(n+3) 2 m+1)(n+2) (n+2)(n+3)
1 1
1| HupiHagr Hyto (Hn+3 — gz T+3)
2| (n+1)(n+2) (n+2)(n+3)
_ 1 ( Hn+1Hn+2 . Hn+2Hn+3
2\(n+1)(n+2) (n+2)(n+3)
N Hypo n Hpo )
(n+2)2n+3) (n+2)(n+3)?)
(2)
We have
Hyto H, o 1 1
5 + 5 = Hnt2 5 —
n+2)2mn+3) (n+2)(n+3) (n+2) (n+2)(n+3)

1 1
+ Hnvz <(n—|—2)(n+3) B (n+3)2)

_ Hn+2 . Hn+2
(n+2)2  (n+3)?
Hpo Hyys 1

T ht22 3?2 a3

3)

Combining (2) and (3) we have that

Hn+1Hn+2
(n+1)(n+2)(n+3)
1 Hn+1Hn+2 Hn+2Hn+3 Hn+2 Hn+3 1

2+ 1D)(n+2) (n+2)(n+3) (n+2)2 (n+3)2 (n+3)3]°

It follows that
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HyHy1Hpqo Hn+1Hn+2Hn+3>
n(n+1) (n+1)(n+2)

Hpy1Hpyo  HpyoHngs >
m+1)(n+2) (n+2)(n+3)

HY H Hpq Hy o
(n+1)2  (n+2)2 2(n+1)2  2(n+2)3

Hpy1 Hpy2) 1
2(n+2)?

(
((f 122)2 - (nH f;)?) i i K
(
(

n+l n+2
This implies, based on Lemma 2, that

i HyHy1 Hoyo 1 HiHyHz 1 HyHz 1
nin+1)(n+2) 2 2 4 6 4

and the theorem is proved. O

Motivated by formula (1) and by Theorem 1 we conjecture that, if & > 1
is an integer, then

. H,Hn.1---H,
Z ’I’L(TL + ;31. . (n _:_Z,) = ak,2<(2) + ak73g(3) + -+ ak7k+2<(k + 2),

where a4, i = 2,...,k + 2, are rational numbers.
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of November 2023.

PROPOSED PROBLEMS

536. Let p be a prime number, I, the field with p elements, and n > 1 an
integer. If f € F,[X] is the polynomial X? — X € [F,[X] composed with itself
n times, determine the splitting field of f over IF,,.

Proposed by Tudor P&isanu, Ecole Polytechnique, Paris, France.

537. Let A, B € M,(C) be such that A2 = A and B? = B.
Prove that
Im(AB — BA) =Im(A+ B —I,) NIm(A — B),
where Im M = {MX | X € M, 1(C)} for every M € M, (C).

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania.

538. Let n > 1 be an integer and let ai,...,a2, € Z be pairwise distinct.

Prove that )
2n 2n
9 n(n+1)(2n+1)
E a; + E a; | = .
i=1 (i:l ) 3

When do we have equality?

Proposed by Leonard Giugiuc, Traian National College, Drobeta-
Turnu Severin, Romania.

539. Let n > 1 be an integer and let X = {1,...,n}. We denote by Fx
the set of all functions f : X — X and by Sx the symmetric group on X,
i.e. the set of all permutations on X. If f,g € Fx, we say that f and g are
conjugate and we write f ~ g if there is o € Sx such that ¢ = o fo~ L.

Let Mx be the set of all f € Fx such that for every () # Y C X with
f(Y) CY we have f(Y) = f(X).

(i) Prove that if f € Mx and g ~ f then g € Mx.

(ii) Prove that |[Mx/ ~ | = lzdln o(d) 274 — 1.
n

Proposed by Constantin-Nicolae Beli, IMAR, Bucharest,
Romania.
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540. For any matrix M, denote M* = M' the transpose conjugate of M.
Let A, B € M,,(C) be such that A*B = O,,. Prove that
rank (A*A+ B*B) < rank (AA* + BB").

Proposed by Mihai Opincariu, Brad, Romania, and Vasile Pop,
Technical University of Cluj-Napoca, Romania.

541. Calculate

i Han+1
2o (2n+1)(2n+3)

where H, =1 + % + -4 % denotes the nth harmonic number.

Proposed by Ovidiu Furdui and Alina Sintamdrian, Technical
University of Cluj-Napoca, Romania.

542. Let n > 2 be an integer and let f : R™ — R given by f(z1,...,2,) =0
if (x1,...,25) =(0,...,0) and

5 x%. . .x4
[y, an) = = = 5 ° 5 5
xf---xd + (vg — 21)? 4 (13 —21)2 + - 4 (2 — 21)
otherwise.
Prove that:

(i) f is continuous at (0,...,0).

(ii) f is Fréchet differentiable at (0,...,0) if and only if n > 8.

Proposed by Dumitru Popa, Department of Mathematics, Ovidius
University of Constanta, Romania.
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SOLUTIONS

521. Prove that

p 2\i+7j . .
—4 J 1 1
lim ZW(?ﬂ)(?ﬂ):m( +a> Va € (0,1).
p—>ooij:02l—|—2j—|-1 p—i)\p—7J 4a 1—a

Proposed by Florin Stanescu, Serban Cioculescu School, Gaesti,

Dambovita, Romania.

Solution by the author. We denote our sum by Sp(a). Then

S =2 [130 (st GBI G5

i,j=0
2
1o : '
= / > (—4a?) (p N Z) dz.
“Jo \i=o p—t
We make the change of index k = p — ¢ and we get

P (p+i L 2p — k
R R D
=0 p—t i=0 k

where U, is the Chebyshev polynomial of the second kind, which is defined

by the relation U, (cos 6) sin @ = sin(n+1)# for all § € R, and writes explicitly
as

[n/2]
o) = Y- (-0 (" ) a2

k=0
Hence Sp(a) = L [ Uz, dx. We put I, = [ Uz(z)dz and make the

=1 2
substitution x = cosu. Since sin(n + 1)u = sinulU,(cosu), we get

¢ /2 302 1
In:/ Uﬁ(cosu)(—sinu)du:/ wdu’
ﬂ- 6

/2 sinu
where 8 = arccosu. We have Iy = f;/ % sinudu = cosu and for n > 1 it holds

1 1
2 = 5(1 —cos2(n+1)u) — 5(1 — cos 2nu)

sin?(n + 1)u — sin
= sinwusin(2n + 1)u,

so we obtain

T2 32 1) — sin2 /2
Iy~ I 1 — / sin"(n + Du = sinnu, / sin(2n + 1)udu
0 0

sin u

cos(2n +1)6
2n+1
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It follows that

cos 30 cos(2n +1)6
In=1Io+ (IL = Do)+ 4 (In = In-1) = cosf + ——+ - én+1)
cos 26 cos(2n+1)f  cos26  cos46 cos 2nd
= cosf + + e — — cee— i
2n+1 2 4 2n

k
By using the formula Z cos

k>1

=—1In (2sin %), we get

0 1 1 0 1
lim I, = —In (2 sin 2) + §ln(2 sinf) = —§ln <4$ilr12 ) +3 In(4sin? 0)

n—00 2

= 5 (21— cos0)) + { (4(1 — cos*6)) = ;In <4<1—‘?0529>)

4 4(1 — cos 6)?
_11 1+ cosf _11 1+a
1M\ I —cost) "1 \1=4)-

It follows that

1 1 1
lim Sp(a) = lim —Ip, = ln< + a) .
a

Editor’s note. One may write U? in terms of the first Chebyshev polyno-

mials of the first kind as U2(z) = m This follows from the fact
that
U2(cosf) = sin?((n + 1)) /sin? 0 = (1 — cos(2n + 2)0)/2sin* 4
1 —T5,42(cosb)
2(1 — cos? 6)
We get

a 1 a 1 1 aT4+2(.%')
Sp(a)= [ Ud(x)dz == [ ————cdo—— [ —=4d
b(@) /0 2p(7)de a/o 2(1 — 22) v a/o 2(1 — x2) o
1 1+a 1 aT4p+2(x)
= —In( %) -2 [ 82 g
4an(1—a) a/o 21 — 22) "

To complete the proof, we show that lim,, f o Tn(z )d:v = 0. We have

/ T, (x) dac:/ cos(narccosx)dml
0 0

1— 22 1— 22

sin(narccosx). Then f'(z) =
1
ny1—x2"

We use integration by parts. Let f( )

n cos(n arccos x)

_mcos(narccosm), SO g5 f( )g(z), with g(z) = —
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Since ¢'(z) = 22v/1 — 22, we get

/ @ cos(n arccos ) sin(n arccos x) |*
SR ATN qp = - AT
0 1- ‘,Z:2 ny 1-— $2 0

a
4
— [ —xv/1—22sin(narccos x)dz.
o n

To conclude the proof, we show that if a,, and b, are the two terms in the
right side of the above formula, then lim,, .o a, = lim,_ ., b, = 0. We have

lan]| < sin(n arccos x) sin(nm/2) 1 n 1
a )
S W s no | Sawi@

which proves that lim,,_, o a, = 0, and

a

4

b | < / —xv/1 — 2?2 sin(n arccos x)
o |

4 a

= x/ V1 — z2dzx,

nJo

whence the conclusion that lim,,_,o a, = 0.

@4
d$§/ —zv1—22dz
o n

We encounter essentially this approach in a solution we received from
G. C. Greubel, from Newport News, VA, USA. Instead of Chebyshev poly-
nomials, he uses the Fibonacci and Lucas polynomials F, and L,, which
are related to the Chebyshev polynomials of the first and second kind by
F(z) =i"'U,_1(—ixz/2) and L,(x) = 2i"T}(—iz/2).
He starts by writing
2

1 2a p p+j ' ) 1 2a .
Sy = 2@/0 Z <p - j) (ix)% | dz = QCL/O F22p+1(zx)dx.
7=0

Loy (z) —2(—1)"

2 _
Then he uses the formula Fj(z) = 2T

to get F22p+1(ia:) =

Lypio —2

> 1 (Note that Lypi2 is an even function.) This gives
22 _

1 [2% Lyyya(it) 4y L /2a dx
0

2 J, a22—4 Ca x?—4

1 [ Lypia(it) 1 l+a
= [ 22 r 4+ —1 .
2a Jo x2—4 x+4a ®\1 4

From here he noticed that Laj,2(ix) = —Tpi2(2/2), but he failed to provide
a correct proof of the fact that

1 M Lyli) 1 [ Ty()2)

Hence his proof is incomplete.
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522. Evaluate the integral

/OO log (1 + xlo)
0

1+ 22 v

Proposed by Sean M. Stewart, King Abdullah University of Science
and Technology (KAUST), Saudi Arabia.

Solution by the author. Denote the integral to be found by I. We claim
I = 7log(10 + 4V/5).
Consider the parametric integral

0 | 10

J(a):/ Og<ai+§>dx, 00
0 1 +x

Observe that

1+ a2
a result that can be readily seen on enforcing a substitution of x — 1/x,
which proves that J(0) = —J(0). The value for the desired integral we seek
is J(1). Differentiating with respect to the parameter a we have

J(0) = 10 /OO log() 4, o,
0

> dzx
J'(a) =
(a) /0 1+ 22)(a + 210)’
or
J'(a) = 1 /oo da?Q_ 1 /"Oazg—xG—i-x‘ll—xz—i—ldm’
a—1J)y 1+22 a-1) a+ x10

after a partial fraction decomposition has been applied to the integrand. The
first of the integrals appearing to the right of the equality is elementary. It
has a value equal to 7/2. The second integral can be written as a linear com-
bination of fooo af% dz for n = 8,6,4,2,0. These integrals can be written
in terms of the beta function,

o] tx—l
B = ——dt 0
([E,y) /0 (1 +t)m+y , X,y >0,

which satisfies B(z,y) = I'(z)I'(y)/T'(x + y), where I'(-) denotes the gamma
function.

We make the substitution ay = z'°, i.e. z = (ay)'/1?, and we get
oo n oo ,n/10,mn/10 . o _n=9
/ Lwdx = / %al/loy—g/mdy _ amg/ Yy~ 10 d
0o atx 0 a+ay y 1ty

n—9 n+1l 9—n 7ra"1;9
—q 10 B , _ .
10 10 sin%

Here we used the fact that I'(1) = 1 and the Euler’s reflection formula to get
B(z,1—2)=T(z)I(1—-2)/I'(1) =TIl -z2) ="

sinmz*
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By plugging n = 8,4, 2,0 in the formula above, we get

/ /2 - q—1/10 q—3/10 a-1/2 q—7/10
J'(a) = + : - = + = — =
a—1 10(a—1) \ sin97/10 sin77/10 sinw/2  sin37/10
q—9/10
+ sinm/10 )
But
1 1 1 1
— = 5 1 = = == 5 - ]. =
sin7/10  sin97/10 Vit “ sin 37/10  sin77/10 V5 b,
SO
J(a) = 10(;— ¥ (5— aa~1/10 4 Ba3/10 _ =12 4 gq=T/10 _ q=9/10),

We make the substitution @ = u!° in the integral J(1) = fol J'(a)da
and we get

210 1 dz. (4)

Over R the denominator u'® — 1 decomposes into the factors u—1, u+1
and u? —2cos fu + 1, with § = 7/5, 2r/5, 37/5 and 47 /5. But the cosines of

these numbers are #, i.e. +a/4 and £/5/4. Hence we have the factors
w?+£9u+1=1(2u’+tau+2) and u2igu+1 = 2(2u® £ Bu+2). It turns out
that in the fraction above the factors u—1, 3(2u® —au+2) and 3(2u®—Bu+2)
simplify and we get the following partial fraction decomposition
5u’ — au® + Bub — ut + pu? — o 1 du+ « du + 3

wld —1 :u+1+2u2+au+2+2x2+ﬂu+2'
Then our integral becomes

1 1 1
du du+ « du +
J(1) = —d —d
(1) 7T/O u—|—1+7r/0 2u? + au + 2 u—|—7r/0 2u? + Bu + 2 “

= 7 [log(u + 1) + log (2u2 + au + 2) + log (2u2 +6u+2)](1)
— rlog <(5+\/5)(3+\/g)> — rlog (1o+4\/5),

J(1):7r/l 5u — aud + Bub — ut + pu® — a
0

2

as announced. O

Solution by Constantin-Nicolae Beli, IMAR, Bucharest. We denote by

I our integral. Since the real map z — logﬁ%w) is even, we have
] 1 10
/ Uk S
oo 14z

To evaluate this integral we will use complex contour integration.
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We have 1+ 2'% =], 4(z — A), where A C C is the set of roots of the
polynomial X1 41, A = {Fm/10 | k odd}. We write A = A, U A_, where
A, and A_ are the roots of X'° + 1 in the upper and lower half-plane in C,
respectively. We have

Ay ={e” | = +7/10, £37/10, £57/10, 77 /10, £97/10}.

(Here the & sign from Ay is the same as the + signs for the values of 6.)
Note that A — X is a bijection from A_ to A so for every x € R we

have
H@:A)‘: I[[@-Na-X= ] l=-A>

A€A AEA_ A€A_

(We have |z — A| = |z — A|.) Hence log(1+z'%) =23",_, log|z — A|.

We now denote by log : C\ (—00,0] — C the principal branch of the
logarithm. If z € C\ (—o0,0] then z writes uniquely as z = re?, with
r > 0and 0 € (—7/2,7/2) and log(z) is defined as log(z) = log(r) + 6.
Moreover 6 will be called the argument of z and denoted arg(z) = 6. Note
that Rlog(z) = log(r) = log |z|.

We now define the function

fe) = g 3 los(z = ).

2
1+2 AEA_

1+2"0 =142 =

Note that each function log(z—\) is defined everywhere except on (—oo, 0]+,
which is the horizontal half-line to the left of A. In particular, log(z — \) is
defined in the half-plane {z € C | Imz > Im A}. Since the imaginary parts
of the elements A € A_ are —sin7/10, —sin37/10,...,—sin97/10 and the
largest of these imaginary parts is — sin 7/10, the function f is defined on the
half-plane {z € C | Imz > —sin7/10}, which contains the upper half-plane
{z € C|Imz > 0}.
Now for z € R we have

Rf(z) = 1_322 ZA Rlog(z — N)
A€A_

2
= log |z — Al
2 Z &
142 A€A_

1 10

It follows that - -
21 :/ Rf(z)dz = ﬂ%/ f(z)dz.

Let R > 0. We consider the closed contour made of the interval [—R, R]
and the semicircle Cr of diameter [—R, R] in the upper half-plane. The only
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singularity of f in this domain is at ¢ and this singularity is simple. We have
. . 2
Res—i(f) = lim (=) /(=) = ( — > log<z—A>> =37 tog(i-A
AEA_ z=t AEA
It follows that

/R f(z)dz + f(2)dz = 2mi Res,—;(f) = 2w Z log(i — A
—-R Cr

A€A_

When we take the real parts in both sides, since Rlog(z) = log |z|, we get

R
%/_Rf( )dz + R f( z-27erog\z—)\|

A€A_

We now take limits when R — oco. Let R > 0. If z € Cg, then for every
A€ A_ wehave [z] = Rand [\ =1,s0 1 < R—1<|z— A <R+ 1. Hence
0 <log|z—A| <log(R+1) and so |Rlog(z — )| = |log |z — A|| < log(R+1).
We also have |Imlog(z — \)| < , so |log(z — A)| < log(R+ 1) + 7. Since
|A_| =5, we get

’ Z log(z—/\)‘ < Z |log(z — A)| < 5(log(R+ 1) + ).

A€EA_ AEA_

We also have |1 + 22| > [22| -1 = R? — 1, so HZQ < R2 7- It follows that
1f(2)] < 5 - 5(log(R+1) +7) = w Vz € Cg. Since the length
of Cg is wR, this 1mphes that | [o f dz[ < IOWR(I‘E(RHH”). It follows
that imp_, oo fCR 2)dz = 0, which implies that limpg o, R fC z)dz = 0.

We also have limp_, oo §Rf_Rf 2)dz =R [%_ f(z)dz =21 Thus

21 +0=27 Z log|i —A|, whence I[=mn Z log |i — A
AEA_ AEA_

To evaluate |i — A|, we note that for every a, 8 € R we have
et — e = |el@tB)i/2| . |elamB)i/2 _ g=(a=B)i/2| — 1. |2jsin(a — ) /2]
= 2|sin(a — 3)/2].
In our case |i — A| = [e™/? — | = |2sin(w/4 — 0/2)], for A = —x/10,...,
—97/10. We get
Z log|i — A| = log H li — Al
AEA_ AEA_
= log |2° sin(37/10) sin(27/5) sin(7/2) sin(37/5) sin (77 /10)|.
But sin(7/2) = 1, sin(37/10) sin(77/10) = sin®*(37/10) = 5(1 —cos(37/5)) =
£(3+V/5) and sin(2r/5) sin(37/5) = sin?(2m/5) = £(1 — cos(4n/5)) = £(5+
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V/5). (Here we used the formulas cos(37/5) = — cos(27/5) = —_1%\/5 and
cos(4m/5) = *1%‘/5) We get

> logli— Al =log (2° - %(3 +/5) - é(5 +V5)) = log (%(20 +8V5))

AEA_
= log(10 + 4v/5),

which implies I = 7log(10 + 4+/5). O

523. Prove that
rank(A — ABA) —rank(B — BAB) = rank(A) — rank(B)
for all A, B € M,,(C).

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania and Mihai Opincariu, Avram Iancu National College, Brad,
Romania.

Solutions by the authors. First solution. This solution is based on the
observation that

Ker(A) C Im([,, — BA)
for all A, B € M,,(C). (If z € Ker(A), then x = v — BAz = (I, — BA)z, so
z € Im(I,, — BA).)
It follows that in the Sylvester inequality for A and I,, — BA we have

equality, i.e.

n — rank(A) = rank(l,, — BA) — rank(A(I,, — BA))

= rank(/,, — BA) —rank(A — ABA).

By symmetry,

n — rank(B) = rank([,, — AB) — rank(B — BAB) .

Since rank(l,, — BA) = rank([,, — AB) for all A, B € M,(C), the required
identity follows by subtracting termwise the previous two equalities. U

Second solution. Consider the block matrices

A— ABA On]7 N:{A O

Oy B O, B—-BAB

M:[ BA B

},and K:[A AB].

Since

rank(M) = rank(A — ABA) + rank(B)
and

rank(N) = rank(B — BAB) + rank(A),
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the required identity is equivalent to rank(M) = rank(N), which follows from
the representation L1 MRy = LoNRy = K, where

I, A 5, O [, O, _[1, B
e A A B R

are all non-singular matrices. ]

524. Determine all bijective and differentiable functions f : R — R, with
f(x) # 0 Vz € R, satisfying

fo)+ f <f§>

Proposed by Mircea Rus, Technical University of Cluj-Napoca,

— x> =1, forevery z € R.

Romania.

1
Solution by the author. Let g : R — R, g(x) = f(z) — 7 Then g is
bijective and differentiable, with ¢’ = f’ and

1

g —x ) =—g(x), foreveryz e R. 1

(57 ~7) = .

Let h : R — R be the inverse function of g. For every y € R if we take
z = h(y) in (1) we get

g (h’(y) — h(y)) = —y, foreveryyeR, (2)
1 1
as h is differentiable, with h'(y) = = . We apply h to (2) and
W)= 50) ~ 7@ ®
we get h'(y) — h(y) = h(-y), so
W(y) = h(y) + h(—y), for every y € R, (3)

from which we also get
B (—y) = h(—y) + h(y) = W' (y), for every y € R.
Hence,
(h(y) + h(=y))" = h'(y) = h'(-y) =0, for every y €R,

and so h(y) + h(—y) is a constant.
Then, by (3), we get that h’ is a constant, i.e. h(y) = ay + b, with
a,b € R and a # 0 (h is assumed bijective). After plugging h(y) = ay + b
into (3) we get a = 2b, so that h(y) = ay + % Vy € R and so g(z) = —x — 5
a
Vx € R. Consequently, f(x) = g, i.e. the functions f satisfying the required
a

properties are of the form

fe:R—=R, f(z)=cz, foreveryxzeR,
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where ¢ € R*. One verifies that each such function f. satisfies the required
properties. U

Editor’s note. We received a similar solution from Leonard Giugiuc,
except that he doesn’t consider the map g(x) = f(z) — 1/2 and its inverse
h = ¢g~!, but he takes h = f~!. Then the relation from the hypothesis
applied to z = h(y) yields f(h'(y) — h(y)) = 1 — y which, after applying
h, gives h'(y) = h(y) + h(1 — y). After substituting y — 1 — y one gets
(h(y) +h(1 —y)) = h'(y) = W' (1 —y) =0, s0 K (y) = h(y) + h(1 —y) is a
constant. It follows that h is affine and so is its inverse f. If f(x) = ax + b,
then, after plugging this into the original relation, one gets f(z) = ax, with
a € R*.

525. Let n > 4 be an integer and ay,...,a, be positive real numbers.
1 1
(i) Prove that if — + -4+ — <1, then
ai Qp
2 Z aia; —n*(n—1) >2(n —1)*(a1 + - + an — n?).
1<i<j<n

1 1 ‘—n+1
(ii) Prove that if —4---+ —>1and k= w, then
al Qp, (n—l)S

a%+...+ai—n32k‘ 2 Z aiaj_n3(n_1)
1<i<j<n

Proposed by Vasile Cirtoaje, Petroleum-Gas University of
Ploiesti, Romania and Leonard Giugiuc, Traian National College,
Drobeta-Turnu Severin, Romania.

Solution by the authors. (i) Let ai,...,a, > 0, with Y 1/a; < 1.
Put p = > % ;a; and ¢ = ), <jaiaj. These relations are equivalent to
S a; = pand Y.» a? = p*> — 2¢q. By The Equal Variables Theorem
applied to the map 6 — 1/6, i.e. Corollary 1.4 in [1], of all ¢y, ..., ¢, with
Yor ¢ =pand ZKJ. cicj = ¢, le. with > ;¢ =pand > c? = p? —2q,

the minimum of }_;" | 1/¢; is reached for (ci,...,¢,) = (z,...,z,y) for some

z,y with 0 < < y. In this case we have p = > ; ¢; = (n — 1)z + y and
—1)(n—-2

q=2;CC = (71)2(71)3:2 + (n — 1)zy. Hence the relation we want

to prove writes as
(n—1)(n—2)2* +2(n — L)zy —n’(n — 1) > 2(n — 1)*((n — L)z + y — n?),

that is,
(n—2)2” + 22y —n® > 2(n —1)((n — Dz +y — n?),
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or equivalently
20z —n+1)y+ (n—2)x? —2(n —1)%z +n?(n — 2) > 0.
The minimality property implies that (n —1)/z+1/y = > 1/¢; <
Siril/ap, =1. Then (n—1)/z < (n—1)/z+1/y <1,s0 x >n—1, ie.
zr—n+1>0. Also (n—1)/z+ 1/y <1 implies that y > Ll Since

r—n+
also y > x, we have

> ma x . 1 i n—1<az<n,
X ) = .
v= z—n+1 x if x>n.

When n — 1 < z < n, the inequality we want to prove follows from
Y 2> =1 and

T

2(x —n+1) + (n —2)z* = 2(n — 1)%z + n*(n — 2) >0,

z—n+1
which is equivalent to (n — 2)(z —n)? > 0. The equality holds when z = n
and y = 5 =n.

When x > n, the inequality we want to prove follows from y > x and

2 —n+ 1Dz + (n—2)2* —2(n —1)%z +n?(n —2) >0,

which is equivalent to n(x — n + 2)(x — n) > 0. Since x > n, we have strict
inequality, so the only case of equality is the one from the first case, i.e. for
(a1,y...,an) = (n,...,n).

(ii) We keep the notations p and ¢ from (i). We first prove the following
statement

Lemma 1. One of the following holds.

(a) There are unique 0 < y < zx such that (n — 1)z +y = p and
(n—1)(n—2)z% +2(n — ay = 2¢.

(b) There are by > --- > b,_; > 0 such that > ;b = p and
2icjbibj = q.

Proof. Our lemma states that there are 0 < ¢ < -+ < ¢, with
>izici = pand >, _;cic; = g such that (ci,...,¢cp) is either of the form
(x,...,x,y), for some unique 0 < y < z, or the form (by,...,b,_1,0), for

some by > --- > b,_1 > 0.

Again the relations Y " ;¢; = p and ),
>iici=pand 3L, ¢ =p* —2q.

For (a) let s = p/n, so that p = ns. Then the condition that (n —1)x +
y = p = ns with > y means that x = s+t and y = s — (n — 1)t for some
t > 0. The extra condition y > 0 means s > (n — 1)¢. And the condition
(n—1)2?+9? = p? —2q write as (n—1)(s +1)? + (s — (n—1)t)? = p*> —2q, i.e.
ns?4+n(n—1)t? = p>—2q. But ns = p, so after multiplying by n, the equation
becomes p? + n?(n — 1)t? = np? — 2nq, i.e. n?(n — 2 = (n — 1)p? — 2ng.

i<j CiCj = q are equivalent to
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Note that the inequality (3°1;a;)? < nd ., a? writes as p* < n(p® — 2¢),

1=1"1

i.e. (n—1)p? > 2ng. Thus there is a unique ¢ > 0 with this property, namely

‘o (n—1)p? — 2nq
B n?(n—1)
We still have to check the condition p/n = s > (n — 1)t, i.e. p > n(n — 1)t,
which is equivalent to p? > n?(n — 1)%2 > (n — 1)?p? — 2n(n — 1)q, i.e.

2(n —1)g > (n — 2)p*.

For (b) we look for (b1, ...,b,—1) of the type (y,x,...,z), with 0 < z <
y. Our conditions write as (n —2)z 4y = p and (n —2)z? +y? = p?> —2¢. We
denote u = p/(n—1), that is, p = (n—1)u. Then (n—2)x+y =p withz <y
is equivalent to x = u —v and y = u + (n — 2)v for some v > 0. The extra
condition x > 0 writes as u > v. By the reasoning from (a) applied with n, s, t
replaced by n — 1, u, —v, respectively, the second equation, (n — 2)x? 4 y? =
p? — 2q, is equivalent to (n — 1)%(n — 2)v? = (n — 2)p? — 2(n — 1)q. It has a
solution iff (n —2)p? —2(n — 1)g > 0, i.e. 2(n — 1)g < (n — 2)p?. Assuming
this happens, we have (n — 1)%(n — 2)v? = (n —2)p? —2(n — 1)g < (n — 2)p?,
which is equivalent to v < p/(n — 1) = u, so all conditions are fulfilled.

Hence if 2(n—1)g > (n—2)p? then (a) holds and if 2(n—1)q < (n—2)p?
then (b) holds. This concludes the proof of lemma. O

The relation we want to prove writes as (p? —2¢q) —n> > k(2q—n3(n— 1))
i.e. as

p? —2¢—n®—k(2¢ —n*(n—1)) =p* —n* — (k+1)(2¢ — n*(n — 1)) > 0.

Recall that in the case (a) of Lemma 1 we have p? —2¢ = (n — 1)2? + 3 and
in the case (b) we have p? — 2¢ = Z?;f b?. We now consider the two cases
of Lemma 1.

(a) We have p? — n* — (k +1)(2¢ — n3(n — 1)) = f(y), where f is a
quadratic polynomial in the variable Y with coefficients depending on z, viz.

fY)=m-1)2*4+Y%2=n3 —k((n—1)(n —2)2* 4+ 2(n — 1)zY
—n3(n—1))
=Y? - 2k(n—D)aY + (n —1)(1 — k(n —2))2* + (k(n — 1) — 1)n?.

Note that f is monic and the coefficient of Y is —2k(n — 1)z. It follows
that f is decreasing on (—oo,k(n—1)z]. But k(n—1) = ”;‘_"1;31 > 1, so that
k(n —1)x > x. Thus f is decreasing on (—oo, z]. Since y < x, we have

fy) = f(2) = (n— kn(n — 1))(a* —n?).

But k(n —1) > 1, s0 n — kn(n — 1) < 0. Hence, if z < n, then f(y) < 0 and
we are done.
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Assume now that © > n. By The Equal Variables Theorem applied to
the map 6 — 1/6, i.e. Corollary 1.4 in [1], of all ¢1,...,¢, with > ;¢ =p
and ), _.cic; = g, the maximum of > i, 1/¢; is reached for (ci,...,¢;) =
(x,...,z,y). This maximality property implies that (n — 1)/x + 1/y >

dimi1/ai > 1,80y < ;== < x. (We have z > n.) Since f is decreasing
on (—oo,x], we have that f(y) > f (%m) so it is enough to prove that

f(z) = 0, where z = .

Note that f can be rewritten as

(n—Dz+Y)2=n—(k+1D((n—-1)(n—-2)2°+2(n—1)2Y —n3(n - 1)).

Thus, in order to get f(z), we first compute
(n=Dz+2)?=nt=(n-1Dz+2z-n?)((n— 1Dz +2z+n?

_ (n—1)(z —n)? (n— 1)a? — 2nx —n?(n — 1)

z—n+1 z—n+1
With
$an2:$727n2: (x —n)(z —n(n —1))
r—n-+1 r—n4+1 )
we get
(n—2)x? + 22z —n® = (n — 2)(2® — n?) + 2(xz — n?)
—(m—n)((n—Z)(m+n)+2.m>
_ (n —2)2? + nx —n?(n —1)
e z—n+1
_ <$—n)2((n—2)$—|—n(n—1))'
r—n+1

Hence, since

n*—n n(n? — 2n
(k+1)(n—1)=(n—1) ((n_J?»l“> _nn"-2n+2)

we have

) = ((n=1Dz+2)° = n® = (k+1)(n—1)((n - 2)a® + 222z — n°)
(n—1)(z —n)?((n — 1)2? — 2nz — n*(n — 1))

(x—n+1)2
B n(n? — 2n + 2) ' (z —n)*((n—2)z +n(n—1))
(n—1)2 r—n+1
(z —n)?g(z)

(n—1)2(x —n+1)?’
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where

g(z) =2* = 2n(n — Dz +n*(n—1)* = (v —n(n — 1))2.

Thus f(y) > f(2) = (m(;’jf)(;(;ﬁ;”;ll))f > (0. The equality holds iff z = n
i.e. y =n or —2=, respectively.

orn(n—1)and y =2z = P

_ T
r—n+12

(b) We have (n —1) S0 07 > (3275 bi)*, Le. (n—1)(p* —2¢) > p”,
which implies that (n — 2)p? > 2(n — 1)q, so (n — 2)(p? — 2¢) > 2¢, i.e.
p*—2¢>-25q. But (n—2)(n? —n+1)=n3-3n? +3n -2 < (n—1)3, so
ﬁ > Tl(i:q)ﬁ,,l = k. Hence p* —2q > 2kq. We also have (n— 1)k = "(i:’ﬁgl >
1, s0 —n3 > —kn?(n — 1). It follows that p? — 2¢ — n® > k(2¢ — n3(n — 1))
and we are done.

The equality holds for (ai,...,a,) = (n,...,n) or (n(n—1),...,n(n —

1), Ll) and permutations. O

REFERENCES
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526. If a,b € C and k > 2, then we define
Fap=1f:C=C|fP(z) = az +1b},

where f*) = fo...o f, with k copies of f.
For given a,b € C and k£ > 2 find necessary and sufficient condition
such that a set A C C can be written as A = Fix(f) for some f € ]:f’b.

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania and Constantin-Nicolae Beli, IMAR, Bucharest, Romania.

Solution by the authors. We prove the following.

1. If a # 1, then the only possible A is A = {{2-}.

2. If a =1, b # 0, then the only possible A is A = ().

3. If a =1, b =0, then A can be any subset of C except a set of the
form A = C\ X, where X C C is a finite set with |X| ¢ pi1N + --- 4+ psN,
where p1,...,ps are all prime divisors of k and N := Z>.

In particular, if k is a power of a prime p, then the only sets A that do
not qualify are A = C\ X, where X is finite and p 1 | X|.

And if k is not a power of a prime, i.e. if s > 2, then every n >
p1p2 — p1 — p2 + 1 writes as n = pini + paneg for some integers ny,no > 0, so
n € pN+pN C piN+---+p;N. Hence S =N\ (p1N+ -+ psN) is a finite
set contained in {1,2,...,p1p2 — p1 — p2}. Then the only sets A that don’t
qualify are A = C\ X, where X is finite and |X| € S.
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To prove these statements, we use a couple of observations. Let a,b € C
be fixed. We denote by g : C — C, the function given by g(z) = az + b. So
fe ]-'f’b means f*) = g.

First note that Fix(f) C Fix(g). Indeed, if f(z) = 2, then, by induction
on i, we have f()(z) = z Vi > 1. In particular, g(z) = f®)(2) = 2.

Next, we note that if z € Fix(g), then g(z) = z, so f(g(2)) = f(2).
From fog= fo fk) = fkt1) — #(k) o f = go f it follows that g(f(z)) =
f(g(2)) = f(z) and so f(z) € Fix(g). Hence f(Fix(g)) C Fix(g).

We now prove our claims.

1. If a # 1, then Fix(g9) = {20}, where zy is the only solution of
az +b =z, ie z = ;2. So Fix(f) C Fix(g) = {20}. But we also have
f(z0) € f(Fix(g)) C Fix(g) = {20} and so f(z9) = z0, i.e. 20 € Fix(f). It
follows that Fix(f) = {20}, as claimed.

To complete the proof, we must show that ]:C’;b # 0, i.e. that there

are functions f with f*) = g. We look for affine functions f(z) = az + .
By induction on i, f*) has the form f)(z) = a’z + §; for some ; € C. In
particular, f(*)(2) = ¥z + Bi. In order that f*)(2) = az + b we need that
o = a and, in order that f(zo) = 29, we must have f(z) = a(z — 20) + 20.
Conversely, if f has this form, then f(k)(z) = az + By for some (G € C
and 2z is a fixed point of f, so it will be a fixed point of f*), as well.
Since fF)(2) = az + Bi, 9(2) = az + b, and f®)(2) = g(20) = 2, we
must have f*) = ¢g. Hence Fap has precisely k affine functions, namely
f(2) = a(z — 20) + 20 for each a € C with a € C with o* = a.

2. Ifa=1,b# 0, ie. g(z) = 2+, then Fix(g) = ), so, since
Fix(f) C Fix(g), we must have Fix(f) = ), as claimed.

To complete the proof, we must show that fﬁ , 7 0. An obvious element

of ]:f,b is f(z) =z + % In fact, this is the only affine function from }"fb.

Indeed, if f(z) = az + B then, same as in the case 1, we have f*)(z) =

o¥z 4 B. Therefore, in order that f*)(z) = z 4+ b, we must have o = 1.

Assuming that o = 1, we have f(k)(z) =aFfz+ B =2+ Bi. If a # 1, then
B

20 = 7=, is fixed point of f, so it will be a fixed point of %) as well. Tt

follows that 2o = f*)(20) = 20 + Bk and so f#¥)(2) = 2 # g. If @ = 1, then
f(2) = z+ B and f®)(2) = z + kB. Thus f*)(2) = g(2) = z + b if and only
ifg=2.

S.kIfa =1and b =0, then g(z) = z. Let A C C. We denote X = C\ A.
We have two cases.

(a) X is infinite. Then |X| = k|X| = |Z; x X|. (See, e.g., [1].) Hence
there is a bijection ¢ : Zp x X — X. Then every element of X writes uniquely
as ¢(¢,z) for some ¢ € Zy and x € X. (Here ¢ denotes the class in Zj of
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¢ € Z.) Then we define the function f : C — C by

B 2, ZE(C\X)

Obviously, Fix(f) = C\ X = A. If z € A, then f(z) = z, so fF(2) = 2. If
z € X, then z = ¢(¢, x) for some ¢ € Z and z € X. By induction on I, we
have f(2) = fO(¢(¢,x)) = ¢(¢+1,x). In particular, f*)(2) = ¢(c+k,x) =
#(¢,2) = z. Hence f*) is the identity map, i.e. f € ]-'ﬁo.

(b) X is finite, |X| =n. If f € }'ﬁo, then f*) is the identity map g,
so f is invertible, with f~' = f* =1 Then f generates a group of invertible
complex functions (G,o) . Since f (k) is the identity map, we necessarily have
|G| = ord f | k. We consider the action of G on C given by f(®) . z = f()(z).
For every z € C we denote by O, its orbit with respect to the action of G.
We have |0, = [{fW(2) | i € Z}| = 1 iff z € Fix(f) = A. Hence X = C\ A
is the union of all orbits O, with |O,| > 2. Since | X| < oo, there are a finite
number of such orbits, say, O,,...,0;,. Then n = |X| = >, d;, with
dj =10;|. But we have d; | |G| | k. Hence n writes as a sum of divisors of
k which are > 1.

Conversely, assume that |X| =n =d; +--- + dyp,, where d; | k, d; > 1.
Then X writes as a disjoint union X = X; U--- U X, with |Xi| = di. We
fix an index j, 1 < j < m, and we index the elements of X; by the set Zg,
i.e. we put X; = {2z | ¢ € Zg;}. We define f; : X; — X; by f;(zz) = zz41-
Obviously, fj(z) # z Vz € X;. By induction on I we get f'(2z) = z;,7. In
particular, f(%)(z;) = Zepd;, = Ze- Hence f(4) is the identity map on X;.

Since d; | k, this implies that f;k) is the identity map, i.e. f](k)(z) =z
Vz € Xj.
We now define f: C — C by

f(z):{z’ ze€C\ X,

fj(z)7 ZGX],lgjgm

Since f(z) # z for every 1 < j < m and every z € Xj;, we have Fix(f) =
C\X =A. If € C\ X, then f(z) = z and so f*)(2) = 2. If z € X, for
some j, then f¥)(z) = f;k)(z) = z. Hence f*) is the identity map and so
feF

Let now M be the monoid M = p1N + --- + p;N, where pq,...,ps are
all primes divisors of k. If n = dy + -+ + dy,, with d; | k, dj > 1, then for
every j we have p; | d; for some 1 <t <'s. It follows that d; € p,N C M and
son=dy+ -+ d, € M. Conversely, if n € M, then n is a sum of copies
of pt, with 1 <t < s, and for each t we have p; | k and p; > 1.
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Hence an equivalent necessary and sufficient condition is that n € pyN+
<o+ pgN. O

REFERENCES
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527. For every non-negative integer n, evaluate the integral

I :/ log" (z) sin(x) d.
0

X

The answer may be given either in a closed form or recursively. Also it
may include values of the zeta function at integers > 2.

Proposed by Sean M. Stewart, King Abdullah University of Science
and Technology (KAUST), Saudi Arabia.

Solution by the author. Denote the integral to be found by I,,. We claim
forn e N

" nl Bjyq|mhtt
Ta === Y- s {cvtoern+ B

P (n—k)!
_am

subject to the initial conditions of Ip = 5 and Iy = —3F. Here ((s) de-
notes the Riemann zeta function, B, denotes the Bernoulli numbers, while
~ denotes the Euler—-Mascheroni constant.

Denote the integral to be evaluated by I,,. Thus

In:/ wdx.
0

T

The value for the integral will be found using a technique that exploits an ex-
ponential generating function. Consider the exponential generating function
G(t) = 32, It~ We have

o0 3 e 00
tl " t
G(t) = / S Z (tlogz) dzr = / ' sinz dz = T'(t) sin <7T> ,

o T = n! 0 2
(5)
where the value for the integral corresponds to the well-known value for the
Mellin transform of the sine function. Here I'(¢) denotes the gamma function.

Taking the logarithmic derivative of (5) with respect to ¢ yields

G'(t) t

Gl Y(t) + gcot <7T2) =t+1) - % + gcot <7;t) , (6)
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where 1 (t) denotes the digamma function and we have made use of the
functional relation for the digamma function of

P+ 1) = (1) + 5.

From the series expansion for the cotangent function

1 27 By |t
tt)=>—-) ———— |t
cot(t) = - 7?1 CESVE lt] <,

and the Maclaurin series expansion for the digamma function
Yt +1)=—— Z Cn+Dt", |t <1,

we may rewrite (6) as

G'(t) > |Bn+1]7r”+1t”
=— 1)t
oI Sl Z T
or
I, t" I, t” >
0-=3" <t
Z I tn Z ‘B +1’7rn+1tn
e (n+1)!
Noting that
oo [e.e]
I,tn1 L t™
=3 s -3 b
— 1) [
— (n—1)! S
adjusting all sums so they start at n = 1 we have
o o0 oo
In+ltn Int" 1 I —qt" n
h+d == S G Z y¢(n+1)t"
n=1 = n=1

1 I, qt" | B, +1|7T"+1t"
- = . 7
tz n—l Z n—l—l ()

n=1

For the initial conditions, we have

e /oo sinx Qo — g and I — /00 log(z) sin(x) de = —17°
0 0

T T 2

One way to find the value for I is given in the Appendix. With these values,
on employing the Cauchy product of power series allows one to rewrite (7)
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as

n

> tn > " o — n! t
Ipy1— = — I,— — — (= D)*¢(k+ DI, b —
nz_:l ol 2_37 n! Z _1{(n—k)!( Jetk+1) k} n!

n=1 n=1k
B i Z": n! | Bpg|rt L,
=k (k+ 1) n!’

Comparing coefficients of ¢ /n! on either side yields the recurrence relation

of

for = h =30 L kg 4 Bl T
n+l = —Vin a (n — k)' (]{7 T 1)! n—=k>
subject to the initial conditions of Iy = § and I; = —g, as announced.

Appendix. The value for the initial condition I; will be found using the
following property for the Laplace transform

/mf@mwmw=/m£U@H@%£1@@H®M& (8)
0 0

provided both integrals exist.
We start by considering the integral

J:/ Log(@) 45,
0 1+

To evaluate this integral, enforcing a substitution of x — % yields

J= —/ 0g(#) 1=
0 1+$2

from which J = 0. Now the Laplace transform for the logarithmic function
is known (see, for example, [1, Entry 6.1, p. 48]). Here

£log(a)) (s) = — 2T

so on applying (8) to the integral J we find

| = [ ctonto) £ { s | s

14 22 1+ 22
__/wlog(S)Jrv
- =

-sin(s)ds,

whence

oo /000 log(s) sins) /000 sin(s) |

S S
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The integral appearing on the right is just the Dirichlet integral. Its value is
5. Substituting for this value, after replacing the dummy variable s with
and rearranging, we find

oo 1 :
/ og(z)sinz da E)
0 x 2

as announced. O

REFERENCES
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Editor’s note. We don’t need two initial terms of the sequence (I, ),>0
in order to use the recurrence relation. It suffices to determine Iy. The
recurrence relation at n = 0 gives [} = —vyly = 7r

Solution by Brian Bradie, Christopher Newport University, Newport
News, VA, USA. Note,

I, = / log" z sin xsmx / (/ fn(s S”Cds) sinz dz
0 T
_ > * —ST . fn(s)
= /0 </0 e Smxdx> fn(s)ds = /0 1+ 52 ds,

log T

where

LA{fn(s)} =
Here £{f} denotes the Laplace transform of f . For n = 0 we obviously have
1
L{fo(s)} = —» 80 fo(s) = 1. Hence

>~ 1 0
Iy = ——ds = —.
0 /0 1+s2°7 2
r 1
For n > 0 we start with £{s%} = (GTH By differentiating with respect
x
to a, we get
d® (T(a+1)
Lstlog™s) = <x+1>

1 < (n Y L
= —= Z(—l)J <j> log’ wdan_jf(a +1),
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Ons — im Saonx:n LY logx(n])
Clog's} =l £fs*log" s} =3 7 () EE e
_ ~ (" (N (3)
;D( D (j)z{fx JT9(1)
n—1 /n
_ Z(—w( .)c{fj<s>}r<”—f><1> (L)
=0 J

It then follows that

S ppen (M) pe
S = —_ TLOTLS_ p— .] n— .] S
fols) = (~1)"log j20< y (j)r (1)f;(s)
= — 710 nS - — -1 n () n— S,
(—1)" log +j§:;< 1y (].>F](1)f i(s)

and

Now, for n odd,

oo™ 11 n % 1™
/ o8 Sds = / o8 Sds—t-/ 08 Sds
0 1+82 0 1+S2 1 1+S2

while for n even,

0 1oo" 11 n o 1
/ ﬁzds = 2/ Ogids:QZ/ (—1)%s* log™ sds
0 1+s 0 1+s =0 0
= | — |
= 2n! Z 2k+1 a7 = 2nlB(n+1)
(1 )"/ZEnTr
on+1 ’

where 3(n) is the Dirichlet beta function and E,, is the nth Euler number.
Finally, for the values of the derivatives of the Gamma function evaluated at
1, there is the recursion

r+ () = + n! Z

k+1

C(k+1)r=k (1),
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see equation (2.2) in J. Choi and H.M. Srivastava, Evaluation of higher-order
derivatives of the Gamma function, Univ. Beograd. Publ. Elektrotehn. Fak.
Ser. Mat. 11 (2000), 9-18. Thus,

T
Iy = 5
and for n > 1,
2n—1 ' o — 1 ‘
Io,_1 = Z(—l)]l< i >P(j)(1)-[2n—1—j
j=1

and

1) By, w2l 2N /o
e R o L
j=1

We have two recurrences, one for the derivatives of I' at 1 and one for
the values of I,,. We start with IV(1) = —yI'(1) = —v. Next we get

I'(1) = —I'(1) = -7,
(1) = —I'(1) +¢2)T(1) = 7% +<(2),
I"(1) = —AT"(1) +2 (C2)T'(1) = ¢B)T(1)) = —° = 3¢(2) — 2((3),
PO = 1 (1) + 6 ( 3EIT"() - (AT + CAr)

=71 +677¢(2) +3¢3(2) +8v¢(3) + 6¢(4).

For the first values of I,, we start with Iy = g and we get
v
?7

3 3 2
b:—%f+amnheWMh:%+%m4%+qmg:%+%§
I3 =30"(1) I, — 30" (1) I, + T (1)1,

L=T'1)I=—

w

Y

3 2n T m
=3y (33 + 57 + 2307+ @) - (0F + 33602 - 26)

528. If a1, as, as, aq, as, ag are non-negative real numbers such that

aras + asas + asaq + agas + asag + aga; = 6,
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a1 > az > as > a4 > as > ag,

then
1 1 1 1 1 1 3

> —.
a1+3+a2+3+a3+3+a4+3+a5+3+a6+3_2

Proposed by Vasile Cirtoaje, Petroleum-Gas University of

Ploiegti, Romania.

Solution by the author. We apply Jensen’s inequality to the function

1
f(z) = 3 which is strictly convex on (—3,00). We have

1 n 1 N 1 n 1 S 4
as+3 az3+3 as+3 as+3 " b+3’
where
b:a2+a31a4+a5’ 4y > b > as.
Thus, it suffices to show that
1 N 1 n 4 >§
ar+3 ag+3 b+3 2

First we will show that
30 + b(ay + ag) + arag < 6.

Using the constraint from the hypothesis, the inequality writes as

3b% + bla1 + ag) + ara6 < ajas + azas + azas + asas + asae + agar

— 30® + a1(b— ag) + ag(b — as) < asas + azay + ayas.
Since b —as < 0,b—as >0, a1 > as, and a5 > ag, it suffices to show that
302 + az(b— ag) + as(b — as) < asas + azay + agas,
which can be rewritten as
asas + asas + asas > 3b% + b(az + as) — a% — a%.

Since the sequences as, a3, as and as, a4, as are decreasing, as a consequence
) ) ) ) bl
of the rearrangement inequality we have

3(agas + asas + agas) > (a2 + ag + aq)(as + aq + as) = (4b — a5)(4b — a2).
Thus, it suffices to show that
(4b — a5)(4b — ag) > 9b* + 3b(az + as) — 3(a3 + a?),
which is equivalent to 76* — Tb(as + as) + 3(a3 + a?) + azas > 0 and
7(2b — ag — as)? + 5(az — as)? > 0.

Denote now a1 and ag by a and c¢, respectively. So, we need to show

that
1 1 4 3
>

a+3+c+3+b+3_§
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for a > b > ¢ > 0 such that 30> +b(a+c) +ac < 6. From 6 > 3b> +b(a+c) +
ac > 3b%, it follows that b < v/2. Denoting S = GTH, we need to prove that

2546 4 3

+ > =,

ac+65+9 b+3 2

Since ac < 6 — 2bS — 3b2, it suffices to show that

25+6 1+3b >0
15-32+2(3-0)S 2(b+3)

After multiplying by 3 — b > 0, we get the equivalent inequalities

18 —6b+2(3—b)S  3b>—8b—3

>0
15—-32+23-0)S  20b+3)
_1)2 2 _ _
- 3(b—1) B°-8b—3
15—-32+2(3-0)S  2(b+3)
—1)2 _1)2
3(b— 1) 3b-1 _

15-32+2(3-0)S  2(b+3) —
The proof is completed. The equality occurs for as = az = a4 = a5 =1
and a1 + ag + ajag = 3 (a1 > 1 > ag). O



