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Abstract. We show that if A is an n X n-matrix, then the diagonal en-
tries of each power A™ are uniquely determined by the principal minors
of A, and can be written as universal (integral) polynomials in the latter.
Furthermore, if the latter all equal 1, then so do the former. These results
are inspired by Problem B5 on the Putnam contest 2021, and shed a new
light on the behavior of minors under matrix multiplication.
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1. INTRODUCTION

Let R be a commutative ring. Let A be an n x n-matrix over R, where
n is a nonnegative integer.

A principal submatriz of A means a matrix obtained from A by remov-
ing some rows and the corresponding columns (i.e., removing the i;-th, is-th,

.., ip-th rows and the i1-th, io-th, ..., i;-th columns for some choice of k
integers 1,142, ..., ik satisfying 1 < iy < iy < --- < i <n). In particular, A
itself is a principal submatrix of A (obtained for k = 0).

A principal minor of A means the determinant of a principal submatrix
of A. In particular, each diagonal entry of A is a principal minor of A (being
the determinant of a principal submatrix of size 1 x 1). In total, A has 2"
principal minors, including its own determinant det A as well as the trivial
principal minor 1 (obtained as the determinant of a 0 x 0 matrix, which is
what remains when all rows and columns are removed).

Problem B5 on the Putnam contest 2021 (see [1] or [3]) asked for a
proof of the following:
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Theorem 1. Assume that R = 7. Assume that each principal minor of A is
odd. Then, each principal minor of A™ is odd whenever m is a nonnegative
integer.

Without giving the solution away, it shall be noticed that essentially
only one proof is known (see [1] or [3] for it), and it is not as algebraic as
the statement of Theorem 1 might suggest. In particular, it is unclear if the
theorem remains valid if “odd” is replaced by “congruent to 1 modulo 4”, or
if R is replaced by another ring; the official solution (most of which originates
in a result by Dobrinskaya [2, Lemma 3.3]) certainly does not apply to such
extensions. An approach that is definitely doomed is to try expressing the
principal minors of a power A™ in terms of those of A. The following example
shows that the latter do not uniquely determine the former:

Example 2. Set

a b 11 a b 11
c d 1 1 c d 1 1
C .= 11 pg and D = 11 p oy
1 1 r s 1 1 g s

for some a,b,c,d,p,q,r,s € R. Then, the matrices C' and D have the same
principal minors, but their squares C? and D? differ in their {2, 3}-principal
minor (i.e., their principal minor obtained by removing the 1-st and 4-th rows
and columns) unless (¢ —7) (b —¢) = 0. Thus, the principal minors of the
square of a matrix are not uniquely determined by the principal minors of
the matrix itself.

This example is inspired by [4, Example 3], where further related dis-
cussion of matrices with equal principal minors can be found.

2. NEVERTHELESS...

However, not all is lost. Among the principal minors of A™, the simplest
ones (besides 1) are those of size 1 x 1, that is, the diagonal entries of A™.
It turns out that these diagonal entries are indeed uniquely determined by
the principal minors of A, and even better, they can be written as universal
polynomials® in the latter. That is, we have the following:?

Theorem 3. Let n and m be nonnegative integers, and let i € {1,2,...,n}.
Then, there exists an integer polynomial P, ; m in 2" indeterminates that is
independent of R and A, and that has the following property: If A is any
n X n-matrix over any commutative ring R, then the i-th diagonal entry of

LA “universal polynomial” means a polynomial with integer coefficients that depends
neither on A nor on R (but can depend on m as well as on the location of the diagonal
entry).

2An integer polynomial means a polynomial with integer coefficients.
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A™ can be obtained by substituting the principal minors of A into Pp;m. In
particular, the principal minors of A uniquely determine this entry.

Let us verify this for m = 2: If we denote the (7, j)-th entry of a matrix
B by B; ;, then each diagonal entry of A? has the form

n
(A2>m‘ - 221 AijAji = Al + ; AijAji
J= JF1 ~
aoaaqe[ A Aig
1,8437,7 A]J 14‘77.7

o Aii A
VED
which is visibly an integer polynomial in the principal minors of A (since all
A A
the A;; and A;; and det A” J
Jst 7,3
verifies Theorem 3 for m = 2. Such explicit computations remain technically
possible for higher values of m, but become longer and more cumbersome as
m increases.

The goal of this note is to prove Theorem 3. We will first show the

following theorem, which looks weaker but is essentially equivalent:

> are principal minors of A). This

Theorem 4. Let n and m be nonnegative integers. Let R be a commutative
ring. Let A be an n X n-matriz over R. Let P be the subring of R generated
by all principal minors of A. Then, all diagonal entries of A™ belong to P.

Before we prove this, let us explain how Theorem 3 can be easily derived
from Theorem 4:
Proof. [Proof of Theorem 3 using Theorem 4.] The notation B; ; shall denote
the (7, j)-th entry of any matrix B.

Let R be the polynomial ring Z[z;; |1 <i<nand 1 <j<n]inn
independent indeterminates x; ; over Z. (For instance, if n = 2, then R =
Z[x11,%12,T21,%22].) Let A be the n x n-matrix over R whose (4, j)-th

2

entry is x; ; for each (7,7) € {1,2,..., n}2. This matrix A is known as “the
general n X n-matrix”, since any matrix A over any commutative ring can
be obtained from it by substituting appropriate elements (viz., the entries of
A) for the variables x; j. This very property will be crucial to the argument
that follows.

Let p1,p2,...,pan be the 2" principal minors of A (numbered in some
order). Let P denote the subring of R generated by all these principal minors
of A. Theorem 4 (applied to R and A instead of R and A) shows that all
diagonal entries of A™ belong to P. In other words, for each i € {1,2,...,n},
we have (A™),; € P.

Fix i € {1,2,...,n}. As we just showed, we have (A™),; € P. In
other words, there exists an integer polynomial P, ; ,, in 2" indeterminates
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such that (Am)” = Poim (P1,P2,...,p2n) (since P is the subring of R
generated by pi,Pp2,...,p2r). Consider this polynomial P, ; ,; note that it
is independent of R and A (by its very construction).

Now, consider a commutative ring R and an n X n-matrix A over R. Let
P1,D2, - - -, pon be the 2™ principal minors of A (numbered in the same order as
P1,P2,---,P2n). Let f: R — R be the Z-algebra homomorphism that sends
each indeterminate x; ; to the (7,j)-th entry A;; of A. This homomorphism
f therefore sends each entry of the matrix A to the corresponding entry of A,
and thus also sends each principal minor of A to the corresponding principal
minor of A (since a principal minor is a certain signed sum of products of
entries of the matrix). In other words,

f(pi) =pi for each i € {1,2,...,2"}. (1)
However, P, ;. is an integer polynomial, and thus “commutes” with
any Z-algebra homomorphism — i.e., if ay, a9, ...,aon are any 2" elements of

a commutative ring, and if ¢ is any Z-algebra homomorphism out of that
ring, then

9 (Prim (a1,az,...,a27)) = Poim (g (a1), g(a2), ..., g(azn)).
Applying this to a; = p; and g = f, we obtain
[ (Prim (P1,P2,---,P2n)) = Prim (f (P1), f(P2), .-+, f(P2n))
= Ppim (p1,02,-..,p27) (by (1)).
In view of (Am)” = Py im (P1,P2; ..., P2n), we can rewrite this as
F((A™),;.) = Paim (01,2, - -, pan) - (2)

However, the Z-algebra homomorphism f sends each entry of the matrix
A to the corresponding entry of A, and therefore also sends each entry of the
matrix A™ to the corresponding entry of A™ (since the entries of A" are cer-
tain sums of products of entries of A, whereas the entries of A™ are the same
sums of products of entries of A). In other words, f ((Am)uv) = (Am)uﬂ) for
any u,v € {1,2,...,n}. Thus, in particular, f ((Am)”) = (A™), ;- Compar-
ing this with (2), we obtain (Am)i’i = Ppim (p1,p2,-..,p2n). In other words,
the i-th diagonal entry of A™ can be obtained by substituting the principal
minors of A into P, ; ., (since p1, pa,...,pon are these principal minors of A).
This proves Theorem 3. O

3. NOTATIONS

In order to prove Theorem 4, we will need some more notations regard-
ing matrices and their minors:

e If m € Z, then [m] shall denote the set {1,2,...,m}.
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o If B is a u x v-matrix and if ¢ € [u] and j € [v], then B; ; shall denote
the (i, 7)-th entry of B.

e If u and v are two nonnegative integers, and if a; ; is an element of a
ring for each i € [u] and j € [v], then the notation (ai;);<;<, 1<j<,
means the u X v-matrix whose (i, j)-th entry is a; ; for all i € [u] and
j € [v].

e If B is a u X v-matrix, and if (i1, %2,...,4,) € [u’ and (j1,72,...,Jq) €
[v]? are two sequences of integers, then Subﬁf;f; B shall denote
the p x ¢g-matrix (Bim’jy>1gz§p, 1<y<q If i7 < ig < -+ < ip and
J1 < j2 < -+ < jg, then this matrix is a submatrix of B.

e If B is a u x v-matrix, and if I is a subset of [u], and if J is a

subset of [v], then sub? B shall denote the submatrix sub/"?>/ B

7/177:27"'7ip
of B, where i1, 12, ...,1, are the elements of I in increasing order, and
where j1, jo, ..., jq are the elements of J in increasing order.

Thus, in particular, if B is an n X n-matrix, and if I is a subset of

[n], then subl B is a principal submatrix of B, so that det (subf B)
is a principal minor of B.

e If B is an n X n-matrix, and if ¢, j € [n], then B; ~; shall denote the

submatrix of B obtained by removing the i-th row and the j-th col-

umn from B. In other words, B-; ~; denotes the matrix sub%&ﬁ B.

e If B is an n X n-matrix, then adj B shall mean the adjugate matrix
of B. This is defined as the n X n-matrix

((=1)""7 det (B~j i)

1<i<n, 1<j<n

e If m is a nonnegative integer, then [I,,, denotes the m x m identity
matrix.

We will need the following properties of determinants:

e For any n X n-matrix B, we have
B-(adjB) = (adjB)- B = (det B) - I,. (3)

(This is the main property of adjugates; see, e.g., [5, Theorem 6.100]
for a proof.)

e For any commutative ring .S, any m X m-matrix B and any element
x € S, we have

det (B + zI,) = Z det (subg B) P (4)
PC[m]

(This is a folklore result — essentially the explicit formula for the
characteristic polynomial of a matrix in terms of its principal minors.
The proof is straightforward: Expand the left hand side into a sum
of products, and combine products according to “which factors come



6 ARTICLES

from B and which factors come from x1,,,”. See [7, Proposition 6.4.29]
or [5, Corollary 6.164] for detailed proofs.)

For any ring S, we consider the univariate polynomial ring S [¢] as well
as the ring S [[t]] of formal power series. Of course, S [t] is a subring of S [[t]].
Note that the ring S needs not be commutative for S [t] and S[[t]] to be
defined.

4. PROOF OF THEOREM 4

We now finally step to the proof of Theorem 4.
Proof. [Proof of Theorem 4.] We must prove that all diagonal entries of A™
belong to P. In other words, we must prove that (A™), ., € P for each i € [n].

It is well-known that a polynomial over a matrix ring is “essentially
the same as” a matrix with polynomial entries. In other words, we can
identify the ring R™ ™ [t] with the ring (R[t])"*" using a straightforward
ring isomorphism (which sends each ;50 Cit' € R"™™[t] to ;50 Cit" €
(R[t)™™). In the same way, we identify the ring R™*" [[t]] with the ring
(R "

Let B be the matrix I,, — tA in the power series ring R™*" [[t]]. This
matrix B = I, — tA is invertible, and its inverse is

B =TI, +tA+1?A> + 343 ..., (5)

(This can be proved by directly verifying that I, +tA + t2A4% + 343 + - ..
is inverse to I, — tA. Indeed, both products (I,, + tA + t2A2 41343 + .. -) -
(I, — tA) and (I, —tA) - (I, + tA+t*A? + t3A3 + ... turn, upon expand-
ing, into sums that telescope to I,,.)

Since the matrix B is invertible, its determinant det B is invertible as

well (since (det B) - (det (B™1)) = det (BBl) =det (I,) = 1).
=1,
Now, recall that we must prove that (A™), ; € P for each i € [n]. So let
us fix ¢ € [n]. Then, (5) yields
(B‘l)“, = (In +tA+2A% + 347 + .. )“

= (In);; +tAii + t* (A2>ii +1° <A3>ii T

Hence, the t™-coefficient of the power series (B7'),; € R[[t]] is (A™), ;.
Thus, in order to prove that (A™),, € P (which is our goal), it suffices to
show that all coefficients of the power series (B_l)“. belong to P. In other

words, it suffices to show that (B~1),. € P[[t]]. This is what we shall now
show.
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From (3), we obtain B - (adj B) = (adj B) - B = (det B) - I,,, so that

_ 1 .
B 1:detB-adJB.

Hence,

1

(B, = 30 (i Bis- (6)

Our next goal is to show that both factors on the

1
+B and (ad] B),,
right hand side of this equality belong to P [[t]]. This will then entail that
(B™1),, € P[[t] as well, and we will be done.

From B =1, —tA = —tA + 11,,, we obtain

det B =det (—tA+1I,) = > det | subp(—tA) | -1\
P\ g )

by (4), applied to n, R[[t]], —tA and 1
instead of m, S, B and =

= Z det (—tsubﬁA)

PCln]
:(—t)'Pl det(subg A)
= Y ()1 det (subf A) (7)
PCln] o

(since det(subg A) is
a principal minor of A)

ePt] CPIt]].

Thus, det B is a formal power series over P. Moreover, (7) shows that this
power series has constant term 1 (since the only addend in the sum in (7)
that contributes to the constant term is the addend for P = &, but this

addend is (—t)?  det (subg A) = 1). Thus, this power series is invertible
\T/ T

(since the 0x0-matrix
has determinant 1)

in P [[t]]. Therefore,

1
det B

eP[t]. (8)

Now, recall the definition of an adjugate matrix. This definition yields
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(adj B); ; = (—1)""" det (B i) = det (Bini)
’ =1
= det ((—tA+11,); ;)
( since B = —tA+1I, )
= det (—tANiVNi + In—l)

( since (—tA+ I,,) = —tAi~i+In1 )

~i,~i

= Z det Subg (—tANi,Ni) . 1”717‘})'
PC[n—1] =1

=—t Subg(ANi,Ni)
by (4), applied ton — 1, R[[t]], —tA<;~; and 1
instead of m, S, B and «

= > det (—tsubllz (Awi,~i>>
PCn—1]

=(—p)7I det(sub};(ANiﬁNi))

= Z (=) 71 det (sublli (AN@NZ-)) . 9)

PCln—1]

Now, let P be an arbitrary subset of [n —1]. Write this subset P in
the form P = {p1,po,...,pr}, where p; < pa < -+ < p,. Furthermore, let
g €{0,1,...,7} be the element that satisfies

P1<p2 < < pg<i<pPgp1 < pgr2 << P

(Here, g will be 0 if all elements of P are > i, and g will be r if all elements
of P are < i.) Then, due to the combinatorial nature of removing rows and
columns, we have

subb (Ai~i) = subb, A,

where P’ is the subset {p1,p2,...,pg} U {pg+1+1,pg42+1,...,pp + 1} of
[n]. Hence, subk (A; ;) is a principal submatrix of A. Therefore, its deter-
minant det (subllz (ANi,Ni)) is a principal minor of A, thus belongs to P.

Forget that we fixed P. We thus have shown that det (subf; (ANi,Ni)> €
P for each P C [n — 1]. Therefore, (9) becomes

(adjB),; = > (=t det (subf (Aving)) € P CPMH].  (10)
PCln—1]

eP
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Now, (6) becomes

-1 o
(B )“ ~ det B X

N——
epllr))  EPIH
(by (8)) (P (10))

adj B); ; € P[] - P [[e]] < P [[1] -
——

As explained above, this completes our proof of Theorem 4. O

Somewhat regrettably, the above proof is the slickest I am aware of. A
more-or-less equivalent proof can be given avoiding the use of power series
(using [6, Proposition 3.9 and Lemma 3.11] instead). A more pedestrian (but
harder to formalize) proof uses the Cayley—Hamilton theorem and a variant
of the inclusion/exclusion principle.

5. VARIANTS

A counterpart of Theorem 4 for the off-diagonal entries of A™ exists as
well:

Theorem 5. Let n, m, R, A and P be as in Theorem 4.

Let i and j be two distinct elements of [n]. An (i,7)-quasiprincipal
minor of A shall mean a determinant of the form det (subf A), where I and
J are two subsets of [n] satisfying

i€l andjeJand |I|=|J| and J=(I\{i})U{j}.

For instance, if n > 7, then det subt?™ 4) s q 1, 5)-quasiprincipal mi-
{1,2,7}
nor of A.)
Let IC; j be the Z-submodule of R spanned by all (i, )-quasiprincipal

minors of A. Then,
(A™);; € P-Kij.

Proof. [Proof outline.] This is similar to our above proof of Theorem 4,
but some changes are needed. Most importantly, instead of proving that
(adj B); ; € P[[t]], we now need to show that (adjB), ; € K;;[[t]] (that is,
that all coefficients of the power series (adj B),; belong to K; ;). To do so,
we apply the definition of the adjugate matrix to see that
(adjB), ; = (—1)""" det (Bj~i) - (11)
We can simplify B.; ~; further to —tA; ~; + (In)Nj’Ni (since B=1, —tA =
—tA + I,), but unfortunately this is not the same as —tA; ~; + 11,1, and
thus we can no longer apply (4). Instead, we use a trick:
e We define A’ to be the matrix obtained from —tA by replacing the
j-th row by (0,0,...,0,1,0,0,...,0), where the only entry equal to 1
is in the i-th position.
e We define I/, to be the matrix obtained from I,, by replacing the 1 in
the j-th row by a 0.
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e We define B’ to be the matrix obtained from B by replacing the j-th
row by (0,0,...,0,1,0,0,...,0), where the only entry equal to 1 is in
the ¢-th position.

Laplace expansion along the j-th row shows that

det (B') = (1)’ det ((B') ; .;) = (=1) 7" det (B )
(since the matrix B’ differs from B only in the j-th row, and thus we have
(B) = B.j~i). Comparing this with (11), we find

(adj B), ; = det (B'). (12)

Furthermore, recall that B = I,, —tA = —tA+ I,. Thus, B'= A"+ 1T,
(based on how A’ I}, and B’ were constructed).

On the other hand, the definition of I}, shows that I/, is a diagonal n x n-
matrix with diagonal entries 1,1,...,1,0,1,1,...,1, where the only diagonal
entry equal to 0 is in the j-th position. However, another classical fact about
determinants ([7, Theorem 6.4.26], [5, Corollary 6.162]) shows that if C is
any n X n-matrix, and if D is a diagonal n x n-matrix with diagonal entries
di,do,...,d,, then

det (C+ D)= > det(subpC)- [[ dr.
PCln] ke[n]\P
We can apply this to C = A, (dy,ds,...,d,) = (1,1,...,1,0,1,1,...,1), and

the 0 is in the j-th position

~J,~

D =1, and thus obtain

{1, if k # j;

det (A"+ 1) = 3 det (subp (4)) - [T {0 .
, ik =7

PCln] ke[n]\P

1, if k # j;
since the k-th diagonal entry of I, is { 1 7 ],’
0, ifk=y
1, ifj P;
= det (subg (A')) 97 1 j #lnl\ P
0, ifjen\P

= Z det (subg (A/)) = Z det (SUbIIi (A,)>

PCln]; PCn];
Jg[\P Jer
= ) det (subg (A’)) + > det <sub$ (A’))
_ PC[n; PCln; D —
jeb andich jeP and i¢P (since all entries in the j-th row of A’

are 0 except for the i-th entry, and thus
the matrix subb(A’) has a zero row)
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= > det (subg (A’))

PC[n); -
JEP and i€eP ==+ det (subg&g(—t/l))

(by Laplace expansion along the row
that was the j-th row of A’)

= Z =+ det (Subgsg}i (—tA))

PCln];
jEP and i€P  __ ,P|-1 P\{i}
=+tIPI=1 det (subp\{j} A)
_ |P|—1 P\{i}
= Z +t det (sub P\{j} A
PCln];
jEP and i€P € ;
(since det (subg&g A) is

an (%,7)-quasiprincipal minor of A)

e Y PP CKy -
PC[n];
jEP and i€P

In view of B' = A’ + I}, this rewrites as det (B’) € K;; [[t]]. Hence, (12)
becomes (adj B), ; = det (B') € K;; [[t]]. Having showed this, we can finish
the proof as we did for Theorem 4. O

Another variant of Theorem 4 is the following;:

Theorem 6. Let n and m be nonnegative integers. Let R be a commutative
ring. Let A be an n x n-matriz over R. Assume that all principal minors of
A equal 1. Then, all diagonal entries of A™ equal 1.

Proof. Follow the above proof of Theorem 4. From (7), we obtain

detB= > ()" det (subj, A) =Y (=1
PC[n] T PCln]
(by assumption, since subllz A
is a principal minor of A)

(since the binomial formula yields (1 —¢)" = Y"7_, (Z) (—t)F = > PCln] (—t)IPh.
Let i € {1,2,...,n}. From (9), we obtain

(adjB);; = > (=) det (subf (Avind) = - (=)= -0
PCln-1] ~- PCln-1]
(by assTlmption,
since subL (An;,)
is a principal minor of A)
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(again by the binomial formula). Now, (6) becomes

(B7Y),,= ﬁ (adj B),, = (adj B),; / (det B) = (1 — )" "' / (1 — )"

:(1_t)n71 :(1—t)n

1
= =1+t+2 434,
i R A
Thus, the t™-coefficient of the power series (B™1),. € R[[t] is 1. However,
we have already seen that this coefficient is (A™), ;. Thus, we conclude that
(A™);; = 1. This shows that all diagonal entries of A™ equal 1, so that
Theorem 6 is proved. O

6. BACK TO PurNnAM 2021

As already mentioned, we do not know whether Theorem 1 can be
generalized by replacing “odd” by “congruent to 1 modulo 4”. More generally,
we are tempted to ask the following:

Question 1. Fiz a commutative ring R. Let A be an n X n-matriz over R.
Let m be a nonnegative integer. Assume that each principal minor of A is 1.
Is it true that each principal minor of A™ is 1 as well?

For R = 7Z/2, this would yield Theorem 1; the “congruent to 1 modulo
4” variant would follow for R = Z/4. Theorem 6 corresponds to the case
when the principal minor of A™ is a diagonal entry. The argument from [2,
Lemma 3.3] shows that Question 1 has a positive answer whenever R is an
integral domain; thus, the answer is also positive when R is a product of
integral domains. On the other hand, if R can be arbitrary, then the answer
to Question 1 is negative, but the only counterexample we know is when R
is a certain quotient ring of a polynomial ring (and n = 4 and m = 2). Here
are the details: Let R be the quotient ring

Qla,y)/ (2 + v, wy, 2, 2Py, 2%y, 2,y

1 1.0 0

and let A := 2 (1) ’7{ z € R**4. Then, all principal minors of A are
y 0 = 1

1, but the principal minor det (subgg (AQ)) =1— 23 — 2y is not 1 since

23 # 0 in R. Actually, we can replace Q by any field here (even by Z/2);
then, R becomes a finite ring. (But we cannot turn R into Z/n without
changing the construction of A.) The smallest ring R for which the question
remains open is Z/4.
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Exotic series with Bernoulli, Harmonic, Catalan, and Stirling
numbers

KHRISTO N. BOYADZHIEVY

Abstract. In this paper, we present a formula for generating various
“exotic” series in the spirit of Ovidiu Furdui and Alina Sint&mérian [5].
Our new series (evaluated in closed form) involve Bernoulli, harmonic, and
Catalan numbers. Also Stirling numbers of the second kind, other special
numbers, and exponential polynomials. The results include series identi-
ties with Laguerre polynomials and derangement polynomials.

Keywords: Bernoulli numbers, Catalan numbers, harmonic numbers,
Stirling numbers, derangement numbers, central binomial coefficients, ex-
ponential polynomials, Laguerre polynomials.

MSC: 11B68, 11B73, 11C08, 40D05.

1. INTRODUCTION

In a recent paper Ovidiu Furdui and Alina Sintamarian [5] evaluated
several interesting exotic series. For example, they proved that

e 1 1 1 et —ex
T 7> n_ 7% 1
;(e 1! 2! n! rz—1 + (1)

for every x # 1 with a limit case for x = 1
o0
x —
S (et )=t
n=1

1>Department of Mathematics, Ohio Northern University, Ada, OH 45810, USA,
k-boyadzhiev@onu.edu
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They also proved the evaluation

i(g)(e—l_i_..._é)l‘n:

(1 _xajc;kJrl {1 —e (77 Z ; - }

for x # 1 with the limit case for x =1

i(g)(e—l—ll!_"'_;!):@'

n=k
The series (2) appeared as Monthly Problem 12012 (Amer. Math. Monthly,

vol. 124, December 2017) proposed by the same authors.
Furdui, in another publication [6], evaluated the series

- y v y"
Pley 12 2 _ .2
2" (e SR TR n!) (p=1) ®)
n=1

which was discussed later by the present author in [2].

In this paper we develop a unified approach for the construction and
evaluation of such series. Our general result includes the cases (1), (2),
and (3) and produces further interesting exotic series. The main theorem is
given in the next section and in Section 3 we present the applications. For
illustration, three exotic series proved in Section 3 are

oo n 2
Yy y n_ —~ (o l
T;]Bn (ey_l_ﬁ_"'_ﬁ)(_l) _ey<yln(l—e Y) — Lig(e™Y) 4+ 6)’
ZHn (ey—l—%—--‘—%):ey(yEin(y)—y+1)—1,
n=0 : ’
> Y y" e¥ A( 1)
O (y_l_i_..._7>:71— e =)y,
;::0@() ¢ 1 o) =3 e )

where B,, are the Bernoulli numbers, H,, are the harmonic numbers, Ein(z) is
the exponential integral function (see below equation (24)), and ¢, () are the
exponential polynomials. At the end we also prove series identities involving
derangement polynomials and Laguerre polynomials (examples 8 and 10).

2. GENERATING EXOTIC SERIES

Suppose we have a function F(z) analytic in a neighborhood of the
origin and written in the form

F(z) = ianj;. (4)
n=0 '
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We construct a function of two variables using the coefficients of F'(z)

u@y) =Y an (V-1 L
n=0 . . (5)
Y

:ao(ey—1)+a1(ey—l—ﬁ>x—|—---.

To better understand the convergence of the above series we show a rough es-
timate for its terms. Let a > 0 be arbitrary. For |y| < a we have the following
estimate from Taylor’s formula with reminder in the form of Lagrange

n al, |n+1
R T AU il I ]
1! nl| = (n+1)!
(here a does not depend on n). From this
(9 =1= 3 ) ] < Sl el ol e
1! n! (n+1)! n! n+1

We will keep this estimate in mind when we consider the applications.

Theorem 1. Let F(z) and u(z,y) be as in (4) and (5). Then for all appro-
priate values of x,y we have the integral representation

u(z,y) =Y /Oy e tF(wt) dt. (6)

Proof. We compute the partial derivative of u(z,y) with respect to y

S y y" !
/ . n
Uy(l',y)—a/oey"_nz::lan <6y—1—1'——(n_1)'>$

Then clearly

o0
a
Uy — U = Z ﬁy"m" = F(xy).
n=0 """
For z fixed this is a linear differential equation (with respect to the variable
y) with integrating factor e™¥. That is,

From here y
ue ¥ = / e 'F(xt)dt + C(x),
0

where C'(x) is the constant of integration with respect to y. With y = 0 we
find C(x) = u(x,0) = 0. This way

y
u(z,y) = ey/ e 'F(xt)dt
0

and the theorem is proved. O
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The theorem can also be proved by using Taylor’s formula with integral
remainder. That is,

1 Y n_ t Ly Yy Yy
] O(y—t) edt=e —1—ﬁ—---—a (n >0).

Example 1. Taking the function

Then for x = 1 we have
- y y"
Z(ey—l—*—“'—i) :yey
1! n!
n=0
and for x # 1

o] n Y _ oY
Z(ey—l—%—-”—y—)xn:! (7)
n=0 :

n! x—1
which confirms (1). (Note that in (1) the summation starts from n = 1.)

Example 2. Now let p > 0 be an integer. Taking the exponential generating
function for the binomial coeflicients

n

F<z>=zp62:ff(;j);,

we find from (6)

_x~(n y Y o [V [ (atP)er
Ez.—z<p) (ey—l—ﬁ—'--—a)x —ey/o e {p! dt

n=0
_ e / ! el gy,
! Jo

¥ (5) (g )=

n=0

Forx =1

and for x # 1 integration by parts gives

xPe¥ (1—-2)y P 1—x 4y
Ey = (1_$)p+1{1e Z

which confirms Furdui and Sintamarian’s result (2) by setting y = 1.



K. BoyAaDzHIEV, EXOTIC SERIES 17

Example 3. For the series in (3) we consider the function

0o " .
F(z) =Y n""5 = gpla)e”

n=0

where p > 0 is an integer, ¢,(x) is the exponential polynomial of order p

wp(x) =Y S(p, k)a®, (8)
k=0

and S(p, k) are the Stirling numbers of the second kind [1, 3, 7]. Applying the
theorem we find the representation (with the notational agreement 0° = 1)

& y P y" v
an<ey_1_'__..._)g;”:ey/ e_te”gpp(xt)dt.
1! 2! ! 0

n=0

When x = 1 this becomes

oo 2 n Y
an<ey1yy...y):ey gop(t)dt

n=0
k+1

P y
=eY S(p, k ,
ekgo(p e T

which is Furdui’s result [5]. For z # 0,1 we have

o) 2
an(ey_l_y_y_..._yn)xn
12! n!

n=0

p s ko )

k=0
(see also [2]).

3. FURTHER EXOTIC SERIES

In this section we use our theorem to evaluate various exotic series with
special numbers.

Example 4. Consider the generating function for the Bernoulli numbers

=3B (|2l <20
g n!

er—1
n=

F(z) =
The theorem implies the representation

o0 n Y 7tt
ZBn(ey—l—g—'--—y—)x":ey/ eta: dt
=0 1! ! o e —1

Yy tet
= zeY —dt.
A ert _ 1
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For x,y > 0 the integral can be evaluated in terms of series
Yy ¢ -t Y ¢ —t,—xt
| = [
o e*t —1 o 1—e@t
Y oo
:/ ¢ {Z e(nachl)t} dt
0 n=1

00
= Z /y te~ (Tt 4y
—nxy e Ty o 1

:_ye_yznm+1 —yz (nx +1)2 Z(nx—i—l)

These series can be expressed through the Lerch transcendent ®(z, s, a) (see
[4]) and the dilogarithm Lis(z)

o0 Zn oo Zn
(z,5,a) = Zm; Lisg(2) =) =5
n=0 n=1
Namely, we have
- y y" e’
Z Bn (ey - ]. - ﬁ — ﬁ) fL’n — ;@(1,2,[1:71) - yq)(e*xy’ 17x71)

1
— —®(e™ 2, )ty +1—ev).
x

For x = 1 this representation takes the form

o0 n 2
ZB” (ey—l—g—---—y—) =eY <yln(1—e_y)—Lig(e_y)+7r—1)
= 1! n! 6
+1+y.
For x = —1 the integral in (9) becomes simpler
Y tet y y
—/ dt = / td(In(1 — e t)) = yIn(l — e¥) — / In(1 — e dt
o € -1 0 0

7T2
=yln(l—e¥)+ i Lig(e™)

and we come to the remarkable evaluation

n

ni:%Bn (e —1—£_..._y7> ()" =e¥ (yln(l—ey)_LZ’Z(ey)_{_Tj)'

1! n!

Example 5. In this example we use the exponential generating function for
the Stirling numbers S(n, k) of the second kind [3, 7]

F(z) = e—l ZSnk—
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where k > 0 is an integer (the summation actually starts from n = k, as
S(n,k) =0 for n < k). From the theorem

= Y yn n_ey Y —t/ xt k
7;)5(71,]6) (ey—l—ﬂ—--~—ﬁ)x _k?!/o e (™ —1)"dt.

The integral can be evaluated in terms of binomial expressions.

[ttt {g( ) wu}&
E( ) [

k
k
Z ( > elz=1t 44
k eliz=1ly _q
N ( gz —1
Thus we have the closed form evaluatlon

e Y y”> ejwy_ey
Y_ 1< ... — R
;::OS(H, k) (e 1! n! T K - Z < ) Jjr—1

Example 6. Now we construct an exotic series containing the exponential
polynomials ¢, (z) defined in (8). Their generating function is given by

F(Z) :E (e*-1) an

(see [1]). The theorem implies the representation

S y yn Y xt
S (91 B B [
n=0 1! n. 0
= eyf)\ /y e*te)\eztdt.
0
We can easily evaluate this integral when z = —1
Yy 1 Yy ¢ B 1 iy 1 y
dt Ae d)\ t = —— Ae — Ae A
/0 e tel Y /0 e e 3 € o 3 (e et)
From this

ey—)\/ e—te)\ezt dt = _%(e)\(e*y—l) o 1)
0

and we come to the elegant formula

oo " o L
Z@n()\) (ey_l_%_..._yi)zy(l_ek(e Y 1))
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Unexpectedly, we can spot the generating function for the exponential poly-
nomials in the expression on the right hand side. This gives the identity

3 el (ey—l—j’!—---—ﬁ)—‘f(1—§)%<A>W>.

Example 7. In this application we present an exotic series with harmonic
number. The harmonic numbers are defined by

1 1
Hy=1+g+-+_ (n>1); Ho=0
n

with exponential generating function
o0 Zn
— T PR
z) = nE:O H, ¢ Ein(z).

Here Ein(z) is the exponential integral
oo (_1)n—lzn

Ein(z):/021_e_uduzz

u n=1

nln

(as the series representation shows, Ein(z) is an entire function).
From the theorem we obtain

n

o) Y
ZH” (ey_l_%_..._zL)x”:ey/ e te” Ein(at) dt.
= ! 0

n!

The integral can easily be evaluated in explicit form when x = 1

Yy Yy t 1— —u
/ e el Ein(t) dt—/ {/ c du} dt
0 0 u
—/ / —c du
U
1—e™®
= — d
/0 (y —u)——du

y
=y Ein(y) — / (1—e")du=yEin(y) —y—e ¥ + 1.
0

Using the series representation of Ein (t) we find also

n—1, n+1
/Eln t)dt = ( 1) y .
n'n(n+1)

Finally, for all y we have the beautlful equatlon

n

o

Y Y .
Z_:Hn( —1—F—---—H):ey(yEln(y)—y—l—l)—l
i )n lyn+l
“nln(n+1)

n=1
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Example 8. The representation (6) leads to some interesting identities in-
volving derangement numbers and polynomials. We come to these identities
by using the simple exponential generating function for the numbers n!

R 1
Fz)=2> nly =3 2"=7— (a <1
n=0 n=0
Our theorem gives the representation
S n Y —t
Zn! <ey—1—£—-~—y—):p”:ey/ ° _at (10)
n—0 1! n! 0 1—uxt

This result can be related to the derangement numbers

n

D, = an ( L ) ()" Rk = ()" Y ( L ) (—1)Fk!

k=0 k=0
1)k 11 (—1)"
| _ _ ...
' —n.<1 1!+2!+ + "

n (_
=n!
2

which are popular in combinatorics [3, p. 180], [7, pp. 194-196], [8, 9]. We
have from their definition

1 1 -1
e Inl —Dn:n!(e_1—1+1'—2'+~--+<n|)>

and (10) with y = —1 gives the representation

00 -1 eft
Z(e_ln! —Dy)z" =et /0 T dt. (11)
n=0

Now consider also the derangement polynomials [9]

do(@) = (—1)" ( i ) (1) hah =t Y (_,1_>] 2

k=0 §=0

where d,,(1) = D,,. The exponential generating function for these polynomi-
als can be computed easily

S-S (1) weooe)
n=0 : n=0 k=0
=Syt {5 (1) S5
k=0 n=~k :
v k() s (—Z)nk}
S P
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that is,

e S o

= d —. 12
@Y (12)
This function appears in (10) and (11). We have by integrating in (12) the
representation

1

[t S ads
e dt = dp(x

0 1—at = (n+1))!
which in view of (10) gives the curious series identity

E n!(ey—l———--'——>x":eyg dp(z) .
o 1! n! — (n+1)!

For x =1, y = —1 this identity becomes

© _ 1 —1\)» 3 [ee] _1n+1
Zn!(el—l—i—l! ..... (n!)>:61n§:D”((n+)1)!

n=0

Example 9. In this example we construct exotic series with central binomial

2 2 1
coefficients ( n) and Catalan numbers C,, = ( n) The Catalan
n n/n+1
numbers especially are very popular in combinatorics ([3, p. 53] and [7, pp.
203 and 358)).

The exponential generating functions for these numbers are

i": (2n>zn _ 22 i (22';2 — 2 (22)

—\n n! = (n!
= L2 &< (2n) 2" 9
§ : Z = § O ——,y 2 2z) — 11(2

where Io(x) and I;(z) = Iy(x) are the modified Bessel functions of the first
kind [11, pp. 77-84]

00 ZQn 5 o] Z2n
Io(2) :RZ:%W, I(z) = §§m'

The theorem implies

i <2n) (ey 1Y f) a" = eV /y eV o (22t) dt
n 1! n! 0

n=0
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oo n y ,
Z Ch (ey -1- % — = y—'> " = ey/ eVt ([o(2xt) — I(2xt)) dt.
= ! n! 0

For z = % the integrals become simpler and can be evaluated explicitly. Thus

[ 1066t = y1ole) + T o5) La(w) — 1 () Low)

where Lo(y), Li(y) are the modified Struve functions [10, entry 1.11.1(4)].
We come to the identities

X /9 1 n o 2n+1
Z n 7(ey_1_£_..._y7>:€yz Yy
n ) 2n 1! n! 4n(n!)?2(2n + 1)

= o (yhot) + "1l La(y) ~ hw) o))

”C%(L__y_ SRt oy
) G T ar) =\ IO(y)+T;)4n(n!)2(2n+1)

n=0

— oY (1 +(y — DIo(y) + %yUO(le(y) - Il(y)LO(y)D '

Example 10. Equation (7) can be viewed as the ordinary generating func-

tion for the functions
n

WYY

1! n!
We will show now that the exponential generating function for these expres-
sions is very close to the exponential generating function for the Laguerre
polynomials L, (z). Namely, the following series identity holds

[ee) n n 0 n+1
y TR y
yflfff...ff)fzyzqw . 13
nz:%(e 1l al) =@ 2V @Gy (19)

Here is the proof of this identity. In order to compute the left hand side in

(13) we consider the exponential generating function for the numbers %

F(z) = Z,,},n, - Z(nw — R(2v7)

where [y(x) is the modified Bessel function of zero order (see (33)). According
to (6)

e} n n Y
Z (ey_l_g__yi) :Ui:ey/ e_tlo(2\/ﬂ)dt. (14)
1! n! 0

n!
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At the same time, by using the Cauchy rule for multiplication of power series
we compute

Ih(2Vrt) = etrg {%T} g = (i(_l)n:D i {%T} g

(15)
SEE ()
nz:%{k;) (k> k! n!’

The Laguerre polynomials L, (z) have the binomial representation

L= (1) S5

k=0
and from (14) and (15) we obtain the identity
o0 n n o0 n4n
y_1_Y _ ... _ 2) =y [’ =ne
2 (6 L o) =y 2 )
n=0 n=0

Now term by term integration leads to (13).

(1]

2]
3]
(4]
(5]

(6]

[10]

[11]
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15th South Eastern European Mathematical Olympiad for
University Students, SEEMOUS 2021

CORNEL BAETICAD

Abstract. The 15th South Eastern European Mathematical Olympiad for
University Students took place on July 19-24, 2021, in Agros, Cyprus. We
present the problems from the contest and their solutions as given by the
corresponding authors, together with alternative solutions provided by the
members of problem solving committee (PSC).

Keywords: Similar matrices, Hermitian matrices, minimal polynomial,
diagonalizable matrix, normal matrix, eigenvalues, eigenvectors, Riemann
integral, continuous functions, sequences of real numbers, series of real
numbers.

MSC: 15A03, 15A15, 15A21, 26A15, 26D15.

The COVID-19 pandemic affected SEEMOUS 2021 twice: the competi-
tion had to be postponed until July 2021 and reduced drastically the number
of participants to 41, representing 10 universities: 6 from Romania, 3 from
Greece, and one from Cyprus. The jury awarded 5 gold medals, 10 silver
medals and 14 bronze medals. The student Sergiu-lonut Novac from Univer-
sity of Bucharest was the winner of the competition with 37 points out of
40.

We present the problems from the contest and their solutions as given
by the corresponding authors, together with alternative solutions provided
by the members of problem solving committee (PSC).

Problem 1. Let f : [0,1] — R be a continuous increasing function such

that
lim f(z)

z—0t T
(a) Prove that the sequence (z,)n>1 defined by

et er Q) en () ()

is convergent.
(b) Find the limit of the sequence (yp)n>1 defined by

w =t )+ )+ ()

Marian Pantiruc, Gheorghe Asachi Technical University of Tagi, Romania

=1.

Author’s solution. (a) We write
S0 [ ) s

D Universitatea din Bucuregti, Bucuresti, Roméania, cornel.baetica@fmi.unibuc.ro
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Because f is increasing, for all £ > 1 and = € [k, k + 1] we have
) <) <)
_~ < Z) < —
f<k+1 s/ x s/ k
)< e G)a<s ()
— ) < - <flz)- 1
P) < [ 1(5)ae<s(; (

Summing up for £k =1 up to n — 1 we obtain
1
7(5) <an< ),

Since f is increasing, (z,) is bounded below by f(0).
It is easy to see that (z,) is decreasing since using (1) we have

1 n+1 1
o _ il <
Tntl — Tn f(n+1> /n f(x) dz <0.

We conclude that (z,,) is convergent.

(b) Since
2021n /1
Yn = T2021n — Tn +/ f (*) dz,

n x

and therefore

~—

from part (a), it is enough to find

2021n /1
lim f < ) dzx.

A z
1
With the change of variable x = n we obtain

[0 o [ S

2021n

Since lim,_,g+ G 1, given € > 0, there is § > 0 such that 1 — ¢ <

Tz
@) <1 4+ ¢ for every 0 < x < J. In particular, for every n > %, we have

X
1 1
0<s5pm <n< 6 and therefore

1

(1—5)/;1 %dtg/z1 ft(f)dtg(ue)/"l %dt.

2021n 2021n 2021n

Since ¢ is arbitrary and since

1
n

w1
/ —dt =1n 2021,
1t

2021n

we conclude that
lim y, =1n2021.
n—oo

f(=)

there is > 0 such that 1 —¢ < == < 1+ ¢c forevery 0 <z < 4. In

T

Alternative solution by PSC. (b) Since lim,_,+ =1, given ¢ > 0,
f(=@)
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1

1
m<ﬁ<5and

particular, for every n > % and every k > 1, we have 0 <
therefore

ey <f(m) <(1+6>n41rk'

Summing up the above inequalities from k = 1 to 2020n we get

(1—¢) ( ! + ! ) <yn < (1+¢) ( ! +- ! )
—_ 8 J— o« o o S — 6 .« . .
n+1 2021n/) =" ne1 2021n

It is well-known that

li ( ):1 2021,
e\ T T a0 T

and since ¢ is arbitrary we get lim y, = ln2021.
n—oo

Problem 2. Let n > 2 be a positive integer and let A € M,,(R) be a matrix
such that A% = —I,,. If B € M, (R) and AB = BA, prove that det B > 0.

Vasile Pop, Technical University of Cluj-Napoca, Romania
Mihai Opincariu, Avram lancu National College, Brad, Romania

Authors’ solution. Since A2 = —1I,,, the only possible eigenvalues of A are
+i. From A € M, (R) it follows that n = 2k and A has k eigenvalues equal
to i and k eigenvalues equal to —i. Its minimal polynomial is 22 + 1, which
has distinct roots, therefore A is diagonalizable and is therefore similar to

|y O
X = {Ok —z'LJ '
Similarly, if P = { 0—1; ék , then P is also a real matrix with P2 = —1I,, and
—1g k

so P is also similar to X. Therefore A and P are similar and so there is an
invertible matrix U € M, (R) such that P = U"YAU. For C = U"'BU €
M, (R) we get

CP=U"'BAU and PC=U'ABU. (2)
Since AB = BA, by (2) it follows that CP = PC.

Writing C' into block form C' = FZ( ;}, where X, Y, Z, T € My(R), and
. . X Y
using C'P = PC, it follows that X =T and Z = —Y. Hence C = v x|

We now see that

X Y| |X4iY Y—iX| |[X+iY (Y —iX)+i(X +iY)
Y X|7| -v X |7| -v X —iY

X +1Y 0
-Y XY
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Therefore

X Y

det B=detC = ‘—Y b

’ = det(X +iY) det(X —iY) = |det(X +iY)[> > 0.
Alternative solution by PSC. Let A be a real eigenvalue of B and let G,
be its generalized eigenspace considered as a real vector space, i.e.,

Gr={veR":(B—-\,)"v=0}.

We have AB? = (AB)B = (BA)B = B(AB) = B(BA) = B?A. Inductively
we get AB¥ = B¥ A for every natural number k and from this we deduce that
Ap(B) = p(B)A for every polynomial p(x). In particular, A(B — A\,)" =
(B — \,)"A.

Now if v € G}, then (B—\I,)"(Av) = A(B—AI,)"v =0, so Av € G.
Therefore we can define a linear map o : Gy — Gy by «a(v) = Av.

Pick a basis of G) and let A’ be the matrix of a with respect to this
basis. Then A’ € M, (R) and (A4’)? = —I,,;, where n’ = dim(G,). As in the
previous solution, we get that n’ is even.

Since dim(G,) is even for every real eigenvalue of B and since its com-
plex eigenvalues come in conjugate pairs, it results then det(B) > 0.

Remark. The contestant Sergiu-Ionut Novac has found a similar solu-
tion using generalized eigenspaces.

Problem 3. Let A € M, (C) be a matrix such that (AA*)2 = A*A, where
A* = A" denotes the Hermitian transpose (i.e., the conjugate transpose) of
A.

(a) Prove that AA* = A*A.
(b) Show that the non-zero eigenvalues of A have modulus one.

Vasile Pop, Technical University of Cluj-Napoca, Romania
Mihai Opincariu, Avram Iancu National College, Brad, Romania

Authors’ solution. (a) The matrix AA* is Hermitian and all its eigenvalues
are non-negative real numbers.

If A € 0(AA*), then A2 € o ((AA*)?) = o (A*A) = o(AA*), hence
A2 € g(AA*). Tt follows by induction that 22" € g(AA*), for all k € N.
Since A > 0, the last relation assures us that A € {0,1}, so AA* will have
eigenvalues 0 or 1. On the other hand, since AA* is Hermitian, it is also
diagonalizable, thus

I, Okn—k

AA* =U!
On—kk On_p

U.

Using the above statement, we conclude that

A*A = (AA*)? = AA*.
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(b) Using (a), the equality of our hypothesis can be transformed into
A*A - (AA* —I,,) = O,,. Letting B = A - (AA* — I,,) we obtain

B*B = (AA* — I,)A"A(AA* — I,)) = O,
which gives B = O,,. Thus
AZA* = A. (3)
Since A*A = AA*, it follows that the matrix A is normal, hence it is a

unitary diagonalizable matrix. It follows that there is a unitary matrix U €
M (C) such that A = U*DU, where D = diag(Ay,...,A,). Then A2A* =
U*D?UU*DU = U*D?DU and using (3) we get
A’A*=A = D’D=D < N .-\ =\forallic{l1,2,...,n}
— N(NP=1)=0forallic{1,2,...,n}.

Hence the conclusion.
Alternative solution by PSC. (a) Let X = AA* and Y = A*A. Since
X is Hermitian, it is diagonalizable, so P~!X P = D for some matrices P, D
with D diagonal. Let Z = P~!Y'P. The initial condition gives Z = D2,
Since X and Y have the same characteristic polynomial, so do Z = D? and
D. As in the original proof we deduce that every entry of D must be 0 or 1.
Then Z = D and so X =Y as required.

(b) Writing A = U*DU as in the original proof and using (4A4*)? = A*A
(rather than A2A* = A) we get (DD)?> = DD. From this we get that
IA|* = |\]? for each eigenvalue A of A and the conclusion follows.

Problem 4. Let p € R and let (ay)n>1 be the sequence defined by

/ ‘sm 7TCL' dx.
e}

Determine all possible values of p for which the series Z G, CONverges.
n=1

Tiberiu Trif, Babes-Bolyai University, Cluj-Napoca, Romania

Author’s solution. For every positive integer n, let

n x n—1 k41 z
I, :/ ‘sin(ﬂx)‘ dz = Z/ ‘sin(mz:) dz.
0 =0 'k
Then we have
n—1 L n—1 .k
Z/ o ‘ sin(ﬂx)‘kﬂ de < I, < Z/ " ’sin(ﬂx))kdx.
k=0"F k=0"Fk

Substituting ¢t = mx — k7, we deduce that

k+1 m 1 (/™
/ 'sin(mz)‘ de = — / sin™ ¢ dt
k 0

s
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for every nonnegative integer m. Therefore
1 n 1 n—1
=Y <D< =Y i, (4)
7T T
k=1 k=0

™
where J, = / sin® ¢ dt. For k > 2, integration by parts yields
0

™
Jp = / (—cost) sin* 1t dt
0
™
= {— costsin®~* t]g +(k—-1) / sin® 2 t cos? t dt
0
s
=0+ (k— 1)/ sin* 2 (1 — sin ) dt

0
=(k—=1)Jp—2—(k=1)Jp,

whence y
-1
Ji = B Jr_o.
Since Jyp = 7w and J; = 2, we obtain
(2k — 1! (2K
S =Ty and T =2 5
We observe that
27 2w
_ = — d =—.
Jor—1Jak 5 A JokJok+1 1
Since (Jy,) is a decreasing sequence, we deduce that
2m 9 2m
= < < — = .
1 JorJok1 < Jgp < Jop—1Jok o
It follows that
2k
V2 < V2kJop < V2
™ok = Ve s VT
and therefore
klim V2k Jop, = V2. (5)
—00

Similarly

2 1
V2 2:12 <V2k+ 1Jok41 < V21

and therefore

khm V 2k +1 J2k+1 =V2r. (6)
—00
By (5) and (6) it follows that

HIL%O VnJd, =V2r. (7)
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By virtue of (7) and the Cesaro-Stolz theorem we have
fim At e
n—00 \/ﬁ _n—>oo,/n_|_1_\/rﬁ
= lim (Vn+ T+ V) T (8)
=2V2m.

Now relations (4) and (8) ensure that

I, 1 2
Iim — = — - 2V21 = 24/ —.
nﬂlmoo \/ﬁ s T

Taking into consideration that

I, I, 1
Qa = — = — ¢ — s
B Y
(o] o0 1
we deduce that the series Z an has the same nature as Z — - In con-
n=1 n=1 nP~2
(o]
. . . . 3
clusion, the series Z an converges if and only if p > 5"
n=1

Comments by PSC. (i) One could use Wallis’ formula or Stirling’s
approximation in order to deduce (7).
(ii) One could avoid the use of Cesaro-Stolz as follows: By (7) we have .J,, =
@(ﬁ) Since also (e.g., by considering Riemann sums) \% + % 4+ 4 ﬁ =

@

(v/n), one has a, = © (ﬁ) and the conclusion follows as before.
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When must a locally integrable function be integrable?
GEORGE SToICAY)

Abstract. We present two conditions on the decay at infinity of locally
integrable functions, and discuss their optimality, assuring that the latter
functions are, in fact, integrable.

Keywords: Locally integrable functions, decay conditions.
MSC: 26A12, 26A42.

A function is called locally integrable on R (cf. [1]) if it is Lebesgue
integrable (so its integral is finite) on every compact subset of R. Unlike
integrable functions, locally integrable functions can grow arbitrarily fast
at infinity, but are still manageable in a way similar to ordinary integrable
functions. They play a prominent role in distribution theory (cf. [2], [3]) and
occur in the definition of various classes of functions and function spaces, like
functions of bounded variation; moreover, every locally integrable function
defines an absolutely continuous measure and, conversely, every absolutely
continuous measure defines a locally integrable function (cf. the celebrated
Radon-Nikodym theorem).

Our purpose is to find out conditions on how fast must locally inte-
grable functions decay at infinity, to become, in fact, integrable. This type of
conditions is relevant in functional analysis, as a locally integrable function
with at most polynomial growth at infinity has a Fourier transform — as a
distribution, in general (cf. [2], [3]). The main difficulty in finding such con-
ditions comes from the fact that not all integrable functions on R decay to 0
at infinity. Nevertheless, by correlating the rate of decay with the size of the
integration domain therein, we were able to find such conditions (Theorem
1) and to prove that they are optimal for integrability (Theorem 2), as will
be described below.

Our main result follows. For simplicity, we denote below by L (R)
and L'(R) the spaces of locally integrable and of integrable functions on R,
respectively.

Theorem 1. Let f € L} (R). If, for some o > 3 > 0, there exists ¢ =
c(a, B) > 0 such that

/ 2% f(z)|dz < ¢ - d® for alla > 0 (1)
{lz[<a}

D5 Deveber Terrace, Saint John NB, E2K 2B5 Canada, gstoica2015@gmail.com
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then f € LY(R). The same conclusion holds if, for some o > B > 0, we have

1 N ~
lim — /{ @l =o 2)

a—00 @

Before the proof, we shall present some illustrative examples.

Example 1. The function f(z) = 277 for |z| > 1 and 0 if |x| < 1 satisfies
condition (1) in Theorem 1 for any o > v — 1 and f = a — 7 + 1; similarly,
it satisfies condition (2) above for any & > v —1 and f > o —~ + 1. In both
cases, the requirements o« > f > 0 in conditions (1) and (2) are satisfied
precisely when « > 1 (which is, by no means, accidental). Indeed, one can
easily check that the above function f is in L{ _(R) for all v > 0, but is in
LY(R) if and only if v > 1.

Example 2. Let f € L] _(R) such that g € L] (R), where g(z) := 27 f(x)

for some v > 0. Theorem 1 says that g € L'(R) provided that, for some
a > >0, there is ¢ = ¢(«, 8) > 0 such that

/ |zt f(x)|dz < ¢ - a” for all a > 0,
{lz[<a}
or, for some a > 3 > 0,

lim 1/ |27 f(z)| dz = 0.
{lzl<a}

a—0o0 a/B

This example is a two-way improvement (weaker hypotheses and stronger
conclusion) of the following easy exercise: let f € LL (R) be such that g €
L'(R), where g(x) := 27 f(x) for some v > 0; then f € L*(R).

Example 3. The inequality & > 8 > 0 in conditions (1) and (2) is necessary.
Indeed, the function f(x) = 27! for |#| > 1 and 0 if || < 1 satisfies condition
(1) but not condition (2) with a = 8 = 2, is in L (R), but not in L!(R).
Also note that the function f(z) = 273 for |z| > 1 and 0 if |z| < 1 satisfies
condition (2) but not condition (1) with o =2 and 8 =0, is in L{ (R), but
not in L'(R)

Proof of Theorem 1. We need to show that f‘$|>a} |f(z)]dz < oo for all

a > 0. Actually, we shall prove more, namely that condition (1) implies the
existence of another constant ¢; = ¢1(«, 3) > 0 such that

/ |f(x)|dz < ¢ - P~ for all a > 0. (3)
{lz[>a}
Indeed, let us fix n =10,1,2,... and a > 0. We have

@'a)” [ f@lde < | 2 f(@)] do < (2" a)’,
{2"a<|z|<2nt1a} {2"a<|z|<2"t1a}

SO

/ |f(z)]dz < ¢ 98 . g~ . 9B—a)n
{2na<|z|<2nt1a}
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From the identity
o o0
{lz| > a} = U {2"a < |z < 2" e} U U {|z| = 2" a}
n=0 n=0

and using that the last union of sets is countable, hence Lebesgue negligible,
it follows that

r@lar =3 [ F@)]de.
/{:v|>a} nz::o {2"a<|z|<2nt1a}

Using the above estimates, we obtain

[e's) . 9a
z)| dz < c- 28 af@ 9B-an _ 2 p-a
J o, ) a2 > e

n=0
(we used that o > (3 for the convergence of the latter series), so we can take
c1:=c-2%/(2°% — 1) in formula (3).
Similarly, we can prove that condition (2) implies

lim a®~# |f(x)|dz =0, (4)

amreo {lz|>a}

and the latter clearly implies that f € L'(R). Indeed, by (2), for any ¢ > 0
there exists ag := ag(e) such that

/ 2% f(z)|dz < e - a® for a > ay.
{lz|<a}
The arguments and computations from the first part of the proof show that
/ |f(@)]dz < ¢1 - -’ for a > ay,
{lz[>a}

with the same constant ¢; as above, and condition (4) now follows. O

Remark. As the proof of Theorem 1 shows, in conditions (1) and (2) we
may replace x® by any other function h : R — R satisfying h - f € Li (R)
and |h(z)| > const - |x|“.

In the proof of Theorem 1 we showed that (1) = (3), (2) = (4), and
used that conditions (3) and (4) obviously imply the required integrability.
As we shall see below, the interesting part with conditions (1) and (2) is that
they are optimal for integrability, in the sense that (1) < (3) and (2) & (4),
provided that o > 8 > 0. Specifically, we shall prove the following

Theorem 2. Let f € L _(R). With the same notations as above, and if

loc

a > f >0, we have that (3) = (1) and (4) = (2).
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Proof. The trick is to perform majorizations involving negative integers, in-
stead of positive ones. Namely, assume (3) and fix a > 0,n = 0,—1,-2,...
We have

1

Cr L L L | (@)l d

{2n—la<|z|<2"a}
<ec- (2n—1a)ﬁ—a,
SO

/ 2% f(x)|dz < ¢p - 207F . aP - 27,
{2n—la<|z|<2"a}

From the identity

0 0
{lz] < a} = U {2" g < |z| < 2"a} U U {|z| = 2" a}

n=—oo n=—oo

and using that the last union of sets is countable, hence Lebesgue negligible,
it follows that

0
ICECLIEDS

n=—oo

/ |z f(x)| d.
{2n—la<|z|<2ma}

Using the above estimates, we obtain:

0
. Qo
22 f(z) do < ep - 20478 . 4P 25”:01 a?
/{|x|<a}‘ f(z)] <a E 58 1

n=—oo

(we used that 8 > 0 for the convergence of the latter series), so we can take
c:=c1-2%/(2%—1) in formula (1). A similar argument shows that (4) implies
(2). O
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Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of November 2022.

PROPOSED PROBLEMS
521. Prove that

p —4 2\i+7 ; ; 1 1
g > st (o) () =) e
3,j=0

Proposed by Florin St&nescu, Serban Cioculescu School, Gaesti,
Dambovita, Romania.

522. Evaluate the integral

o0 10
/ log (1 + ') de.
0 1+ 22

Proposed by Sean M. Stewart, King Abdullah University of
Science and Technology (KAUST), Saudi Arabia.

523. Prove that
rank(A — ABA) — rank(B — BAB) = rank(A) — rank(B)

for all A, B € M,,(C).

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania and Mihai Opincariu, Avram Iancu National College, Brad,
Romania.

524. Determine all bijective and differentiable functions f : R — R, with
f(x) # 0 Vz € R, satisfying

f<x>+f< !

f'(=)

Proposed by Mircea Rus, Technical University of Cluj-Napoca,

— x) =1, forevery z € R.

Romania.

525. Let n > 4 and let ay,...,a, > 0.



PROPOSED PROBLEMS 37

1 1

(i) Prove that if — +---4+ — <1, then
aq (7%

2 Z aia; —n*(n—1) >2(n —1)*(a; + - + ap — n?).
1<i<j<n

1 1 2—n+1

(ii) Prove that if — + .-+ 4+ — >1and k = w, then
ay an (n—1)3

a4 tai-nP>k| 2 Z aiaj —n3(n — 1)
1<i<j<n
Proposed by Vasile Cirtoaje, Petroleum-Gas University of
Ploiesti, Romania and Leonard Giugiuc, Traian National College,
Drobeta-Turnu Severin, Romania.

526. If a,b € C and k > 2, then we define
Fiy={f:C—C|f¥(2) =az+0},

where f*) = fo...o f, with k copies of f.
For given a,b € C and k£ > 2 find necessary and sufficient condition
such that a set A C C can be written as A = Fix(f) for some f € .7:571)

Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania and Constantin-Nicolae Beli, IMAR, Bucharest, Romania.

527. For every non-negative integer n, evaluate the integral
 Jog" i
h:/g@%m@m.
0 x

The answer may be given either in a closed form or recursively. Also it
may include values of the zeta function at integers > 2.

Proposed by Sedn M. Stewart, King Abdullah University of
Science and Technology (KAUST), Saudi Arabia.

528. If a1, as, as, aq, as, ag are non-negative real numbers such that
aias + asas + azaq + agas + asag + aga; = 6,
ay > az > az > a4 > as > ag,

then
1 1 1 1 1 1 3

> —.
a1+3+a2+3+a3+3+a4+3+a5+3+a6+3_2

Proposed by Vasile Cirtoaje, Petroleum-Gas University of

Ploiesgti, Romania.
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SOLUTIONS

504. Let f : [0,1] — R be a differentiable function with f’ continuous on
0,1], such that |f'(z)| <1 Vz € [0,1]. Prove that if 2 ‘fol f(x) da:’ < 1 then
(n+2) ’fol " f(x) dx‘ <1Vn>1.

Proposed by Florin Stanescu, $erban Cioculescu School, Gaesgti,
Dambovita, Romania.

Solution by the author For n > 0 we denote I, = fol " f(x )dx We
obviously have |Iy| < 1 and we prove by induction on n that |I,| < -
For n = 1 we use integration by parts and we get

L= % (Io + /01(2:c _ () dx)

—5 (4@ - os@), - @ - area)

+2

1

=3 <10 + Ol(x — ) f'(z) dm)

Since |Io| < § and z — 22 > 0 and |f'(z)| < 1 Va € [0,1], we get

<= (|10|+/ P |f()|dx>_2< +/ (z — o dx)z.

Suppose now that n > 2 and |I}| < for k=0,1,...,n — 1. We

k+2
prove that ]I | < 45 For every k > 0 we have
f(l) 1 /1 k+1 g1
I d
a k+1 k+1 TRl hrid, T @

It follows that f(l) = (k+ 1)1+ fo 2FH1 /() dz. We add these relations for
k=0,...,n—1 and we divide by n(n +1). We get

n—1

nf(l)=">3" ((k;+ DI + /01 * L () dx) .

k=0
We multiply the formula for I,, by n(n + 1) and we get

1
n(n =n -n 2" () dz
(n+ Dl =nf () =n [ 2" (x)d
1 1 1
U de ) —n [ 2 () da
(e 00+ [ @ac) —n [ 2 )a

(k+1 1k+/ <

n

T T
= O

gkl — nx”“) f'(z)dx.

B
II

=0
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If x € [0,1] then for k = 0,... X 1 we have zF+1 > gn+l go S0 ahH! —
nz"tt > 0. We also have I, < 45 for k = 0,...,n — 1 and |f'(z)| <1 for
x € [0,1]. It follows that

n—1 n—1
n(n + 1)I, < Z(k: 1)L + /1 (Z S nxn-i-l) ()| dz
SZ:i; /1<Zxk+1 nz" 1) dx

k=0
B el SV o S o
i kt2 [ k+2 n+42 n+ 2 n+ 2
n(n+1)
n+2
From this we conclude that |I,,| < %4-2 O

We have received the same proof from Daniel Vacaru.

Editor’s note. The problem can be solved without resorting to math-
ematical induction, by adapting the same idea from the n = 1 step. Namely,
we have

zn:ni1<h+4%mﬁwn"—nﬂ@¢a
- (@ s - @ o)

_ +1<0+/ ) f ()dx).

But |Io| <  and on [0, 1] we have z — 2" > 0 and |f/(x)| < 1. Hence,

i< g (1004 [ =i @)

1
= " Hdz ) = .
n+1< +/ :1:) n 42

This is, essentially, the solution we received from Moubinool Omarjee.

Solution by Moubinool Omarjee, Paris, France. We have

1 1 1
(n+1)/0 2" f(z)dz| < (n—l—l)/o :L‘”f(ﬂz)dx—/o f(z)dz
1

i ) dgg—/olf(as)dx
:/01 m/(z)f(z)dz = —/01 m(z)f'(z) dz
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Since |f/(z)] <1 and —m(x) =z — 2" > 0 Vz € [0,1], we get

1
(n+1)/ dx—/f dz| < / |m(x \dx</(aj—m"+1)dm
0
- 5 Cn+ 2'
Together with ) fo dx’ <3 1 this implies

1 1 n+1
4+ =

<L
2 n+2 2 n—+ 2

< 1.

() [ @)

505. Let n,p,q € N such that 1 < ¢ < p < n. If there exists A € M,, ({0,1})
such that A - A® has all the elements on the diagonal equal to p and all the
other elements equal to ¢, prove that:

a) p(p—1) =q(n —1);

b) A- Al = At A;

c) if n is even, then p — ¢ is a perfect square.

Proposed by Vasile Pop and Mircea Rus, Technical University of
Cluj-Napoca, Romania.

Solution by the authors. Let A = (a;j) and B = A- A" = (b;j). We have
n n
= Za?j = Zaii for all i € {1,2,...,n},
j=1 j=1
hence AU = pU, where U is the column vector of order n with all elements

equal to 1. Denoting by J, the n x n matrix with all elements equal to 1, it
follows that

A-Jp=0pJy (1)
and, by hypothesis,
A-A = (p — @) In + qJn, (2)
where I,, denotes the n x n identity matrix.
From (1) and (2) it follows

A-At:(p—q)InJr%A-Jn,

that is )
714-(14 —7J>: o
p—q p

which proves that A® — an is the inverse of
p pP—q

(At - an) L ao, (3)
P p—gq

A, hence they commute:
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By multiplying (3) to the right with (p — q)J,, it follows by (1) that
<At - j)Jn> pIn=(p—q)Jn
and, by taking into account that J2 = n.J,,, we obtain that
At g, =PZatan (4)

p

P—q+qn

By (4), the sum of elements in any line of A? is . Hence, the

P—qtqn

sum Y A? of all elements of A' is -n. Similarly, from (1) we get

p
that S A = pn. But 3. 4 = 3 A? and so p—qtaqn

leads to

-n = pn, which finally

plp—1) =q(n—1), (5)
which concludes the proof of part a).
Now, by (5), we can rewrite (4) as
At : Jn = pJ’VM
hence
In - A=pdy. (6)
Then, by (3),
A A=Lg, A= -q),
p

hence, by (6) and (2),
At~A:%JH-A+(p—q)In:qJn+(p—q)In:A-At,

which concludes the proof of b).

Finally, computing the circulant determinant det B (e.g., subtract the
first column from each of the other columns, then add to the first row each
of the other rows), it follows that

(det A)? =det (A- A') =det B=(p—q)" " (p+(n—1)q) = (p— )" ' p*,

hence p — ¢ is a perfect square (since n is even), which concludes the proof
of ¢).

Remarks. (i) For every n > 3, there exist p, ¢ and A which sat-
isfy the required conditions. For example, let A be the circulant matrix
c(1,1,...,1 ,0);thenp=n—1and g=n—2.

———
n—1 values of 1

In general, given n, p, g, it is not always possible to find such a matrix A,
even when n, p, ¢ satisfy properties a) and c¢). For example, it is possible to
show that for ¢ = 1, p = 7 and n = 43 (which satisfy the required properties),
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there is no such matrix A (this example is related to the non-existence of finite
projective planes of order 6).

(ii) It is possible to interpret A as the adjacency matrix of a directed
graph (or, equivalently, of a binary relation). By letting X = {1,2,...,n},
define a binary relation R on X as follows:

(2,]) €R<:>aij:1 (Z,]EX)
By hypothesis, for all ¢ € X one has

p=bi=Y aj=

J=1 J
while for all i,j € X, i # j

aij = |[{j € X+ aij = 1} = [R(I)],
=1
q="biy=> airajr = [{k € X : ay, = a;, = 1}| = |R(i) N R(j)|,
k=1
where, as usual, R(z) :={y € X : (z,y) € R} (z € X).

These ideas are also strongly connected to the theory of symmetric
balanced incomplete block design, where A is the incidence matrix.

506. Let N > 1 be a squarefree integer. For every integer k we denote
gy (k) = ged(N, k). Prove that there is a finite subset S of the unit circle
such that for every polynomial f = %, ax X" € C[X] we have

1(N) D plan (k) dlan (k))ar = > f(C).
k=0

ces
(Here p and ¢ denote the Mébius function and Euler’s totient function, re-
spectively.)
Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

Solution by the author. Let Uy, and P, be the set of all roots of unity
of order t and of the primitive roots of unity of order t, respectively. We
actually prove that our result holds with S = Py

By linearity, it is enough to prove the identity when f belongs to the
basis { X" | m > 0} of C[X]. That is, we must show that

3 " = u(N)p(an (m)e(an(m))  Ym > 0.
(ePn

Note first, that, if ¢ > 1 and m are integers, then we have the well-known

relation
Z om = 0, ifttm,
=i t, ift|m.
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In particular, if £ = p is a prime, then U, = P, U {1}, so the above equality

becomes
1+Z<m:{0, if ptm,
eh p, ifp|m.

But if p { m then p(g,(m))e(gp(m)) = p(l)e(l) = 1 and if p | m then
p(gp(m))e(gp(m)) = p(p)e(p) = —(p — 1). Hence,

> "= —nlgp(m))e(gp(m)).

CePp

This proves the desired identity in this (simplest) case.

Let now N = pi---ps, where p1q,...,ps are distinct primes, so that
u(N) = (=1)%. Now it is well known that any ( € Uy writes uniquely as
¢ = (1 (s, where G € Up, for each 1 <[ <'s. Moreover, ¢ is a primitive in
Uy iff each (; is primitive in Up,. Therefore

So= Y G =X @) (e

CEPN C1EPp; ,...CsEPpg C1€Pp, Cs€Pp

= (=11(aps (M) @ (g, (M) - - - (=12, (m)) (g, (m)))
= (=1)’ulgn (m))p(gn (m)),
as desired. The last equality follows from the multiplicativity of the arith-
metic functions p and ¢, the fact that gp,,...,qp, are mutually prime and
the obvious equality
) 5, () = ay ().
Remark. The Ramanujan sum c,(m) is the sum of the m-powers of

the gth primitive roots of unity. The formula

v(a) ( q >
cg(m) =
o) (p( q >M (m, q)
(m,q)
is well-known and if N is squarefree it immediately implies the identity

en(m) = > ™ = p(N)p(gn (m))e(gn (m)).

(eEPN

So, basically, we proved a particular case of the formula for the Ramanujan
sum. (Nevertheless, the formula is not the starting point for the problem!)
The solver who is familiar with this formula will probably find the problem
to be rather easy.

507. Calculate the integral

/OO Inx d
———dx.
1 Pt ayr+1
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Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu,
Romania.

Inx
3+ e+ 1
In this integral we substitute x = %, which gives

[o¢]
Solution by the author. Let us denote [ = /
1

o0 Inz 1 ylny
1 B Hayr+1 o Y¥PHySy+1

1 1
Let us also denote J = / yny dy.

o Y¥ryyy+1
2
In this integral we substitute y = 23, which gives

/ 231nz
) z2—|—z+1

J / 1—2231nzd B 1z%1nzd 1 25Inz

We have successively:

z z—
1—23 o 1—23 o 1—23

1 o©

:/ 223”+31nzdz—/ ZzSTH%Inzdz
n=0
1

= Z/ 2335 lnzdz—Z/ z3"+% Inzdz.
n=0 0 n=0 0

Now we will use the following relationship
1 1
/ *lnrxdr = ———5 Va€R, a>-1.
0 (a+1)
We obtain

4 1 1 4 & % _ %
J=9§<<3n+;>2‘<3n+g>2>:9§<<n+;>2 <n+s>2>'

We will now use the following relationship

s 1
wl(x> = nz::om,

where 1 (x) is the trigamma function. This gives

(G- G)

We obtained the value of the integral required in the problem statement

== A3 ().
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Solution by Brian Bradie, Christopher Newport University, Newport
News, VA, USA. We use the substitution u = 1/x and we get

/°° Inz 4 /0 In(1/u) du /1 ulnu q

———7——dr=— === | ———— du.
1 B+ 23241 1 u S u32 41 w2 0 14+u3/2+ud
Now, multiply numerator and denominator of the integrand in the last inte-
gral by 1 — u3/2 to obtain

00 1 _.,5/2
/ Inx dx:—/ (u—u )lnudu.
1 a3+ ad241 0 1 — 92

With the series representation

1 o

_ Z 9k /2
- u%/2,
1 — ud/2 =
this becomes
o lnx 1
dr — _/ GHR/2 0 52H95/2) 1w du
/1 a3+ 232 +1 okz::(]( )

oo 1
_ _Z/ (ulFO/2 _ 5/249K/2) 1
k=0"9

o= 1 1
= ((2+9k/2)2 a (7/2+9k:/2)2>

k=
B 841,;) ((k: +14/9)2 " (k +17/9)2>
- s (n(5)-u(5)

where 1 () is the trigamma function.

(Here we used the formula [;°u®lnudu = which holds for

a>-1.)

1
(a+1)2>

508. Let K be a field and let A, B € M, (K), with n > 1, such that AB —
BA = ¢(A — B) for some c € K \ {0}.

(i) Prove that if char K = 0 or char K > n, then A and B have the
same eigenvalues.

(ii) Prove that if 0 < char K < n, then (i) is no longer true.

Remark. The statement (i) is an extension of the statement b) of
problem 495, whose solution was published in GMA 38 (117) 3-4/2020,
61-64.

Proposed by Constantin-Nicolae Beli, IMAR, Bucuresti, Romania.
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Solution by the author. (i) We denote by fx the characteristic polyno-
mial of a square matrix X. We prove that f4 = fg, which implies that A
and B have the same eigenvalues.

By the same reasoning as in the solution of problem 495 b), we get
fa(@)fe(x+c) = fe(x)fa(x+c), so it is enough to prove that if P,Q € K[X]
are monic of degree n with P(x)Q(z + ¢) = Q(x)P(z + ¢) and char K = 0
or char K > n, then P = Q. Let R = ged(P,Q), with R monic, and let
P = PR, Q@ = QR. Then ged(P,Q') = 1 and P’,Q’ are monic with
deg P! = deg @' =: n' < n. After dividing the relation P(z)Q(x + ¢) =
Q(z)P(z + ¢) by R(z)R(z + ¢), we get P'(z)Q'(z + ¢) = Q'(z)P'(z + ¢).
If deg R = n, then P = Q = R, so we are done. So, we may assume that
deg R < n and n’ > 0. Hence, P’ has a root zp. Since ged(P', Q') = 1, we
have Q'(zo) # 0. Hence, 0 = P'(z0)Q’'(zo+c¢) = Q'(z0) P’ (xo+c) implies that
P'(x9+c) = 0, so xg+c is another root of P. Inductively, zo, xo+c, xo+2¢, . ..
are all roots of P. If char K = 0, then xg,x¢ + ¢, zg + 2¢, ... are mutually
distinct, so P has an infinity of roots. Contradiction. If char K = p > n, then
xo, xo+¢, . .., xo+(p—1)c are p distinct roots of P/, with deg P’ =n/ < n < p.
Again, contradiction.

(ii) We consider first the case when n = p. Before finding a coun-
terexample, we give some hints about how this counterexample should look
like.

Same as for (i), we put P = fp, @ = fa. Then P,Q are monic of
degree n = p and P(x)Q(z + 1) = Q(z)P(x + 1). We search for some
P,Q of this kind such that P # Q. Again, we write P = P'R and Q =
Q'R, where R = ged(P, Q) is monic. If degR = p, then P = Q = R, so
we may assume that deg R < p. Then, as seen from the proof of (i), we
have deg P’ = deg @ =: n’ < p and P’ has p distinct roots of the form
20,20 + ¢, ..., 20 + (p— 1)e. Tt follows that n’ = p, i.e., ged(P,Q) = R =1
and P = P, Q = @', and xg, 20 + ¢,...,x0 + (p — 1)c are all roots of P.
Thus, P(z) = (z —z0)(x —20 —¢) - - - (x — 20 — (p — 1)c) = PT(**2), where
Ty) =yly—1)---(y—(p—1)) = y?» —y. (By Fermat’s little theorem,
in characteristic p we have that 0,1...,p — 1 are roots of y?» — y.) Thus
P(z) = (z — 20)? — P Yz — z0) = 2P — P Lo — (2} — P Lay).

First we consider the case when ¢ = 1. In order that P # @, i.e.,
fa # fB, the roots of P = fp must be of the form zg,xzg+1,...,20+p— 1.
We choose zp = 0, so we take B € M,(K') whose eigenvalues are 0,1,...,p—1
and we have P(z) = fp(z) =x(z —1)---(z — (p—1)) = 2P — x. Since B
has p mutually distinct eigenvalues, it is diagonalizable. Therefore, we may
assume that B = diag (0,1,...,p— 1) € M,(F,) C M,(K).

Before searching for a suitable A, note that if we denote C = A — B,
that is, A = B + C, then the condition AB — BA = A — B writes as (B +
C)B—-B(B+C(C)=C,ie,asCB—BC=C.
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For convenience, we index the rows and columns of matrices from M, (K)
not by 1,2...,p, but by F, = {0,...,p— 1}. We denote by {e;; | 7,5 € Fp}
the canonical basis of My(K'), where e; ; has 1 on the position (4,j) and 0
everywhere else. We have e; jep; = 0 1€;.

Then B = diag (0,1,...,p—1) € My(F,) writes as }_cp, ie; ;. We write
C= Zj,kE]Fp aj k€5 k- Then

CB—BC = ) ajrejr Y ieii— Y i€i; Y Gjrejk
J,kel, i€y i€, J.keF,
= Y iaiplpieji— Y iajrdijeir
1,5,k€Fp 1,5,k€Fp

= > kajrejr— Y dajkese= Y (k—j)ajrejk.

4,k€F, 3,kEF, 3,kEF,

Then the relation CB — BC = C writes as (k—j)a;r = aj Vj, k € Fp, which
is equivalent to a;, = 0 when k£ — j # 1. Hence, we have CB — BC = C' iff
C has the form C = Y jcp, @jj+1€5,j+1 = Y icF, Gi€iit1- (Here a; := ajit1.)
Thus the only nonzero entries of C' are above the main diagonal and in the
left bottom corner, in the position (p — 1,0).

If C € M,(K) is of this type, then CB—BC = C, so A = B+C satisfies
AB — BA =A— B. Asseen above, fp=z(z—1)---(x — (p—1)) = aP — x.
On the other hand, the matrix A has 0,1,...,p — 1 on the main diagonal,
aop, . ..,ap—2 above the main diagonal, and a,—1 in the bottom left corner.
Thus, I —Ahasz,z—1,...,x—(p—1) on the main diagonal, —ag, ..., —ap—2
above the main diagonal, and —a,_1 in the bottom left corner. When we
develop det(xI, — A) along the first column, we get fa(z) = det(zl, — A) =
z(z—1)-(z—(p—1) + (=1)P Y —ap_1)(—ao) - - - (—ap_2) = 2P —z — a,
where a = ag - - - ap—1. If we take ag,...,a,—1 # 0, then a # 0, so fs and fp
are mutually prime, so that A and B have no common eigenvalues.

If c € K\ {0} is arbitrary, then we define A’ = cA and B’ = ¢B, so
the relation AB — BA = A — B implies A’B’ — B’A’ = ¢(A’ — B’). On the
other hand, Pp/(x) = ’Pg(z/c) = 2P — P~z and Py (z) = PPys(x/c) =
2P —cP~ 1z —cPa, so again gcd(Py/, Ppr) = 1 and thus A’ and B’ have different
eigenvalues. Thus we have counterexamples for arbitrary c.

If n > p, then, by the case n = p, there are A', B’ € M,(K) with
A'B'—B'A' = ¢(A' - B"), fp(z) = 2P —cP 1z and fu(x) = 2P — P to—cPa,
with a # 0. Then we define A,B € M,(K) by A=A ®0,p,, B=B®
On—p, where 0,_, is the zero element of M, _,(K). As a consequence of
A'B" — B'A" = ¢(A' — B'), we have AB — BA = ¢(A — B). We also have
fa(@) = fa(@)fo,., = (@@ = 12)a"? and fu(2) = fur(@)fo,., = (2 —
P~lz —cPa)z™P. Hence, the only common eigenvalue of A and B is 0. Thus,
they don’t have the same eigenvalues.



48 PROBLEMS

509. Let m and n be positive integers and let Ay, Ao, ..., Ay € M, (R). For
every i € {1,2,...,m} denote by \i1, A2, ..., \in € C the eigenvalues of A;.

Prove that there exist £1,e9,...,&,, € {—1, 1} such that the eigenvalues
[y 42, - - - s pin € C of the matrix 1 A1 + €94 + -+ - + £, Ay € M, (R) satisty

the inequality
n m
PED YIS (5)
j=1

n
i=1j=1
Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Romania.

Solution by the author. Note that if A € M, (R) has the eigenvalues

A1, A2, ..., Ay € C, then Z A = Tr(A?), so every sum in (5) is a real number,
i=1

hence the inequality makes sense. Also, the problem can be restated as

follows: for any matrices Ay, Ag, ..., Ay € My (R) there exist e1,e9,...,6, €

{—1,1} such that
Tr ((elAl 49l 4+ -+ smAm)2> > Tr (A%)—i—Tr <A%)—|—- -+ Tr (Aer) . (1)
First, we claim that the function
fiMu(R) =R, f(A)=Tr(A%), Ae My(R),

verifies

f(A+B)+ f(A—B)=2(f(A) + f(B)), forall A,Bec M,(R). (2)
Indeed,

f(A+B)+ f(A-B)=Tr ((A+ B)> + (A— B)?) = Tr (24% + 2B?)

= 2(Tr(A?) + Tr(B?)) = 2(f(A) + f(B)).

Now, we prove (1’) by induction on m > 1. The statement is obviously
true for m = 1 by letting €y = 1. For the inductive step m — m + 1 let
A1, Aoy Ap Al € M (R). According to the hypothesis of the induc-
tion, there exist €1,¢€9,...,6m € {—1,1} such that

Tr ((51A1 +e2Ado+ -+ emAm)2> > Tr (A%) +Tr (A%) +---+Tr (A?n) (3)
and denote A :=¢e1A1 + 242 + -+ + £, Ap. Based on (2), it follows that
A+ Apgr) + f(A = Amgr) = 2(F(A) + f(Amt1)),
which means that at least one of the inequalities
f(A+ Apyr) > f(A) + f(Amta),
A= Apy1) > f(A) + f(Amta),
is true. Concluding, there exists &,,4+1 € {—1,1} such that

J(A+emi1Amyi1) > f(A) + f(Am+1),
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which translates to

Tr <<Z§ ekAk) 2> > Tr ((é skAk> 2) +Tr (A2,). (4)

Finally, by combining (3) and (4), we obtain

T (CijgkAkf) > T (A2) 4T (A2) + o+ T (A2) + T (42,,,).

which concludes the argument.

Editor’s note. This problem is a restatement of Problem 2 from SEE-
MOUS 2019; see GMA 37 (116) 1-2/2019, pages 20-22.

510. Prove that

1 1—v2 2 1++2
Z b (Y2) T e (L2
. 16"n2(2n 1) 2 3 4
1 2
— 2log? ( +2\f> —log?(4) + 4 (\/5 - 1) .
Here Lig(x) is the dilogarithm with integral representation given by

Lis(z) = —/Ox Wdt.

Proposed by Sean M. Stewart, Bomaderry, NSW, Australia.

Solution by the author. We begin with a classical result for absolutely
convergent series, namely

S5 3wty S
- 2 = 2 =
n=1 n=1 n=1
Applying this result to the given series we see that
>[4 1 > (4 1
Z<2n>1 "n2(2n + 1 :42(2n>4% 2n)2(2n + 1
= \2n/16"n?(2n + 1) n (n)(n—i—)
-9 Z + Z i
4”n2 (n+1 4mn?(n+1)

- 25+ + 25_. (1)

To find S and S_ we will first find a generating function for

> () ey
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starting with the well-known generating function for the central binomial
coeflicients, namely

= (2n\ , 1 1
nz:O<R>af :ﬁ, lz| < T
After summing out the first term in the series and dividing by x, we have
i<2n>x”_1:1~( 1 _1):1—m
—\n x \V1-—4dz z/1—4dx
Replacing x with ¢ before integrating with respect to ¢ from 0 to x yields
5 (%)ﬂ_/m_mdt
n=1 \"1t/ 1 o t/I-4dt
= —2log <m+ 1) ’z
= 2log(2) — 2log (1 + @) :

Replacing = with ¢ before integrating with respect to ¢ from 0 to = gives

i<2n)wn+l:210g(2)/0md:c—2/0xlog(1+\/1—74t> dt

n Jn(n+1)
= 2z log(2) — 2tlog (1 + m) ‘z

n=1

t
dt (b t
VT 41+ /1 41) (by parts)
But
—4t / V1 t_ldt*/x 1_# dt
V1I—4t(V1 -4t +1) —Jo VI—4t
1 1
= {t+§\/1—4t} —o+VI-dz -
0
Therefore,
> (2n) ant! 1 1
Z ( ) :2xlog(2)—2xlog(l+m>+x+fM—f
—\n n(n+1) 9 2
)
1 2log(2)+1 1 JT—dz 2log(1+VI—4dz)
Z T 9.2 + 2 - )
— nin+1) T 2x 2 x

after having divided throughout by z2.
A final integration is needed in order to reach our desired generating
function. This is best achieved using indefinite integrals before finding the
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constant of integration afterwards by letting £ — 0. We have

Z( )712712_1):<210g(2)+1)10g( ++2/m
N

x

(2)

We denote by I; and I the two integrals appearing to the right of the equality
in (2). In both integrals we substitute u = /1 — 4z, so z = 1 u?

u2
Il_—8/<1_u2)2du and IQ —2/ IOg 1+’U,)d
Making use of the partial fraction decomposition of
u? 1 1 1 1

(1—u2)2 " 4(u+1) * 4(u+1)2 * 4(u—1) * 4(u—1)%’

we have
11:2/ du _2/ du _2/ du _2/ du
u+1 (u+1)2 u—1 (u—1)2
2 2
= 2log(1 — 21 -1+ —+—-
og(1l+ u) oglu— 1|+ +1+ 1+C'1

= 2log (1+ V1 —4z) —2log (1 — V1 —4z) — 7V1;4x+01.

Here C is a constant of integration.
For the second integral we use the partial fraction decomposition

U 1 1

1—u2 2u+1) 2w-—1)

and we get

I — / log(1 + u) du+/log(1+u) du

14w u—1
log(u + 1)
u—1

log (I4uw) +/ du.
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Making a substitution of w = 2¢ — 1 in the remaining integral, we get

log(2t)
Ih=— log (1+\/ — 4z —i—/ ?ﬁg—l

)
9 dt log(t)
= —log 1+\/1—4x>+10g / 1+/ dt
Vi-ir)

t—1

NI~ N~ DN~

10g2(1+ 1—4x) +1log(2)log|t — 1| — Lig(1 —t) + Cy

log? (1+ v1—4z) +log(2)log (1 — VI — 4z) — log?(2)

1-+v1-4
() e,

Here Cy is a constant of integration. We also note the following integral
representation for the dilogarithm has been used:

tlog(u)
— [ ———du = Liy(1 —%).
1w du ia( t)

On collecting all the pieces together for the two integrals, the sum in (2)
becomes

= (2n " 1—+/1—4x
o2 (14 V1 —dr) 4 VT
Z<n>n2(n—i—1) ©8 ( + $)+ 2z

n=1

+log (1+ VI —dz) + (2log(2) + 1) log <1$>

—+/1—4x
1 - VI dz
+2Lis <2 “:) +C,

where C' = 10y — 2(-2 log?(2) 4+ Cy). In order to find the constant C' we let
x — 0. Noting that

1 —+/1—-4x
lim ———

x—0 2z

. T
=1 and ilig.) log (m) = — lOg(Q),

doing so yields C' = 3log?(2) — 1. Our sought after generating function is
thus

Z ( )n =3log?(2) — 1 —log? (1 + V1 —4z) + log (1 + V1 — 4z)

n?(n+1)
1—+1—4x T
—_—_— 2log(2 1)1 —_—
P LI log(2) + >og(1_ ﬁ_496)
1—-v1—-4
+2L12<2 x)v lz| <

PSS,

3)
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Setting z = £ in (3) gives Sy. Here

S =1+ 3log?(2) — 2log(2)(2log(2) + 1) + 2 Liy (%) .

Noting that (see, for example, Eq. (1.16) on page 6 of Polylogarithms and
Associated Functions by L. Lewin (North Holland, New York, 1981))

1\ 7w 1
Li (7)27_71 2(2),
12 5 2 2 0g”(2)
the sum for S, reduces to

2

St = 3 + 1 —2log(2) — 21og?(2).

Setting = —1 in (3) gives S_. Here
1—-+/2 1 2 1 2
S_ =2Liy (2\[> + 2log ( +2\f> — log? ( +2\[> +2v2 - 3.

On combining the two results found for the sums Sy and S_ into (1), the
claimed result then follows.

Editor’s note. At the end of the proof he author skipped some steps
in the calculations, so the reader may have some difficulties in understanding

where the term — log? (#) from the formula for S_ comes from. It is
obtained after setting x = —i in the terms
3log2(2) — log? (1 + vI—4z) + 2log(2) log | ———
0g?(2) —log? (1+ z)+ Og()°g<1_m
from (3).

What we get is

3log?(2) — log?(1 + V2) + 21log(2) log <4(\/§1_1))

1+\/§>

4
= 31og?(2) — log?(1 + v/2) + 21log(2) (log(1 4 v2) — 21log(2))
= —log?(2) — log?(1 + v/2) + 21log(2) log(1 + v2)

1+2\@>.

Solution by Narendra Bhandari, Bajura, Nepal, and Daniel Vacaru,
Pitesti, Romania. We note that

1 2 1 4

n?(2n + 1) _E+ﬁ+2n+l

= 3log?(2) — log?(1 4+ V2) + 21og(2) log (

= — (log(1 4+ v2) - 1og(2))2 = —log? (
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and, moreover, the generating function for central binomial coefficients is

given by
f@) =30 (2”) - l<1
n>0 4n -z’ ’

and we note that

3 b IS S G L = R Lo

n=1

We subtract 1 (the first term) from (1), multiply by 4 and we integrate from
0 to 1 to get

sznil@Z) :2/01(\/11_$+\/11+m_1>dx:4(\/§—1>. 2)

1

Next we evaluate the generating functions
o0 n o0 n
Yy (2n\1 2" (2n) 1

To evaluate g (y), we subtract the first term, 1, from f (x), we divide
by z and we integrate from 0 to y. We get

= [ () (2
I= ) \Vi—z : % \irvizy)
Since g (1) = 2log2 and g (—1) = 2log (1+f) we get

S )i 1 (M) e (57)

n=1

Next, we divide g (y) by y and we integrate from 0 to z and we get

h(z) = 2/0210g (ﬁ) ‘Ly.

To calculate the primitive of the last integrand we make the substitution
u? =1—1y, u >0, and we get

2/log (1+vI-y)

ulog(1 + u)

2 du.

2log2logy — dy—21og2logy+4/

By partial fraction decompos1t10n the last integral writes as

log (1) _ log (1 log (1
—2/<°g +u) | log( +u))du— log?(1 + u) — 2/Og+u)du.

u—1 u—1

After making the substitution u = 1 — 2v, we get

] 1
2/ og ( +u 2/ og (2 dv = —2log2logv + 2Lis (v) + C.
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By reversing all substitutions and putting together all parts, we get

2/log(1+5f> dy

= 2log2logy — log® (1+\/1 —y> —2log2log<

1—\éﬂ>

2

= 2Liy (1_1_3/) —log2 (1+ m> + 2log2log (1+ \/1—y) +C.

Here we used the fact that ; \/7 = 14++/1 — y and the extra constant term

21og? 2 was ignored, as it can be absorbed into the constant of integration C.
The limit as y \, 0 of the above antiderivative is 2Lip (0) + log?2 =
log? 2. We get

1—1-
h(z) = 2Liy (22> —log? (1+v1—2) +2log2log (1+v1—2)
—log?2.

Since Lis (%) = ”—2 — 31og?2, we have h(1) = ™ _ 2]og?2. We also
have

1—+v2
h(—1) = 2Liy ( 2\f) —log? (1 + \@) + 2log 2 log (1 + \/§> —log??2

= 2Lis (1 _2\/5) — log? (1 +2‘/§>2

It follows that

inl( )1;% :4<h(1)+2h(—1))

=1 :4L12< )_21 <1+f> +§_4log (4)

By adding the formulas ), (3) and (4), we get the desired result. (Note
that 4log?2 = (2log2)? = 4.) O

511. Find the best lower and upper bounds for 7" ; cos(£A;) over all convex
n-gons A1As... A,.

Proposed by Leonard Giugiuc, Traian National College, Drobeta-
Turnu Severin, Romania and Florin Vigescu, Mihai Eminescu National
College, Bucuregti, Romania.
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Solution by C.N. Beli. The necessary and sufficient conditions such that
x; = LA; with 1 < ¢ < n are the angles of a convex n-gon are 0 < z; < 7 and
x1+ -+ 1z, = (n—2)m. So we must determine the lower and upper bounds

of cosxy + - -+ + cosx, where (z1,...,2,) € S = {(x1,...,2,) € (0,7)" |
x1+ -+ 2, = (n—2)w}. These upper and lower bounds coincide with the
maximum and minimum of cosx; + - - - + cosx,, where (z1,...,z,) belongs

to the compact set S := {(z1,...,2,) € [0,7]" |21 + -+ + 2pn = (n — 2)7}.
We use the property that the cosine function is strictly concave on
[0, 7/2] and strictly convex on [r/2,7]. We need some preliminary results.

Lemma 1. Let f : [a,b] — R be a function, let n > 1 be an integer and
let kK € R, na < k <nb. Put S = {(z1,...,2,) € [a,b]" | 21 + -+ + 2 = K}

(i) If f is strictly convex, then the minimum of f on S is reached
only at (k/n,...,k/n) and the maximum is reached at the only element
(x1,...,2,) €S (up to a permutation) where all but one of z1,...,z, are a
or b.

(i) If f is strictly concave, then the maximum of f on S is reached
only at (k/n,...,k/n) and the minimum is reached at the only element
(x1,...,2,) €S (up to a permutation) where all but one of z1,...,z, are a
or b.

Proof. (i) The first statement follows from Jensen’s theorem.

For the second statement assume that (x1,...,2,) € S and there are
the indices j # [ such that a < z; < 2; < b. By Karamata’s theorem, if
%, ) € [a,b] with 2y < x; < 2y < zj and @ +x] = x4y, then f(2})+f(27) >
f(xzj) + f(z;). Hence, if in (x1,...,2,) we replace x;,z; by mg,xg, then we
get a new element (z1,...,7,) € S with a larger sum f(z1) + - + f(xn).
Note that we can take such a pair 7, ¥; where z; = a or 27 = b. Namely, if
zj+x; < a+b, then we take (2}, 7)) = (a,zj +x; —a), and if 2+, > a+b,
then we take (27, 27) = (z; + 2 — b,b). Then in the new n-tuple (v1,...,zn)
the number of indices ¢ with x; # a,b is smaller. We repeat the procedure
until we get an n-tuple (y1,...,y,) € S where all but one of the y;’s are a or
band f(z1) + -+ f(wn) < F51) + -+ F(yn).

In conclusion, the maximum of f(z1) + -+ + f(z,) is reached for an
n-tuple (21,...,,) € S such that all but one of the z;’s are a or b. For the
unicity up to permutations of such (z1,...,x,) we denote by s the number
of indices ¢ such that z; = b. We claim that s = [’{b_j;“]. Indeed, if kK = nb,
then S = {(b,...,b)}, so s = n follows trivially. If x < nb, then we have
s < n, so there are n — s — 1 indices ¢ with z; = @ and an index m such that
a <z, <b. It follows that K = (n — s — 1)a + zy, + sb. But a < 2, < b, so
(n—s)a+sb<k < (n—s—1)a+(s+1)b. It follows that s(b—a) < k—na <
(s+1)(b—1),s0 s < 5% < s+ 1, which implies s = ["“b__za]. Thus the
number s of indices ¢ with x; = b is well defined. The remaining n — s entries
of (z1,...,x,) are also well defined. Namely, a appears n — s — 1 times and
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we have an extra index m with z,, = kK — (n — s — 1)a — sb. This concludes
the proof.
The proof of (ii) is similar. (We may also apply (i) to the function

—f) 0

Lemma 2. Let f : [a,b] — R, x and S be the same as in Lemma 1.
Suppose that there exists ¢ € (a,b) such that f is strictly concave on (a,c)
and strictly convex on (c, b).

(i) If (x1,...,7,) € S such that f(z1)+ -+ f(xy) is maximum, then
there is 0 < s < n such that, up to a permutation of z1,...,z,, we have

a<z]=:=23<Cc<Tsy1 < Tsyp="+-=Tp,=0>.

(i) If (x1,...,2,) € S such that f(z1) + -+ f(y,) is minimum, then
there is 0 < s < n such that, up to a permutation of z1,...,z,, we have

a=11= =031 <23 <c<Tgy1 ==, < b

Proof. We may assume that 1 < --- < x,.

(i) Let (z1,...,2,) € S be such that f(x1)+ -+ f(x,) is maximum.
Let 0 < s < n be such that z,...,25 € [a,c] and zs41,...,2, € (c,b].
We have k = k' + K, where k' = 1 + -+ + x5, " = 2501+ -+ + Tp.
Then (z1,...,25) € S = {(y1,...,ys) € la,c] | y1 + -+ +ys = £} and
(«7754-1,- . '7$n) €S = {(y8+17 s ayn) € [av_c] | Ys+1 + o+ Yn = ﬁ”}_'

Since k = kK + &, if (y1,...,ys) € " and (ys41,...,yn) € S”, then
(Y1,---,9Yn) € S. From the fact that

f(@1) + -+ f(zn) = max{f(y1) + -+ flyn) | (41,---,yn) €S}
we deduce that

fl@) + -+ flas) = max{f(y) + -+ Fys) [ (w1, -, ys) € S}

and

f(@eq1) + -+ fzn) = max{f(yss1) + -+ f(yn) | Ust15---,Yn) € S}

But f is concave on [a,c| so, by Lemma 1(ii), we have 1 = .-+ = x;.
And f is convex on [c,b] so, by Lemma 1(i), we have that all but one of
Tstly---,&pn are c or b. Since ¢ < gy < --- <z < b, this is equivalent to
Zsyo = -+ = xp = b. This concludes the proof of (i).

Similarly, for (ii) we assume (1, ...,z,) € S is such that f(z1)+ -+
f(zn) is minimum. This time we take s such that zi,...,z5 € [a,c) and
Tsi1,...,2n € [c,b]. Then we define &/, k", S’ and S” as in the proof of (i).
Since f(z1) 4+ -+ + f(an) = min{f(y1) + -+ f(yn) | (Y1, -, yn) € S}, we
deduce that f(w1)+ -+« + f(2s) = min{f(y1) + - + F(ys) | (1. 1s) € S}
and f(2ap1) + -+ f(2n) = mn{f(Wss1) + -+ Fn) | Gas1s - ) € 5.
As f is concave on [a, c], by Lemma 1(ii), we have that all but one of z1, ..., x4
areaorc. Sincea < x1 < --- < x5 < ¢, thisimpliesthata = z1 = -+ = x5_1.
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As f is convex on [c,b], by Lemma 1(i), we get 541 = --- = x,, and we are
done. O

The function f:[0,7] — R, f(x) = cosz, is strictly concave on [0, /2]
and strictly convex on [7/2, 7], so in Lemma 2 we may take a = 0, b = 7 and
¢ =7/2. We also take k = (n — 2)m.

Let ¥ : R" —» R, X(x1,...,2,) = cosxy + -+ + cosxz,. We want
to determine the maximum and minimum of {X(x) | # € S}. They exist
because ¥ is continuous and S is compact.

We may restrict ourselves to the case when z; < --- < x,.

First we assume that x = (x1,...,7,) € S is such that

Y(z) = max{X(y) | y € S}.

We have 21 + -+ + 2, = (n — 2)7 and, by Lemma 2(i), there is 0 < s < n
such that

0<z1= =2 <7/2< 2541 < Tgp2="+++=2Tp =T.

Then (n —2)7r = o1 + -+ + 2, < 85 + (n — s)7 = (n — §)m, which
implies that s < 4. In particular, if s = 4, then all inequalities must become
equalities, i.e., 11 =9 =ax3 =24 =7/2 and x5 = --- = x, = 7.

We also note that (n —2)mr =1 +---+2, >5-04+ 5 + (n — s — 1),
which implies that s > 3/2, i.e., s > 2.

We consider the three cases, s = 2, 3,4 separately.

s = 4. Note that this case occurs only for n > 4. Then we must have
x1 = x9 = x3 = x4 = w/2 and x5 = --- = x, = 7, so that we obtain
Y =4cosm/2+ (n—4)cosm =4 —n.

s =3.If n =3, then 1 = z9 = x3 = 27r/3 and ¥ = 3cos27/3 = —3/2.

If n > 4, then x1 = 29 = z3 =: t and 5 = --- = =, = m, so that
1+ +x, = (n—2)r implies that 24 = (n—2)7 — 3z — (n—4)7 = 27 — 3t.
Hence, the n-tuples y of this type are parametrized by a parameter u, as
y = h(u) = (u,u,u, 2w —u,m,...,m). In order that y = h(u) be of this type,
we must have 0 < u < 7/2 and 7/2 < 27 — 3u < 7. Hence, the domain of h
is the interval [7/3,7/2). Let g : [7/3,7/2) — R, g(s) = X(h(s)). We have
g(u) = 3cosu+ cos(2m — 3u) + (n — 4) cosm™ = 3cosu + cos 3u + 4 — n.

We have z = h(t), so, by the maximality of 3(z) = X(h(t)) = g(1),
we have ¢g(t) = max{g(u) | v € [7/3,7/2)}. We have ¢'(u) = —3sinu —
3sin3u = —3sinu + 3sin(3u — 7). But, for every u € [n/3,7/2), we have
0 <3u—m < u < 7/2, which implies that sin(3u — 7) < sinu, so ¢'(u) < 0,
i.e., g is decreasing. Thus, the maximality of g(¢) implies that ¢ = 7/3.
We have 27 — 3u = 7, that is « = h(n/3) = (n/3,7/3,7/3,m,...,m), and
therefore ¥(z) = 3cosm/3+ (n —3)cosm=3-1/24 (n—3)(—1) =9/2 —n.

s = 2. We proceed similarly as in the case s = 3. We have x1 = x9 =: t
and x4 = -+- = x, = m. Thus, z3 = (n—2)7 — 2t — (n—3)m = 7w — 2t. So, the
n-tuples of this type are parameterized by h(u) = (u,u, 7 — 2u,7--- ,m) and
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g(u) :=3(h(u)) = 2 cosu+cos(m—2u)+(n—3) cos T = 2 cos u——cos 2u+3—n.
In order that y = h(u) be of the required type, we must have 0 < u < 7 and
/2 <7 —2u < m, so that the domain of h and ¢ is [0, 7/4).

Again, from the maximality of ¥(x) = g(t), we get that

9(t) = max{g(u) [ u € [0,7/4)}.

We have ¢'(u) = —2sinu + 2sin2u. But for u € (0,7/4) we clearly have
0 <u<2u<m/2, s0sinu < sin2u and hence ¢'(u) > 0. Thus, g is strictly
increasing. Since its interval of definition, [0,7/4), is open to the right, g has
no maximum. Hence, we cannot have a maximum of this type.

In conclusion, if n = 3, then the maximum is 3/2 and is reached at
(w/3,7/3,7/3). If n > 4, then we have two possible maxima, one in the
case s = 4, which is equal to 4 — n, and one in the case s = 3, which
is equal to 9/2 — n. Of the two, the larger is 9/2 — n. It is reached for
(x1,...,2n) = (7/3,7/3,7/3,m,...,m) and all of its permutations.

We now assume that = = (x1,...,7,) € S is such that ¥(z) = cosz; +
-+ 4 cos Zy, is minimum. By Lemma 2(ii), there is some 0 < s < n such that

O=z1= =251 <2 <7/2< 2541 =" =xp <.

We first consider the case n = 3. If 0 < x1, then we must have s < 1. If
s =1, then m = xy + 3 + x3 > x1 + 7/2 + /2 > 7, contradiction. If s = 0,
then 7 = z1 + 22 + 23 > /2 + /2 + w/2 > 7, again contradiction. So, we
must have x; = 0 and x93 +x3 = 7. Then X = cos 0+ cos zg +cos(m —x3) = 1,
regardless of the value of z9. Thus, in the case n = 3 the minimum is 1 and
it is reached when one of x1, x9, 3 is 0.

Suppose now that n > 4. We have (n—2)r = z1+-+-+x, < (s—1)0+
/24 (n — s)m, so s < 5/2, that is, s < 2. We consider the three possible
cases separately.

s=0 Wehave z1 = -+ =z, = @ =7 — 27n/n. Since n > 4,
we have /2 < 7w — 27 /n < m, as required. Then ¥(x) = ncos(m — 27 /n) =
—ncos 2 /n.

For the cases s = 1,2 we denote m —t = 2541 = --- = x,. We have

(n=2)mr =x1+ - +x, = (s—1)0+x5+(n—s)(m1—1), s0 xs = (s—2)7+(n—s)t.

s = 1. We have 1 = (n — 1)t — 7, so the n-tuples of this type are
parametrized by h(u) = (n — 1)u — m,m — u,...,m — u). Hence, g(u) =
Y(h(u)) = cos((n—1)u—m)+(n—1) cos(r—u) = cos((n—1)u—m)—(n—1) cos u.
In order that h(u) be of the required type, we need that 0 < (n—1)u—7 < 7/2
and 7/2 < 7 —u < . Thus, the domain of h and of g is { T 3m ) By

n—1’2(n—1)
the minimality of ¥(x) = X(h(t)) = g(t), we have

g(t) = min {QW |ue {ni 1 2(n3i 1))} '
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We have ¢'(u) = —(n — 1) sin((n — 1)u — 7) + (n — 1) sinu. But, when
u € [nﬂl, 2(3 )) both v and (n — )u — belong to the interval [0, 7/2],
where the sine function is increasing. Hence, if u < 75, then u > (n Du—m,

so sinwu > sin((n — 1)u — 7) and therefore ¢’(u) > 0 When u > -5 we have

the reverse inequalities, so that ¢’(u) < 0. Thus, g is increasing on [L L}

n—1’n—-2
and decreasing on [ T 3

3, m) Since t is a point of minimum for g, which

is defined on [L 377r> we can only have v = 5. (The interval is open

n—1’2(n—1) )’
to de right.) Then (n — l)u — 7 =0and 7 —u = M so that

z = h(u) = <07 (n—Q)W’."’(n—2)7r>

n—1 n—1
and
o o (’I”L—2)7T_ ™
Y(z) = g(u) = cos0+ (n—1)cos — —1—(n—1)cosn_1.

= 2. We have zo = (n — 2)t, so the n-tuples of this type are pa-
rameterized by h(u) = (0,(n — 2)u,m — u,...,m — u) and we have g(u) =
cos 0+ cos(n —2)u+ (n —2) cos(m —u) =14 cos(n —2)u — (n — 2) cosu. In
order that h(u) be of the required type, we need that 0 < (n —2u < w/2
and 7/2 < 7 — u < 7, so the domain of h and of g is [O, (= )> As in the

previous case, we have
T
0,—/—— ).
wm))

Note that ¢'(u) = —(n — 2)sin(n — 2)u + (n — 2)sinu and for any
u € (O, m) we have 0 < u < (n —2)u < 7/2, so that sinu < sin(n — 2)u.
Hence, ¢'(u) < 0 and therefore g is strictly decreasing on the whole domain

g(t) = min {g(u) | u €

of definition. Since g is decreasing and the interval {0, ﬁ), where it is

defined, is open to the right, it has no minimum. Hence ¥ cannot have a
minimum of this type.

So for n > 4 the only possible minima for Z( ) with o € S are
—ncos 2¥ from the case s =0, and 1 — (n — 1) cos %5, from the case s = 1.
We have to determine which of the two is smaller.

If 0 < z < 7/2, by the reminder formula for Taylor series, there is some
¢ e [0,2] C (0, 71/2) such that cosz = 1 — 322 + 242' teos¢ >1— 322 In

. 2
particular, it holds cos%7T >1-3 (27”) = 1— =&, that is, —ncos =t 2” <
n

—n—l—%. Ifn210>7r2,then—ncos%”<— —I—27r 2—n<1—(n—

1)cos m5. For 4 < n <9 we check case by case and we get that one has
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1 —(n—1)cos 5 < —ncos 2% precisely when 4 < n < 6. In conclusion,

1—(n—1)cos ;= forn <6.

min ¥(z) = ¢ o ; -
z€S ncos < orn > 1.

If n=3then 1 — (n—1)cos == =1, so the top formula also applies to the
n—1

case n = 3.)
When n = 3, the minimum is reached when one of z1,x9,x3 is 0. For

4 <n <6, it is reached for z = (1, (n=m (=D

n—1 pra ) and all permutations.

(n—2)m (n72)7r>'

) gy n

And for n > 7 the minimum is reached when x = (

Editor’s note. The authors’ approach for finding the lower bound is
essentially the same. They prove the analogous of Lemma 2(ii), but only for
the given function f : [0,7] — R, f(z) = cosz, where a, b and ¢ are 0, 7
and 7/2, respectively. From here they get the same two possible minima,
1—(n —1)cos -2 and —n2Z. However, for deciding which of the two is the
smaller, they use a different approach, which is somewhat lengthier and more
complicated.

For determining the upper bound the authors use an inductive reasoning
that goes along the following lines.

When n = 3 we have a geometrical approach. In a triangle ABC' we
have cos A+cos B+cos C = 1+ 5. By Euler’s inequality, 5 < %, with equality
ifft ABC' is equilateral. Thus, cos A + cos B 4+ cos C' < %, with equality when
and only when A = B =C =7/3.

(Incidentally, this also gives the lower bound. We have cos A + cos B +
cos C' > 1, with equality iff » = 0, which happens in the degenerate case when
(A,B,C) € S\ S, ie., when A, Bor Cis0.)

Next the induction is used to prove that if n > 3, then the maximum
of cosA1+---+cosA,, where 0 < A1 <--- <A, <mand A1 +---+ A, =
(n —2)m, is 3 —n and it is reached only at (/3,7/3,7/3,7,...,m). The
cases n = 3 were treated above, so we assume that n > 4. We have

n n—2
Z cos A, = Z cos Aj + cos X + (COSY + cos A,,—1 + cos An>,
k=1 j=1

where X = A, 1+ A, —mandY =27 —A,_1 — A,. (We have X +Y =,
so cos X +cosY =0.)
Since A,_1, A, are the two largest of the elements in the sequence

Aq, ..., Ay, their arithmetic mean is larger than the mean of the whole se-
quence, i.e., (4,1 + Ap) > LA+ + A,) = @ Since n > 4, we

get A1+ A, > %ﬂ' > 7. On the other hand, A,,_1 + A, < 7+ 7 = 2.
From these inequalities we conclude that 0 < XY < .

Since0 < Aq,..., A, 9o, X <mand A1+-- +A,_ o+ X = A1+ -+ A,—
m = (n — 3)m, by the induction step, we have that cos A; + - -+ + cos A,,_o +
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cos X <9/2 — (n — 1), with equality iff Aj,..., 4,—2, X are, in some order,
/3, 7/3,m/3,m,...,m. On the other hand, Y + A,,_1 + A, = 27, so that
An—1 cosﬁ

2 2
From 0 < Y/2 < n/2 and 0 < A,,1/2 < A,/2 < w/2 it follows that
cos(Y/2) cos(An—1/2) cos(A,/2) > 0, with equality iff Y/2 or A,/2 = 7/2,
ie., iff Y or A, = w. Hence, cosY +cos A,,_1+cos A, < —1, with equality iff
Y or A, = 7. In conclusion, cos A1 +---+cos A, < (9/2—(n—1))+ (1) =
9/2 —n. For (Ai,...,A,) = (7/3,7/3,7/3,m,...,m) we have equality be-
cause 3cos /34 (n—3)cosm =3/2—(n—3) = 9/2 —n. Conversely, assume
that cos Ay + -+ + cos A, = 9/2 —n. Then A;,...,A,_2, X are, in some
order, 7/3,7/3,7/3,7,...,mand Y or A, = m. As X € {n/3,7}, we have
Y =7n—-X € {0,2n/3} and so Y # w. Therefore, A, = 7. It follows that
Ai+-4+A4,10=n-2)r— A, =(n—-3)rand cos A + -+ cos Ap_1 =
9/2 —n —cos A, = 9/2 — (n —1). By the induction hypothesis, this im-
plies that (A1,...,An—1) = (7/3,7/3,7/3,m,..., 7). Thus (A1,...,4,) =
(w/3,m/3,7/3,m,...,7).

Y
1+cosY +cosA,_q1+cosA, =—4cos 5 cos

512. Evaluate the series

SeC0EE) ) )

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

Solution by the author. Our sum writes as

o > 1 1 1 1
SZZ”3<Zm‘n‘w‘w>-

n=1 k=n
We prove that S = —i. To do that we use Abel’s summation formula
N N-1
Zanbn = Z(al + - +an)(bn - bn+1) + (al +--- JFCLN)bN
n=1 n=1
for
=1 1 1 1
— 3 _
Ap =N and bn_’;ﬁ_ﬁ_ﬁ_@
=n
We have a1 + -+ a, = ”2("11)2 and
1 1 2n+ 1 3n*4+3n+1 1

by — bt = — — - - = - .
02 nn+1) 202(n+1)2 6n3(n+1)3 6n3(n +1)3



SOLUTIONS 63

It follows that the Nth partial sum of the given series is

N N 2 2
1 1 N2(N +1)
N nz,l “ 24 nZ:1 CESIR 1 N

L) (e ) e
— (1 =) 42 (14+—) Ny,
24 v Tt w bn

Now we have (by using the Stolz-Cesaro theorem)

b by — b
lim N%y = lim —v = lim —o
N—o00 N—o00 T N—o00 NT T (NHDE
—1
N%m% N—oo 6(4N3 4+ 6N2 + 4N + 1)
=0,

whence we conclude

SC0ER) ) ) e

k=n

L 1( 1)1( 1)24_1
_ngnoo( a\m ) Tt y) Vv ) =g

as claimed at the beginning of the solution.

Remark. The problem is in the same vein as problem 12134 from The
American Mathematical Monthly. One can also prove (similarly) that

) =1
> (Tt
but this one is, probably, widely known.

Solution by Brian Bradie, Department of Mathematics, Christopher
Newport University, Newport News, VA, USA. As in the author’s solution,
one shows, by Stolz-Cesaro theorem, that

>© 1 1 1 1
4
n (Z;@—n‘w‘w%o

as n — oo, i.e.,
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From here one can proceed as follows. For NV > 0 we have

N o 1) 1 1
nz_:l<n<n<nkz%k2—l>—2>—6> g(gz _6>
N N q2 N 1 NN+1D(@2N-+1
—-Zﬁ2k+2ﬁ§3m‘(+%(+)
n=1 k—=n n=1 k=N+1
- N(N+1) N
— G

N 2 2
1 5 NAN+1)2/1 1 1 1
= Yt (e e o() - w)

k=1 n=1
N(N+1)(2N+1) N(N+1) N
- 6 ; 4 6
Y o(k+1)2 NAN+1)?/1 1 1 1
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It follows that
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We also received a solution from Nicusor Minculete, from Brasov, and
Daniel Vacaru, from Pitesti, Romania, which uses the Abel summation, too.



