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1. INTRODUCTION AND THE MAIN RESULTS

In this paper we prove the following three remarkable quadratic series
formulae
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These formulae are new in the literature. Their proofs are based on the
calculation of several linear series involving the tail of ((2). Other exercises
about the calculation of series, linear or quadratic, involving the tail of Rie-
mann zeta function values, as well as open problems can be found in [3] and
[4]. The main results of this paper are recorded in Theorem 1 and Lemma 4.

Theorem 1. Pearls of quadratic series.
The following identities hold:

a 3 no{p2 _ _i_ 1 2_
@ 3 1)[ <C(2) . nQ) 1]
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n=1
> 2
n=1

The convergence of series in Theorem 1 is based on the behavior of the
sequence

1 1
= (@)l nzl

Using Cesaro-Stolz lemma, the % case, one can prove that

1 1 1
dm (6@ -1 gy - 5 ) 1] =,
1

This implies that, for large values of n, we have ((2) — 1 —
L L Thus,

n 2n2 "
) 1 1)? 11
n C(Q)_l_ﬁ_..._ﬁ -1l ~ -4 —

o) n
which shows that the series in part (a) behaves like the series ) (jl) , hence
n=1

it is semiconvergent.

On the other hand,

(1 k-

22 2
which shows the series in part (b) converges.
For the general term of the series in part(c) we have
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which implies that the series converges. The series in part (¢) of Theorem
1 should be viewed as the absolute convergence version of the series in part

(a).
Before we prove Theorem 1 we collect some results we need in our
analysis. Recall that, Abel’s summation formula ([2, p. 55|, [3, Lemma A.1,
p. 258]) States that if (an)n>1 and (by)n>1 are two sequences of real numbers

and A4,, = Z ay, then z arby = Apbpy1 + Z Ak (b, — br11). We will be
k=1 k=1
using the infinite version of this formula

> apb = Tim (Apbny1) + > Ag(br — bera)- (1)
k=1 k=1

The Dilogarithm function Lia(2) is defined, for |z| < 1, by ([5, p. 176])

[e.9] n

Lis(2) = Y % = —/OZ ln(lt_t)dt.

n=1
Lemma 2. The generating function of the sequence r),.

The following equality holds

Z(C(Q)—l—l ..... 1)xn:C(2)x_LiQ($)’ z € [-1,1).

2 2 _
n=1 2 n 1 v

Proof. We apply formula (1) with an = 2" and b, = 6(2) -1- 2% — = #
and we have, since b, — bp41 = o +1)2 and A, =z +a22+- +a" = — 2=z +1,
that

0 n+1
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We used that
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The previous limit follows since |z — 2" T!| < 2 and

. 1 1
nh—>r20<C(2)_1_22_”‘_(n+1)2> =0.

Remark 3. We mention that the generating function of the sequence

1 1
C(k)—l——---—) L k>2,
< 2k nk n>1

can be obtained similarly as in the proof of Lemma 2 (see [4, problem 3.3,
C, p. 76]).

Lemma 4. Gems involving the tail of ((2).

The following equalities hold:

) :fjii(cm)l; L) =

(© 231(—1)“ (<<2>—1—212 ;)——C(f),

(@ gjl(‘;)” (c@-1-g ) =~ m2
o Eht ) i)

Proof. (a) Use Abel’s summation formula with a,, = 1 and b, = {(2) — 1 —
2% — = n—lg - %, see [4, problem 2.46, p. 50].

(b) Use Abel’s summation formula with a,, = L and b, = ((2) — 1 —
2% — = 7712’ see [3, problem 3.20, p. 142].

(c) We give four distinct proofs of part (c) of Lemma 4.

The first proof. One proof follows directly from Lemma 2, with x = —1,

since Lip(—1) = —@.

The second proof. The second proof, which is left as an exercise to the
interested reader, is based on an application of formula (1) with a,, = (—1)"
andbn:C(Q)—l—%g—---—i.

n2
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The third proof (Shifting the index of summation).

We have
(1) 11
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and the result follows. We used that § ((7;?17;2 = @
m=0

The fourth proof. This proof is based on a direct computational tech-

nique. One can check using integration by parts that fol Flnzdr = -t

(k+1)2>
k > 0. It follows that
1 1 bogn
C(Q)—l—? ----- nz——/o 1_$lnxdx. (2)
We have, based on formula (2), that
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1 1 o
4/0 nt <n§ot ) dt

1 — /1
= - t"Intdt

1 1
“ iy
_ <@

4

(d) We use that 1 = fol rF~1dz and Lemma 2 and we have that

n=1
11 | & 1 1
:/0 - LZI (4(2) —l— e n2> (—x)”] dz (3)
Lemma2 ! CL'C(2) + LIQ(*QL’)
S e
Ly is(—x Mio(—2
:/0 C<2)LL;< )dx—§(2)—/0 L2(x ) da

On the other hand

! Lig(— Pyt (D)3
/02()(“:/0 (ZH) nz> da?:nz_:l(n?,) =-1B. @

X
n=1

We calculate the first integral in (3) by parts, with f(z) = x{(2) +
Lis(—2), f'() = ((2) = 5, ¢'(2) = gz, and g(2) = In(1 + ), and we
have that
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dz =[2¢(2) + Lis(—2)] In(1 + )|}

1 n X
- [ (c@ -2 a4 o
—[¢(2) + Lis(~1)]In2 — ¢(2)(2In2 — 1)

1n?(1
+/n<+w>d$
0

/1 x((2) + Lig(—x)
0 1+=x

x
3 3
:—2C(2)ln2+C(2)+C(4). (5)
We used that Lig(—1) = —@ and Ramanujan’s integral fol ln2(i+m) dx = @

(see [1, pp. 291-292]). Combining (3), (4) and (5) we have that part (d) of
Lemma 4 is proved.

(e) We apply formula (1), with a, =n and b, = ((2) =1 — 35 — -+ —

n—%—%+ﬁ,amdwehave, since bn—bnﬂzm,that
oo
1 1 1
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= lim "~/ ) -1 — — — . — _
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+1°° 1

4n:1n(n+1)

S

4= n(n+1)

1

47
since

1 1 1 1

li 1 2)—1———---— — = 0.
ninéo"(wr)(q) 22 (n+1)2 n+1+2(n—|—1)2)
The lemma is proved. O

Remark 5. Using the generating function of the sequence

1 1
(c@-1-g--5)



8 ARTICLES

one can calculate similarly as in the proof of part (d) of Lemma 4 the following
alternating series involving the tail of {(3)

n 23

3 (=1)" <C(3) T ;3) — —%{(3)ln2+ %4(4).

n=1
Now we are ready to prove Theorem 1.

Proof. (a) We need the following equality which can be proved by mathe-
matical induction

(=1)"12 4 (—1)222 4 4 (—1)"n2 = (_1)71”(771;’1)’

Apply formula (1) with a,, = (—1)"n? and b, = (¢(2) =1 — 55 — -+ — L)2—
7712' We have, based on formula (6), that A, = (—1) TL("TH) and a calculation
shows

2n+1 1 2
TRm A1 DR T manE

b — bn—i—l =

We have

n=1
n(n+1 1 1 2 .
= lim (=1)" ( 2+ ) <C(2)—1—22—---— (n+1)2> T (n+1)2
N nn(n+1) 2n + 1 1 9
+nzl<_1) 2 [_n2(n+ 2 T 1 'T'n-&-l]
— _inzl(_l) m + 21;(—1) m
+nZ::1(_1) n+1 (C(Q) 22 (n+ 1)2>
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The preceding limit follows since

1 12 1
nl1_>no10n(n+1) <C(2)_1_22_.”_ (n+1)2> S (n+1)2
1 1 1
= 1‘ 2 —1 _______ i
ng{.lon<C() 22 (n+1)2 n—|—1>
. 1 1 1
',};%4“1)(4@)—1—22—“—<n+1>2+n+1)
=0-2
=0,
Sincenli_g)lon(C(Q)—l—z%—--~—#):1.
An easy calculation shows that
> n 2n+1 > n N ™ 3
nzz:l(—l) m——l and ;(—1) (n+1)3 _E_ZC(3)' 9)
On the other hand,
> n 1 1
1) ) J s
;( VT <C( ) 22 (n+1)2>
> " 1 1 1

({(2)—1—212_..._1> (10)

D (e R .

m=1

2
Femmad, (), (4) -3y _ % In?2 + C(f).
Combining (7), (9) and (10), part (a) of Theorem 1 is proved.
(b) Exactly as in the proof of part (a) of the theorem, we apply formula

(1) with a, = nand b, = (¢(2) — 1 — 2% — = #)2—# and we have, since

o + 1 1 2
O A o s TR e SR

bn _bn+1 = -
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=in[<c<2>—1_2§_..._;>2_;]
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It follows, based on parts (a) and (b) of Lemma 4, that

= 3+ 5(C2) ~ @) + 1= ¢2) ~ (¢(2) ~ 2)] ~ [63) ~ (¢(2) ~ 1)
3 (2 3
=3 @

(c) Let S be the sum of the series. We apply formula (1), with

1 1) 1
pr— - 2 _— _—— — s e e — —_— [e—
ap, =1 and b,=n (C(Q) 1 52 n2> 1+ -

and we have, since

bn — bn+1 = —(2n+ 1)7"721 + 2T7L + m,
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that
=, 1 1)? 1
S = n C(2)—1—?— — 3 -1+
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—(2n +n)<((2)—1—22—-~—n2) +2n(<(2)—1—22—~-—712>
1 1)\? 1
_ 2
——2[n (((2)—1—22—---—n2> —1+ -
1 1> 1
_[n<c(2)_1_22_..._n2> -
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It follows, from (11) and (12), that

n=1
+2§[n(g(z)—1—212— nl2>— +21n]+<(2)—1
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Using part (b) of Theorem 1 and part (e) of Lemma 4 we have that

35 = — (;’ - C(;) - 24(3)) For) 1= 24 %4(2)+;C(3>7

and this implies that S = —2 + @) 4 <GB part (c) of Theorem 1 is thus
proved. O

Corollary 6. A quadratic series and Apéry’s constant.
The following equality holds

o0

1 1)? 5
2 _
nZl (n* +n) <<<2>—1—22—-~—HQ> —1) = —<B).
Proof. Add the series formulae in parts (b) and (c) of Theorem 1. O
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The Holder continuity of z¢ sin%

ADRIAN HoLuog"

1

Abstract. For a € (0,2], we prove that z“sin ;- is a Holder continuous

function of order 5.

Keywords: Holder continuous function, Lipschitz function.
MSC: Primary 26A16; Secondary 26A09.

1. INTRODUCTION

Let I be a nonempty subset of R. A function f : I — R is said to be
Hélder continuous of order v € (0, 1] if there exists M > 0 such that

[f (@) = fy)l < M - |z —y|%, for every z,y € I. (1)

In the particular case a = 1, the function f is called a Lipschitz function.

The number « from (1) is called a Hélder exponent and the number M
satisfying condition (1) is called a Hélder coefficient. The smallest Holder co-
efficient is denoted |f|,. Let us remark that for a Holder continuous function
f of order «, the Holder coefficient

|f| = sup ‘f(x>_f(y>‘
“ zyel ‘JJ - y‘a
T#Y

is finite.

This notion is important in many areas of mathematics like Approxi-
mation Theory, Fourier series, Differential Equations and Potential Theory.
There are two names associated with this notion. Many mathematicians who
worked in the field of Approximation Theory and Fourier series (see for ex-
ample [8, p. 9] and [9, p. 42]), called a Holder continuous function of order
« a “Lipschitz continuous function of order «”, after R. Lipschitz who used
this notion in a paper [5] from 1864 concerning Fourier series. In this case,
the space of all Lipschitz continuous functions of order « is denoted Lip,, (1)
(see [7, p. 159]) and simply Lip([), for all Lipschitz functions on I. Nowa-
days, the functions satisfying (1) are named after O. Holder, who used the
condition (1) in his doctoral dissertation [3] presented to the University of
Tibingen in 1882 entitled “Contributions to potential theory”. The space
of Hélder continuous functions of order a on I is denoted C%*(I) (see for
example [2]). For an integer & > 1, the symbol C*%(I) denotes the space of
functions whose first kth derivatives are Holder continuous of order «.

1>Department of Mathematics, Technical University of Cluj-Napoca, Cluj-Napoca, Ro-
mania, Adrian.Holhos@math.utcluj.ro
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The aim of this article is to study the Holder continuity of the function
Sq : [0,00) — R defined by

1
) x%-sin—, x>0,
(o) = 0 ! 0
) x - )

where a € (0,2]. This function is a rich source of examples and counterex-
amples of many results in analysis (see [4]). We will add to the many inter-
esting properties of this function its Holder continuity. We will prove that
for a € (0,2] the function s, is Hélder continuous of order § on [0,00). For
a = 2 the function sy is a Lipschitz function. Indeed, using the Mean Value

Theorem and inequality sint < ¢ (¢ > 0) we have for every x,y > 0

[s2(2) = s2(y)| = o —y| - [s2(c)| <

1 1
QCsin—cos’-]x—ylg?)‘\a:—y.
c c

The particular case a = 1 is also known (see [1] and also [6] and Example
1.1.8 from [2]). In [6] it is proved that

\sl(a:)—sl(y)| < 2‘$_y‘7 x?ZUZO

Before presenting the proof of our result, let us remark that s, cannot
be Holder continuous with a greater exponent than 5. Suppose s, is Holder
continuous with the exponent b > 5. Let x,, = % and y, = ﬁ Then

1
A b—
|5a(Zn) — Sa(yn)| _ (nm+3) —obgb—a(q 4 i ¢ C2b—a
o=l o m) "
n~ Yn 1 1 n
(% — =)

is unbounded, showing that the Holder coefficient |s,|p cannot be finite.

The main result of this paper is Theorem 4, where we show that the
Holder coefficient of the function s,, a € (0,2), is bounded by the constant
(a+1)(37/2)(2=9)/2 To prove this, we first find the monotonicity intervals of
the function s,. The properties of s, related to these intervals are included
in the section Auxiliary results.

2. AUXILIARY RESULTS

Lemma 1. For a € (0,2], the equation s, (l) = 0 has a unique solution in

€T
the interval (nmw,nm + m), for every integer n > 1, which will be denoted by

an. In addition, atana, = a, and a, is located in the interval (mr, nm 4+ g)

Proof. For the integers n > 1, the real numbers % are the only positive roots
of the equation s,(x) = 0. By Rolle’s Theorem, the derivative s/ (z) has at

least one zero in the interval <%, mr1+7r>, n > 1. We will prove that it is
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unique. The expression of the derivative of s, is

The equation s/, (1/2) = 0 has only one solution in (n7,nm + ) if and only
if the equation

asint —tcost =0

has only one solution in the interval (nm,nm + 7). With ¢ = u 4 nm, this is
true if and only if the function defined on (0, 7) by

f(u) =asinu — (u+ nm)cosu

has only one root. For u € (%,7‘(’), the function f is positive, so it cannot
be zero in this subinterval. For u € (0,%), f is convex, because f”(u) =
(2 —a)sinu+ (u+ nmw)cosu > 0. The derivative is

f'(u) = (a—1)cosu + (u + nm)sinu.

We have two cases depending on the value of a. If a > 1, then f/(u) > 0
and because at the endpoints of the interval the function f has opposite
signs (f(0) = —nm < 0 and f (%) = a > 0), there is a unique ug € (0, %)
such that f(up) = 0. If a € (0,1), then f'(0) = a —1 < 0 and because
f'(3) = 5+nm > 0, we deduce from the convexity of f that f/(u) is negative
on some interval (0,u;) and positive on (ul, %), for some uy € (O, g) This
means that f decreases on (0,u;) and because f(0) = —nm we know that f
is negative on (0,u;). In the interval (ul, g), the function f increases from
negative values to positive values (because f(ui) < 0 and f(3) = a > 0)
and, since it is continuous, it has exactly one zero in the interval (ul, g)
denoted by ug.

We have proved that f(u) = 0 has only one solution in the interval
(O, g), denoted by ug. With a, = ug + nw € (mr, nmw + %) we have proved
that a, is the only solution of the equation s/, (1/x) = 0 in the interval
(nm,nm + 7) and that it verifies asina, — a, cosa, = 0 which is equivalent
with e tana,, = a,,. O

The solutions of the equation s, (%) = 0 form a strictly increasing

sequence of positive numbers denoted (a,) (see Lemma 1). We consider the

intervals I,, = {a 1+1,ai}, forn>1, and Iy = {a—ll, oo)

Lemma 2. We have

(0,00) = U I,, and s4(Ip) D sa(l1) D Sq(I2) D ---.
n=0

Proof. To prove the inclusions s4(I,+1) C sq(In), for n > 1, let us evaluate
the extrema of s,. Consider b, = nm + § —a, € (O, g) Using the relation
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atana, = a, we get

™ 1 a
tanb,, = tan (——an) = = —.
2 tana, an

Now,
1 1 1 —1)"cosb
Sa | — :—sinan:—sin<n7r+z—bn):w.
an, ad al 2 al

1

V1+tan? x
Oy

s — = .
’ <a”) a%\/l + o \/a%a + a2a2* 2

2
an

Using the formula cosx = , for £ = b, we obtain

The function s, is monotonic on each interval I,, and changes the mono-
tonicity on consecutive intervals. It remains to prove that |sq(1/an+2)| <
sa(1/an)|, for every n > 1. This holds true if the sequence (a2* + CLQCL?LQ_Q)TL>1
is increasing. This is indeed true because the derivative of the function

g(t) = 2@ 4 a®t?*=2 is positive on (a,00) C (,00), since

J(t) = 2at**3 [tZ +ala—1)] >0, t>m.

a2

Now, to prove that sq(I1) C sq(lp) it is sufficient to prove that s, (i> <

Sa (%) But this is equivalent to g(az) > (g)Qa, which is true since g is

increasing and ay > 27. O

Lemma 3. Let 0 < = < y. Then, there exist £ > 0 and v,w such that
v,w € Iy and x < v < w < y with the property that

Sa(v) = sq(x)  and  sq(w) = s4(y).

Proof. Using Lemma 2, we know that for y € (0,00) there is some integer
Jj = 0 such that y € I;. If 0 < < y, then there is £ > j such that x € I}.
Because sq(Ir) C s4(I;), there is some z € I; such that s,(2) = sq(x). Let
us remark that if j = 0 then z < % If x = 0, we can choose z = ﬁ €l
which has the property that s,(z) = s4(x) = 0.
If z <y, we choose v = z, w = y and ¢ = j and the Lemma is proved.
If z > y, we have two cases. The function s, is either increasing on I; or

decreases on I (if j = 0 we can take instead of Iy the subinterval [é, %} C Iy
where z and y are located and where the function s, is increasing). Suppose
first that s, is increasing on I;. We have s4(z) > s,(y). Because sq(fj4+1) C
sq(I;), there are v, w € I;41 such that s,(v) = s4(2) and sq(w) = s4(y). We
deduce that s,(v) > sq(w). On the interval I the function s, is decreasing.
So we must have v < w. We choose ¢ = j+ 1 and the Lemma is proved. If s,
is decreasing on I}, then s,(2) < sq(y). Because sq(Ij4+1) C sq(I;), there are
v,w € Ij41 such that s,(v) = sq(2) and sq(w) = s4(y). On ;41 the function
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Sq 1s increasing and so again we must have v < w. Choosing ¢ = j + 1 and
the Lemma is proved. O

3. MAIN RESULT

Theorem 4. Let a € (0,2). The inequality

sofo) = sl < 1) () 7l 2

holds true for every x,y > 0.

Proof. If © = y, then (2) is true. Let y > x > 0. According to Lemma 3,
there exist £ > 0 and v, w such that v,w € Iy and z < v < w < y with the
property that

Sa(V) = sq(x) and  s4(w) = s4(y).
If we prove that (2) is true for all v, w € I; then

2—a

50(4) = 50(0)] = Isaw) = 50 < 0+ 1) () Tl = ol

T a
<@+n)(F) 7 -at

and we are done.
Let w,v € I,. We can write

/w s (t) dt‘ < /wl | sh ()] dt.

[ @) lato)las < (/vw|f<x>wdx)’l’ ([ latairas)

which is true for two integrable functions f, g on the interval [v, w] and two
real numbers p,q > 1 such that ]lj + é = 1. We apply this inequality for
p=2/a>1and ¢=2/(2—a)> 1. We have

|Sa(w) — sq(v)| =

We use Holder inequality

sofi) = sulwl < ([ dt); ([ et ar)

With the variable change v = % this is equivalent with

1 s (L ﬁ 2
50() — 5a(0)] < Jw—v]% (/ '()'du)

u

w
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It remains to prove that
2—a

1 2 2 2—a
v s (%) |2=a 3r\ 2
Taluw/ 1 < il .
/1 ] < (2 3)
Now, if £ > 1 and v, w € Iy, then
1 1 < < 3
———<ap—ap < —.
voow el ¢ 2
If v,w € Iy, then %, % € (0,a1) and we get the same upper bound
1 1 3
- S aj < —
voow 2

On the other hand, s, (%) =u? (aﬁ% — cos u) Using the inequality

sin sin
a2 — cosu| < |a> u‘+]cosu]§a+1, (4)
U
we deduce that
2—a 2—a
1, /1y =2 = 1, 2 =
v |8 = 2—a v 2—a
/ %du §/ o2 cosu du
1 U 1 u
1 1= 3\ 2
2 T 2
<la+1)]===] <@+ (Z)
@i -2 <@rn ()
which proves (3). O
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An implicitly defined sequence
DUuMITRU PopaY)

Abstract. We prove that if A C R* is a compact, connected, Jordan mea-
surable set with A\x (A) > 0, g : A — [0, 00) a continuous function with the
property that there exists = € int (A) such that g (z) >0, M > [, g () dz
and (an), ey C (0,00) is such that nan;O an = 00, then there exists no € N

such that for every n > mo the equation a, fA In (1 + g(zﬁ) de = M

has a unique solution in the interval [0, c0), denoted by u,, and moreover,
M—[4 g(x)dx _ Jalg@)?dz | s [, g(z)d

: _ : 2 s2
Jm un = ==y iman (un —5) = 50— + R
where s = M_){f:%. Some applications are given.

Keywords: Multiple Riemann integral, limit of sequences of integrals,
implicitly defined sequence, asymptotic evaluation.

MSC: Primary 26B15, 40A05; Secondary 28A35.

1. INTRODUCTION

The main purpose of this paper is to prove the result stated in the
Abstract, see Theorem 7. We will use the multiple Riemann integral. For
details regarding the multiple Riemann integral we recommend the reader
the excellent treatment of this concept in [1]. If a € R¥ and § > 0, B (a,6) :=

{z € R* | d(2,a) < &}, where d(z,a) = \/(xl —a) H e+ (g —ap)? s
the Euclidean distance; x = (21, ..., 2%), a = (a1, ...,a). For aset A C R¥ we
write int (A) to denote the interior of A; if A is Jordan measurable, \; (A)
denote its Jordan measure, see [1]; we recall that A ([a1,b1] x -+ X [ag, bg]) =
(b1 —a1) - (by, —ag), for a; < b;, i = 1,...,k. The notation and notions
used in this paper are standard.

2. PRELIMINARY RESULTS

For the sake of the completeness we include the proofs of some results
regarding the multiple Riemann integral needed in the paper.

Proposition 1. Let A C R* be a Jordan measurable set and f : A — [0,00)
a continuous function. If [, f(x)dz =0 then f(x) =0, YV € int (A).

Proof. Let us suppose that there exists a € int (A) such that f (a) # 0, hence
f (a) > 0. Since f is continuous, for e = f(2a) > 0 there exists §; > 0 such that
Vo € ANB (a,61) we have |f (z) — f (a)] < {2, L8 < f(2)— f(a) < 1

and thus f (z) > @ From the definition of the interior there exists do > 0

DDepartment of Mathematics, Ovidius University, Constanta, Romania,
dpopa@univ-ovidius.ro
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(a € int (A)). Then for 6 = min (d1,d2) > 0 we have

such that B (a,d2) C
) (a,02) C A and hence

A

B(a,0) C B(a,51)NB

f@) = 1D e e Blag). 1)
Since f takes its values in [0, 00),

/B(a’a)f(il?)d»’US/Af(x)dx:

From (1) by integration we have

f(a) / fla), /
Ak f(x)dz.

2 2 Bla,6) (=)
We get ())\k( ( §)) <0, A\ (B( )—() If a = (a1,...,ax), from the
inclusion [al —=,a1 + %} - X [ak — ﬁ,ak + ﬁ} C B (a,d) we deduce
that

o 0 0 0 —
A ag— —=, a1+ —| XX |ay— —=,ak+ —=| )| <\ (B(a,0)) =
O R R e X )

k
that is (%) < 0, which is false. O

Proposition 2. Let A C R* be a connected set, f : A — R a continuous
function, a, b € A and f(a) < c < f(b). Then there exists £ € A such that

c=f(8).

Proof. Since A is connected and f is continuous, by a well-known result
f(A) C R is connected, and thus f(A) is an interval. Since f (a), f (b) €
f(A), it follows that [f (a),f(b)] C f(A) and from ¢ € [f(a), f (b)] we
deduce that ¢ € f (A), that is, there exists £ € A such that ¢ = f (). O

We need the mean value theorem for the multiple Riemann integral, see
[2, problem 6, page 190], or [3, page 167].

Theorem 3. Let A C R* be a Jordan measurable, compact and connected
set, f A — R a continuous function. Then there exists & € A such that

Jaf (@) dz = f () M (A).

Proof. If A\, (A) = 0 then, as is well known, [, f(z)dz = 0 and we can

take any £ € A. Let us suppose that A\ (A) > 0. Since f is continuous, A

compact, from the Weierstrass theorem, there are a, b € A such that f (a) =

m = irelgf (x), f(b)=M = sugf (z). From the inequalities m < f (z) < M,
T TE

Va € A, by integration we get mA; (A) < fA xz)dr < MM (A), o

Jaf (z)de

fla) < )\k(A)

C<r).
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From Proposition 2 there exists £ € A such that fA f(x L= f(9). O

The next proposition indicates a natural way to obtaln asymptotic eval-
uations for multiple Riemann integrals. Its proof is modeled on the solution
to problem 3.28 in [5].

Proposition 4. Let ¢ > 0 be a real number, f,g: [—c,c] — R two continuous
functions with the properties: f(0) =0; g (t) =0 if and only if t =0, and
im M =0.
t—0 g (t)

Let A C R* be a Jordan measurable set with int (A) # @. If h, : A — R is

a sequence of continuous functions with the property that there exists ng € N

such that ¥Yn > ng there exists x € int (A) such that h,, (x) # 0 and li_>m hy =
n o

0 uniformly on A, then

Proof. Let € > 0. From hm ((t; = 0 there exists 7. > 0 such that V¢ € [—c, (]

with 0 < [t| < 7. we have ‘f(t)‘ < g, that is, | f (t)] < elg(t)|]. Since for t = 0,
f(0) =g (0) =0, we deduce that Vt € [—c, c] with |t| < 7. we have

f )] <elg ). (2)
Let 6. = min (7, ¢) > 0. Then by (2) we have
lf@®] <elg@], V[t <de. 3)
Since ILm hy, = 0 uniformly on A, for J. > 0 there exists n. € N such that
|hn, ()| < de,¥n > n. and Vo € A. (4)

Let n > max (ng,ng). From (3) and (4) it follows that

|f (hn (2))] < €lg (hn ()], VzeA

and, by integration,

/|f |d$<€/|g z))| dz.

Since | [, f (hn () dz| < [, |f (hn (@))| dz, we get

<a/ 19 (hn ()] da. (5)

If [,1g(hn (x))| dz = 0, then we have by Proposition 1, g (hy, (z)) = 0,
Vx € int (A), and by the property of g, hy, (z) = 0, Vx € int (A4), which

)) dx
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contradicts the hypothesis. Hence, fA lg (hy, (z))|dz > 0 and from (5) we
deduce that
[Jaf( ) dz|

f A ’g | ) dz —
which ends the proof. O

We need later the following particular case of Proposition 4.

Corollary 5. Let A C R¥ be a Jordan measurable set with int (A) # @, ¢ > 0
a real number and ¢ : [—¢,c] — R a twice differentiable function at 0.

(i) If hy, : A — R is a sequence of continuous functions with the property
that there exists ng € N such that ¥n > ng there exists x € int (A) such that
hn (z) #0 and nh_)rrolo hn = 0 uniformly on A, then

- Jaw(hn (2)) de = ¢ (0) /\k 0) Ja bn _¢"(0)
n—00 fA d.T 2 .
(ii) If A is compact, (an)neN C (O 00) is such that lim a, = oo, then

n—oo
for every continuous function f : A — R with the property that there exists

x € int (A) such that f (x) # 0, the following equality holds

i o[ o (1) - anp 020050 [ 1166

_¢"(0) 2
= 2/A[f (x)]” da.

o (t)—p(0) —te! (0) — £ Q1

Proof. (i) Since ¢ is twice differentiable at 0, lim . =0
t—0 ¢
and by Proposition 4
©"(0) [, (hn(z))?dz
i J.2 B (2 do = 9 (0) [y 1z = ' (0) ] z) dg — £ alln()
n—oo fA n x) I’
=0.

This is obviously equivalent to the desired statement.
(ii) We take in (i) hy, (z) = L) " Let us note that since f is continuous

an

and A compact, by the Weierstrass theorem there exists M > 0 such that
|f(z)] < M, Vz € A. Then |h, (z)] < 2, Vz € A. Since lim 1 =0, it

n—oo “n

follows that lim h,, = 0 uniformly on A. O
n—oo

We also need the following theorem of Pélya; for a proof, see [4, problem
127, page 81], or [5, problem 4.23(ii), page 176].

Theorem 6. Let f, : [a,b] — R be a sequence of increasing functions and
f :]a,b] = R a continuous function. If li_>m fn(z) = f(z), Vo € [a,b], then
n oo

li_>m fn = [ uniformly on la,b].
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3. THE MAIN RESULT
Now we are ready to state and prove the main result of this paper.

Theorem 7. Let k € N and A C RF be a compact, connected, Jordan mea-
surable set with A\ (A) > 0, g : A — [0,00) a continuous function with the
property that there exists x € int (A) such that g (x) >0 and M > [, g () dz.
Let also (an),cn C (0,00) be such that nh_)n;o ap, = o00. Then there exists

no € N such that for every n > ng the equation

an/ln<1+g(x)+u>d$:M
A an

has a unique solution in the interval [0,00), denoted by u,, and

M —
lim wu, = fA 9() dx7
_ fA[g(x)]de sfyg(x)dz s
1 n \Un — = -
i an (un = 8) = S50 =+ = 4) 2
M—{, g(z)dz
where s = W

Proof. For every n € N let ¢, : [0,00) = R,
wn(u):an/ln<l—l—g(x)+u)da:—M,
A

Qan
and note that v, is continuous (as an integral with a parameter). We have

wn(O):an/Aln(1+g<x>)dx—M</Ag(x)dx—M<O

an

(we have used that In(1 +¢) < ¢, V¢t > 0, and the hypothesis). Let u > 0.
From the inequalities ¢ — % <In(1+t) <t,Vt >0, we deduce that

i (14 205 ) g

an

i X U2 X a
/A<g<x>+u>dx— (9(x) +u)?dz < /

2an A A

</A(g(x)+u)dx, Vn € N.

Since lim ai = 0, from the squeeze theorem we deduce that
n—oo "

Jm () = [ (9(0) + wde = M = ), (©
A
where 9 : [0,00) — R is defined by ¢ (u) = u, (4) + [, g (x)de — M. Let

us define v = % + 1 > 0 and note that ¢ (v) = A\, (A) > 0. Then,
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since li_>m ty, (v) = ¢ (v) > 0, there exists ng € N such that Vn > ny we have
n oo
Yy, (v) > 0. Let up,uz € [0,00) be such that ¢y, (u1) = ¥y, (ug2), that is

A{m(wW)-m(uW)]dx:o.

From the mean value theorem 3, there exists £ € A such that
1n<1+g(5)+“1> —In <1+g(5)+“2> —0
n n

and hence u; = ug. Thus v, is continuous, injective and ¢, (0) < ¢y, (v). It
follows that the equation ¢, (u) = 0 has a unique solution in [0, 00), denoted
by u,. Moreover, u, € [0,v], Vn > ng. Remembering that each solution
verifies the equation, we get

U (un) = 0,Yn > nyg. (7)

Since by (6) li_>m Yy, (u) = 9 (u), Vu € [0,v], all ¢, are increasing (this is obvi-

ous) and 1 is continuous, from Pélya’s theorem 6 it follows that li_}rn Uy =P
n—od

uniformly on [0, v]. Hence Ve > 0, In. € N such that ¥n > n. and Vu € [0, v]
we have |9, (u) — 1 (u)] < e. Then for every n > max (n.,ng) we have
|tn, (un) — 9 (uy)| < e. By (7) and the definition of the function ¥ we get
lun Ak (A) + [, g (z) do — M| < e. This means that

Let n > ng. From the Lagrange formula, ¥y, (uy) — ¥y (8) = (un — 8) ), (&)
for some &, between u,, and s, which, by (7), becomes

n (8) = = (un — 5) 1, (§n) - (8)

Then |§, — s| < |u, — s| and since lim w, = s, by the squeeze theorem
n—oo

lim &, = s. (9)
n—oo
Differentiating under the integral we get ¢/, (u) = [ A de

an

1 B g(z)+&n
<1+9( S )dx _/flan+g($)+§ndm

L (g<x>+sn>dx=i g @) do+ 520, (4),

an J A an JA

|9 (€n) = M (A))]

IN

whence, by (9), nh_{rolo i = 0, and the squeeze theorem,

lim 4/, (€,) = A, (4) > 0. (10)

n—oo
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Hence there exists n1 € N such that
U (€n) > 0,¥n > n1. (11)
By the definition of s we have

Un(s) = an/Aln<1+g(x)+s>dx_M

an

::%Am@+“?“jm—éwm+@m

From Corollary 5 (ii) applied for ¢ : [—%,1] = R, ¢ (t) = In (1 + ¢) it follows

that
nh_)ng() an [/Aanln <1 + 9(32:_8> dz —/A(g(:v) +s)dx]
1
=5 [ o)+ s,
that is )
Jm o ()= —5 [ fo@) + o da (12)

From (8) and (11) we deduce that

an (U, — 8) = —m7 Vn > ny,

and hence passing to the limit and using (10) and (12) we get
N [g(z) + s]* dz Ja [g ()] da s[yg(@)de s?

lim ay, (u, —s) = = + + .

n—co 2k (A) 2 (A) Ak (A) 2
O

Corollary 8. Let k € N and A C R* be a compact, connected, Jordan
measurable set with A\, (A) > 0 and g : A — [0,00) a continuous function
with the property that there exists x € int (A) such that g (x) > 0. Let also
(an)pen C (0,00) be such that nhngo an =00 and M > [, g (x)dx. Then there

%
exists ng € N such that for every n > ng the equation

oo [ (2 Y ar g

has a unique solution in the interval [1,00), denoted by t,, and

lim a, (t, — 1) = s,
n—oo

i _Laly@Pde s fyg(@)de s
8 Ol (o = 1) =91 = AQAk(A) " ik(A) T

M—fA g(x)dx
Ak(A)

where s =
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Proof. Let us note that for every n € N the function w, : [1,00) — R,
wn (t) = an [41n <t + %i)) dz is injective (use the mean value theorem) and
thus if the equation w, (t) = M has a solution, this is unique. Now, the
relation (7) says that there exists ng € N such that for every n > ng, u, is
the solution of the equation v, (u) = 0, or equivalently w;, <1 + "—”) = M.
Hence, there exists ng € N such that for every n > ng, 1 + “" is a solution
of the equation wy, (t) = M and so, the equation from the statement has
a unique solution, t, = 1+ 2= %, 0T ap (tn, — 1) = up, Yn > ng. Then, by
Theorem 7,

lim a, (t, — 1) = lim u, = s,

n—oo n—oo

7};1{.10 an [an (t, — 1) — 5] = 7};1{.10 an (up — 8)
2
_ fA[g(w)] dz N szg(x)dm 2

2 (A) M) 2

4. SOME APPLICATIONS
In the sequel we give some applications of Corollary 8.
Corollary 9. (i) Let (an),cn C (0,00) be such that li_>m ap =00, k>2a
n oo

natural number and M > % Then there exists ng € N such that for every
n > ng the equation

0,1)* An

has a unique solution in [1,00), denoted by t,, and

. k

A on =) =M =5,
fim a0 (1 1)~ 2 B 2SR B G Ry Ly kY
e A 2 24 2 2) "3 2) -

(ii) Let (an),en C (0,00) be such that lim a, = oo, k > 2 a natural number

n—oo

and M > L. Then there exists ng € N such that for every n > ng the

2k
equation
an/ In (HM) dey - deg = M
[0,1]* an
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has a unique solution in [1,00), denoted by t,, and

1
nh_}n;oan (t, —1)=M oF
, 1 1 kM -1 1 12
73&%P“%_U_M+%}:z%+ 4k +2<M_%>'
Proof. (i) Let g : [0, 1]k — [0,00), g(z1,...,2%) = 1+ --- + x. We have
2
f[oﬂk g(:cl, .. .,l'k) dxl e -dl’k = %, f[OJ}k 92 (1'1, .. ,xk) d:rl e -d{L‘k = W
From Corollary 8 we get
. k [4lg (2)]? da sfyg(@)de 52
1 n |Gn (tn — 1)-M Py = A A —_—
i [an 0 1) =+ 5] () (A2

3k2+k  k k 1 k2
= (m=Z “(m=Z
24 +2< 2)*‘2( 2)

(ii) Let g : [0,1}1'C — [0,00), g(x1,...,2k) = 1 x. We have
k

1
1
/K),l]k(xl--':ck)dxl---dxk:(/0 xdx) = o6
1
1
2 _ 2 _
/[(]71]k(x1---xk) dxl---dxk—</0 :vdx) =3

From Corollary 8 we get

n—00 2k

) 1 1 M- 1 1\2
lim an[an(tn_l)_M—i_}:Q.gk"’_ k2k+(M_> .

Corollary 10. (i) Let (an),ey C (0,00) be such that lim a, = oo and
n—oo
M > % Then there exists ng € N such that for every n > ng the equation

X
an j In (t+ ;—y
a+y<1, 2>0, y>0 "

has a unique solution in [1,00), denoted by t,, and

)dmdy =M

1
i e =2 (30 1),

n—oo 3

2 1 1\2
S(m—z)+r2(Mm—=) .
wg(ig) e (v-g)

|

. 2
nh_}ngoan ap, (tn, — 1) —2M—f—3] =
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(ii) Let (an), ey C (0,00) be such that 11_>m an =00 and M > 2. Then there
exists ng € N such that for every n > ng the equation
an fj ln<t+x+y>dwdy—M
%9
z2+y2<1, 220, y>0
has a unique solution in [1,00), denoted by t,, and
, A(3M —2)
nl;rglo an (tp, — 1) = .
, 4B3M —2)] w42  323M —2)  8(3M —2)?
nhal{olo n [an (tn = 1) = 37 ] T Arx + 972 * 972 .

Proof. (i) Consider the function g : A — [0,00) defined by g (z,y) =z +y
and the set A = { ry) ER? |z +y<1, 2 y>0}. For every k € N we have

11—z 1
ffg xydxdy—/dzv/ :U—I-y dy = Pra

From Corollary 8 by some calculations we get the limits from the statement.
(ii) Now consider g : A — [0,00) given by g (x,y) = z + y and the set
A={(z,y) eR?*|2?+y* <1, 2,y > 0}. We have

ffg x,y)dedy = ff (pcosf + psinf) pdpdf = g,

[0,1]x[0,%]
. 2 T+ 2
ffg x,y)dedy = fj (pcosf + psinf)” pdpdd = .
8
[0, 1]><[ ]
The limits from the statement follow from Corollary 8 by some calcu-
lations. O
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Finding the admissible values for the parameter of a

quadratic product-type inequality
LEONARD MiHAI Giucruc!, CosTEL BALCAU?

Abstract. We determine all the values of the real parameter k£ such that
the inequality (a$ + k)(a3 + k) --- (a2 + k) > (1 + k)" holds for all real
numbers a1, az,...,a, satisfying a1 + a2 +---+ an = n, where n > 2 is a
given natural number. We prove that these values form an interval of the
type [kn, 00), where k,, is a root of a (2n—3)rd degree polynomial equation.
Using the properties of the sequence (k,)n>2, we obtain that there is no k
such that the considered inequality holds for all n > 2. In particular, for
n = 3 and n = 4 we derive that the corresponding values k,, are irrational
and the polynomials defining them are minimal. We estimate also the
values k, for n < 20. Finally, we propose three open problems regarding
the irrationality, the minimal polynomial and the explicit formula (or a
recurrence relation) of k.

Keywords: Jensen’s inequality, half convex function theorem, minimal
polynomial.

MSC: 26D07

1. INTRODUCTION

Various particular cases of the following inequality

n

i=1 i=1

l—I(aZ2 +k) > (1+ k)", forall ay,...,a, € R such that Zai =n, (1)

have been proposed in magazines and related websites. For example, for
n = 4 and k = 3 we obtain the inequality proposed by Lascu and Zvonaru
[5], for n = 3 and k = 11/4 we obtain the inequality proposed in [7], and for

n =5 and k = 39/25 we obtain the inequality proposed by Trancanau [8].

In this paper, we are interested to find all the values of &k for that the
inequality (1) holds, for any fixed n > 2. We denote by K, the set of these

values, i.e.

Kn=<keR:[[(al+k) > (1+k)"Var,...,an € Rwith Y a; =n

i=1 =1
This set is called the admissible domain or the range of the parameter k.
For n = 2 by replacing as = 2 — a; the inequality (1) becomes

(af+k)[(2—a1)* +k] — (1 +k)* >0 for all a1 € R,

DTraian National College, Drobeta-Turnu Severin,
leonardgiugiuc@yahoo.com

Romania,

2>Department of Mathematics and Informatics, University of Pitesti, Pitesti, Romania,

costel.balcau@upit.ro
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which can be rearranged as
(a1 —1)*[(a1 — 1)> + 2k — 2] >0 for all a; € R,

and hence
Ky =11,00). (2)
If £ < 0 and n is odd, then the inequality (1) is false, since by taking
a1 =m,as=n—mand az = --- = a, = 0 we have

n

lim [[(a? + k)= lim k" *(m®+k) [(n —m)® + k] = —cc.
If k <0 and n >4 is even, then the inequality (1) is also false, since by
taking a; = m, ag = a3 = (n—m)/2 and a4 = --- = a,, = 0 we have

n 2 2
: 2 _ 1 n—3/ 2 (n —m) _
W%gnool_[l(ai +k) = lim £"3(m? + k) [ 7 +k:} = —oo0.
Thus K, C [0, 00), for all n > 2.
For any n > 3 and k € K,, by taking a, = 1 in (1) and dividing the
both sides by 1 4+ k > 0 it follows that k € K,,_1. Therefore

K, C K,,_1, for all n > 3. (3)
From (3) and (2) we get
K, C[1,00), for all n > 2. (4)

Consequently, for any k € K,, we can rewrite the inequality (1) as

n 1 n n

g fla;) >nf ( E ai> , for all ay,...,a, € R with E a; =mn, (5)
n

i=1 i=1 '

=1
where
f(t) =In(t* + k), for all t € R. (6)

We remark that the relation (5) has the form of the well-known Jensen’s
inequality, that is certainly valid for convex functions [4]. Unfortunately, the
function f is not convex on R.

However, after a few preparations we can apply the half convex function
theorem (HCF-Theorem) due by Cirtoaje [1, 2] to replace the inequality (5)
with a much simpler equivalent inequality. This goal is achieved in Section 2
and will lead us to prove that the range K, is an interval [k,, c0), where kj,
is defined by a polynomial equation. Also, we show that there is no k such
that the inequality (1) holds for all n > 2.

We mention that the HCF-Theorem was extended by Cirtoaje and
Baiegu [2, 3]. Other properties of half convex functions were obtained by
Pavié [6].

In Section 3 we discuss the cases n = 3 and n = 4. For these particular
cases we obtain the minimal polynomials of the values k,,, and hence we derive
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the irrationality of these values and we compute rational approximations for
them. Also, we estimate the values k,, for n = 5,6,...,20. In the last section
we propose three open problems about k,, for further research.

2. MAIN RESULTS

The following lemma ensures us that for finding the range set K, it
suffices to consider only nonnegative numbers a1, as, ..., a, in the inequality
(5) or, equivalently, in inequality (1).

Lemma 1. For any n > 2 we have

K, = {k: >1: zn:f(ai) >nf(l) Yay,...,a, € [0,n] with zn:ai :n},

=1 =1
(7)
where the function f is defined by (6).

Proof. The inclusion ”C” (left to right) is an obviously consequence of rela-
tions (4) and (5). Let us prove the reverse inclusion ”2” (right to left). Let
k > 1 be an arbitrary element of the set from the right-hand side of (7). It

remains to prove that k verifies the inequality (5). Let a1, as,...,a, be real
n n
numbers such that >~ a; = n. Then Y |a;| = ns > n, with s > 1. Setting
i=1 i=1
a
bi:M fori=1,2,...,n,
S

it follows that by,...,b, > 0 and > b; = n, so by,...,b, € [0,n], and hence
i=1

f(b;) > nf(1). We derive that
=1

(2

zn:f(ai) = Zn:ln(a? + k)= zn:ln(SQb? +k)> anln(bf + k)= zn: f(b).
=1 i=1 =1 =1 =1

Since Y f(bi) > nf(1) we get > f(a;) > nf(1), so k verifies the inequality
i=1 i=1

(5), and therefore k € K. O
The form (7) of the set K,, allows us to apply the HCF-Theorem. In-

deed, by taking t € [0,n] and using the second-order derivative,

2(k — t2)

f”(t) = m7
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we obtain that the function f is convex on [0, 1] (since & > 1). Now, according
to HCF-Theorem (see [1] or [2]) it follows that the inequality from the right-
hand side of (7) is equivalent to
m=1ft)+ f(n—(n—1)t) >nf(1), forall t € [O, nJ .
n J—

Therefore

te[0,725]

Kn:{kzl :  min g(t):g(l)}7 (8)
where the function g is defined by

g(t) =(n=1f(t)+ f(n—(n—1)t)
= (n—1)In(t® + k) + In [(n ~(n—1)t)? +k] ,

'n—1]"
We will need to study the monotonicity of the function g. Its derivative

for all t € [0 L}

2n(n —1)(t — 1) [(n — 1)t* — nt + k|
(t2 + k) [(n (-1 + k}

g'(t) =

Cforall t € [O”}
n—1

We distinguish two cases.
2

(a) If k> h, then the function g has t; = 1 as unique critical point

and minimizer, and hence by (8) we obtain

2

) <5 <9>

(b) If k € [1, 4(:7:)» then n > 3 and we have two subcases.
(by) If £ = 1, then the function g has two critical points, namely ¢; = 1
and ty = ﬁ, with t2 < 1. Moreover, g is strictly decreasing on [0, t2] and
strictly increasing on [tg, %], so t; = 1 is not a minimizer for g, and hence
by (8) we obtain

1¢ K,, foralln > 3. (10)

(bo) If k € (1, 4(:7:)), then the function g has three critical points,
—/n2—4(n—1)k +y/n2—A(n—Dk .

namely t1 = 1, to = % and t3 = %, with 0 < t9 <

ts < 1. Moreover, g is strictly decreasing on [0, t3], strictly increasing on

[t2,t3], strictly decreasing on [t3,1] and strictly increasing on [1, %}, SO
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t; = 1 is a minimizer for g if and only if g(¢2) > g(1). Therefore, by (8) we
obtain

Knﬂ<1,4(nni1)>:{k : h(k)zO,ke(l,Ll(nnil)>}, (11)

where the function A is defined by
h(k) = g(t2) — g(1)

2
=(n-—1)ln |:<n Z(Qn_jli?;_l)k) +k‘] —nln(l+ k)

2
2 _4(n -1k
hn <”+ A >> Tk (12)

for all k € |1, 37255 .
We have h(1) = u(n), where

u(@) = (z —1)In <1 +

for all z € [2,00). But

—2)
v (z) =In < E + 2z —1In2,

(x—1)2+1
)2
(x —1)[(x —1)2 —i—l]

so v is strictly decreasing on [2,00), v/(2) = 0, u is strictly decreasing on
[2,00), u(2) = 0. Hence u(n) < 0, that is we have

h(1) < 0. (13)

l\')

.’L‘IE

' (z) = —

According to case (a) we have

(mmn) = (awmm) >0 o

We study the monotonicity of the function h. If we denote

n—+/n?—4(n—1)k

3= 1) =r,ie k=nz—(n—1)2° (15)

from k € [1, 4(::7:)} we get = € [n% n’il)}, and from (12) we derive that

[y
N
—~

h(k) = v(z), (16)
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where the function v is defined by

v(z)=(n—1)Inz+In[(n — (n — 1)z] + nln[(n — (n — 2)z]

—nln[l 4+ nz — (n — 1)2?], (17)
for all z € {ﬁ, ﬁ} Since
n(n — —z)%n—2(n— 1)z
o (z) = (n = 1A = 2)°[n = 2(n - 1)z] (18)

zn—(n—1)z]n— (n—2)z][1 +nz — (n—1)a?]’

it follows that v is strictly increasing on [ﬁ, ﬁ}, so according to (16)
and (15) we can derive that
n2
h is strictly increasing on [1, 4(”—1)] . (19)

From (13), (14) and (19) it follows that the equation h(k) = 0 has a unique

solution
2

ey € <1, 4(71”1)) , (20)

and using (11) we conclude that

o (1 35=g) = [ ) &

According to the above cases, from (9), (10) and (21) we obtain the
following main result.

Theorem 2. For any n > 3 we have
K, = [kn7 00)7 (22)

where k, is the unique solution in the interval (1, 4(:;710 of the equation

h(k) =0 and h is defined by (12).

The following result is a direct consequence of Theorem 2, relation (2)
and inclusion (3).

Corollary 3. For any n > 3 we have ky, > ky—1.

Corollary 4. We have ILm kn, = oo.

Proof. Obviously, \/% € (ﬁ, ﬁ), for any n > 3. According to (17),

the function v(z) can be rewritten as

—(n — 2 —(n —
nx — (n—2)z ™ (n 1)337

=nl
v(z) nnl—i—nfc—(n—l)x? x
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for all x € {% L }anan?). Therefore
L ) 1( ”_2>+1(\/1 +1)
nln _— ninvn—1—n
nyn—1
n—2
n—2 hl(l_n n—1>+ln(n\/m—n+1)
V%iji n—2 nfa ’

ny/n—1 n—

and hence

1
li = —oo.
s v (m) o0

Consequently, there exists ng > 3 such that

1
v<m><0, for all n > ng.

Using (15) and (16) it follows that

and

n
h{———— —1) <0, forall n> no,
(\/m ) or all n > ng

so by (14) and (19) we derive that

k e< n " ) for all n >
n - 1, y n-=mn
vn—1 4(n—1) 0

Therefore we have lim k,, = occ. O
n—oo

Corollary 5. There is no real number k such that (1) holds for all n > 2.

Proof. From Theorem 2, relation (2), Corollaries 3 and 4 we get
() Kn = ([kn,00) = 0.
n>2 n>2

It is clear that this relation is equivalent to the statement of the corollary. O

Remark 6. According to (17), the equation v(z) = 0 can be rewritten in
the polynomial form p(z) = 0, where

p(z) = 2" (n - (n—Dz][(n — (n — 2)z]" — [1 +nz — (n — 1)z?|".
Obviously, the degree of p is equal to 2n. Moreover, by (17) and (18) we get
v(1) = v'(1) = v"(1) = 0, so the polynomial p(z) is divisible by (z — 1)3.
Denote by g(z) the quotient of the division of p(z) by (z — 1)3. Then g is
an (2n — 3)th degree polynomial and according to (15), (16) and (20) we
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derive that the equation ¢(x) = 0 has a unique solution x,, in the interval
1
(n—l’ 2(nn—l)) and

n—+/n?2—4(n— 1)k,
2(n—1)

kp = nx, — (n— 1)z, = .

n—y/n2—4(n—1)k

Substituting z = 5(a=T)

in the equation ¢(x) = 0 we obtain that

ky is the unique solution in the interval (1, 4(37:)) of an (2n — 3)th degree

polynomial equation r(k) = 0.

In the next section we detail this procedure for n = 3 and for n = 4.

3. PARTICULAR CASES
Firstly, we consider the case of n = 3. According to Remark 6 we get
p(x) = 2%(3 — 22)(3 — ) — (1 + 3z — 22%)3
= 102° — 572° + 1232* — 1262° + 602* — 92 — 1
= (z —1)°q(x),
where

q(z) = 1023 — 2722 + 122 + 1.

We substitute z = 3=v)=8k W in the equation ¢(x) = 0 in two steps. We can
denote

9-8k=3—-4x=y.
By replacing x = %Ty, the equation ¢(z) = 0 becomes
5y + 9y — 93y 4+ 31 = 0,

then replacing y = v9 — 8k we derive that k3 is the unique root in the interval
(1, %) of the polynomial

r(k) = 25k% 4 42k — 63k — 16.

The numbers of the form (divisor of 16)/(divisor of 25) are not roots of the
polynomial r(k), so r(k) has not rational roots, and hence ks is irrational and
r(k) is even the minimal polynomial (with integer coefficients) of the value
ks. The approximation of ks with 4 exact decimal digits is

k3 ~ 1.1099
(r(1.1099) < 0 < r(1.11)), so (22) implies that 1.11 € K3 but 1.1099 ¢ Ksj.
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Next, we consider the case of n = 4. According to Remark 6, now we
get
p(z) = 16234 — 32)(2 — 2)* — (1 + 4z — 32%)*
= —1292% + 880z — 24202° + 34082° — 25502 + 9122° — 8427
—16x —1

= (z — 1)°q(2),

where
q(z) = —1292° + 493" — 55423 + 13822 + 192 + 1.

We substitute z = 2=Y2=3% in the equation ¢(x) = 0 in two steps. We can
q 3
enote

Vi—-3k=2-3z=y.

By replacing x = 2_%, the equation ¢(x) = 0 becomes
43y° + 63y* — 562y — 338y + 2127y — 709 = 0,

then replacing y = v/4 — 3k we derive that k4 is the unique root in the interval
(1, %) of the polynomial

r(k) = 1849k 4 5107k* 4 42k3 — 9002k? — 3923k — 729.

We have 729 = 3% and 1849 = 432, The numbers of the form (divisor
of 3%)/(divisor of 43%) are not roots of the polynomial 7(k), so r(k) has
not rational roots, and hence ky is irrational. Moreover, r(k) can not be
decomposed as a product of the form s(k)t(k) with s(k) and ¢(k) polynomials
of degree 2 and 3, respectively, having integer coefficients. It follows again
that r(k) is the minimal polynomial (with integer coefficients) of the value
k4. The approximation of k4 with 4 exact decimal digits is

ky =~ 1.2883

(r(1.2883) < 0 < r(1.2884)), so (22) implies that 1.2884 € K4 but 1.2883 ¢
Ky.

Remark 7. Using the bisection method, we obtain the following approxi-
mations of k,, n = 5,6,...,20, with 4 exact decimal digits:

ks ~ 1.4789, kg ~ 1.6700, k7 ~ 1.8616, ks ~ 2.0499, ko = 2.2357,
k1o = 2.4189, ki1 ~ 2.5997, k1o = 2.7782, ki3 &~ 2.9545, k14 ~ 3.1288,
ks = 3.3012, kg &~ 3.4719, k17 = 3.6409, kis ~ 3.8084, k1o ~ 3.9744,

koo ~ 4.1390.
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4. CONCLUSIONS AND OPEN PROBLEMS

In this paper we showed that the range of the parameter k in inequality
(1) is an interval of the form [k, c0), where k,, verifies a certain polynomial
equation. Also, we obtained that ko = 1, k3 and k4 are irrational and the
sequence (ky)n>2 is increasing and tends to infinity.

At the end we propose three open problems.

Problem 1. Is the number k,, irrational for every n > 37

Problem 2. Is the polynomial (k) defined in Remark 6 the minimal
polynomial (with integer coefficients) of the value k,, for any n > 37

Problem 3. Is there an explicit formula for the sequence (ky)p>2, or
even a recurrence relation?
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of May 2021.

PROPOSED PROBLEMS

504. Let f : [0,1] — R be a differentiable function with f’ continuous on
[0,1], such that |f'(z)| < 1 Va € [0,1]. Prove that if 2 ‘fol f(a:)dx‘ < 1 then

(n+2) fol 2" f(x)dx

Proposed by Florin St&nescu, Serban Cioculescu School, Gaesti,

<1vVn>1.

Dambovita, Romania.

505. Let n,p,q € N such that 1 < g < p < n. If there exists A € M,, ({0,1})
such that AA' has all the elements on the diagonal equal to p and all the
other elements equal to ¢, prove that:

a) p(p— 1) = q(n — 1);
b) AAt = At A;
c) if n is even, then p — ¢ is a perfect square.

Proposed by Vasile Pop and Mircea Rus, Technical University of
Cluj-Napoca, Cluj-Napoca, Romania.

506. Let N > 1 be a squarefree integer. For every integer k we denote
gy (k) = ged(N, k). Prove that there is a finite subset S of the unit circle
such that for every polynomial f = Y"}_,apX* € C[X] we have

p(N) D plan (k) dlan (k))ar = Y f(C).
k=0

¢es

(Here p and ¢ denote the Mdbius function and Euler’s totient function, re-
spectively.)

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National Co-
llege, Barlad, Romania.

507. Calculate the integral
/OO Inx
——F—duz.
1 B+ azyr+1

Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu,
Romania.
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508. Let K be a field and let A, B € M,(K), with n > 1, such that AB —
BA = ¢(A — B) for some c € K \ {0}.
(i) Prove that if char K = 0 or char K > n, then A and B have the

same eigenvalues.
(ii) Prove that if 0 < char K’ < n then (i) is no longer true.

Remark. The statement (i) is an extension of statement b) of problem
495, whose solution is published in the present issue of GMA.

Proposed by Constantin-Nicolae Beli, IMAR, Bucuresti, Romania.

509. Let m and n be positive integers and let Aj,..., A, € M,(R). For
every i € {1,...,m} denote by Ai1,...,\in € C the eigenvalues of A;.

Prove that there exist €1,...,&, € {—1,1} such that the eigenvalues
fis- -y fbn € C of the matrix e1 A1 + -+ + e Ay € My (R) satisfy the in-

equality
n m n
2 2
PEDIPIRE
j=1 i=1 j=1
Proposed by Vasile Pop, Technical University of Cluj-Napoca,
Cluj-Napoca, Romania.

510. Prove that

. /4 1 1—+/2 2 1 2
Z<n> 5o Ty — 4Lz V2 +Z 4 4log V2
= \2n/ 16™n (2n+1) 2 3 4

— 2log? <1+\@> —log2(4)+4(\@— 1).

2

Here Lis(x) is the dilogarithm with integral representation given by

Liy () = —/Oz k’g(lt_t)dt.

Proposed by Sean M. Stewart, Bomaderry, NSW, Australia.

511. Find the best lower and upper bounds for >" ;| cos(£A4;) over all convex
n-gons A1As ... A,.

Proposed by Leonard Giugiuc, Traian National College, Drobeta
Turnu Severin, and Florin Vigescu, Mihai Eminescu National College,
Bucuresti, Romania.
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512. Evaluate the series

SbRe) ) )

Proposed by Marian Tetiva, Gheorghe Rogca Codreanu National
College, Barlad, Romania.

SOLUTIONS

489. Let m < n be positive integers. For A € M, ,(C) and B € M, ,,(C)
define the functions

fap: Mp(C) — My (C), fap(X)=A-X-B
fBA: Mp(C) — M, (C), fpalY)=B-Y- A

Prove that f4 p is surjective (onto) if and only if fp 4 is injective (one-to-
one).

Proposed by Vasile Pop, Technical University of Cluj-Napoca, Ro-
mania.

Solution by the author. We prove the equivalence of the two properties
Py : fa p is surjective
P, : fp A is injective
via a third equivalent property:
P; :rank A = rank B = m.
Let C € M,(C) such that f4 g(C) = I,,. Then
m = rank I, = rank(A - C'- B) < min {rank A, rank B},

hence Ps.

Let D € M,,(C). We have to show that the equation A- X -B =
D has solution X € M,,(C).

First, consider the equation
A-Y =D, Y € My m(C). (1)
Writing D = [D1|Ds| ... |Dy,] (D; is the i-th column of D), the equation (1)
is equivalent to m linear systems
AY,=D; (i=1,2,...,m),
where {Y; :i=1,2,...,m} are the columns of Y. As rank A = m, it follows

that rank [A|D;] = m for all @ = 1,2,...,m, hence every linear system has
solution Y; € M,,, 1(C). Concluding, the equation (1) has solution.
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Next, for Y satisfying (1), consider the equation

which is equivalent to Bt- X* = Y. Since rank B? = m, it follows by the same
argument applied for (1) that there exists Z € M,,(C) such that Bt-Z = Y,
hence X = Z! is a solution of (2).

Concluding,
A-X-B=A-Y=D.

We have the equivalences
fBAY1) = fpa(Yo) & B-(Y1-Y2)-A=0,< B-Y-A=0,,Y =Y, -Y>,
hence fp 4 is injective if and only if the equation

B-Y- -A=0,, Y € M,,,(C) (3)

has a unique solution Y = O,,.
Consider first the equation

B-U = Oy, U =[h|Us]...|Uy] € Mpn(C) (4)
which is equivalent to n identical homogeneous linear systems
B'Ui:Oml, UiEMm’l(C>, i:1,2,...,m.

Since the number of unknowns for each of the linear systems is the same as the
rank of B, it follows that the only solution is the trivial one, hence the only
solution to (4) is U = Oy, . Returning to (3), it follows that Y - A = Oy, 5,
hence
A" Z =Opnm, Z=[21Z2|...|Zm) =Y" € My(C). (5)
Similarly, (5) is equivalent to m identical homogeneous linear systems
At-Zi:OnJ, ZiEMm’l((C), i:1,2,...,m,

each of them having only the trivial solution, since rank A = m, which is the
number of unknowns in each of the systems. Concluding, Z = O,,, hence
Y = O,, is the only solution of (3).

Assume, by contradiction, that rank A # m, hence rank A® < m.
Using the same reasoning from the previous implication, it follows that (5)
has a non-trivial solution Z € M,,(C), Z # O,,, hence there exists Y = Z! €
M, (C), Y # O,, a non-trivial solution to (3):

B-Y-A=B-(A"-2) =B -Opn = On.

This contradicts that fp 4 is injective. Concluding, rank A = m.

Similarly, assuming next that rank B < m, then (4) has a non-trivial
solution U € My, n(C), U # Oy . Since rank A' = m, it follows (using the
same argument used in P3 = Pp) that there exists Z € M,,(C) such that
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A'-Z =U"and Z # Oy, since U # Oy, . Then again Y = Z' is a non-trivial
solution to (3):

B-Y-A=B-(A"-2)=B-U=0,

which contradicts that fp 4 is injective. Concluding, rank B = m. O

Solution by Cornel Baetica. Let r = rank A and s = rank B. There
exist invertible matrices U, Q € M,,(C) and V, P € M,,(C) such that

ot = (2|t wna ppg - (g enes ).

Om—r,r ‘ Om—r,n—r n—s,s ‘ OTL—SJ’VL—S

It is easily seen that f4 p is surjective if and only if fyrav,ppg is surjective,
and fp 4 is injective if and only if fppg v is injective. We have

}(ns ‘ Onnvfs >

mrns‘om—nm—s

foavpeo(X) = ( 5

where X, ¢ is the submatrix of X obtained by deleting the last n — r rows
and n — s columns, and

y;f ‘ O&n—r )

n—s,r ‘On—&n—r

freouav(Y) = ( 5

where Y, is the submatrix of ¥ obtained by deleting the last m — s rows
and m — r columns.

Now it is obvious that fyav,ppq is surjective if and only if r = s = m,
and fppg,uav is injective if and only if r» = s = m. [l

490. Let n € N*. Calculate

/1 In(l—2)+a+2% 42 de
0 €T .

Proposed by Ovidiu Furdui and Alina Sint&@mdrian, Technical Uni-

versity of Cluj-Napoca, Cluj-Napoca, Romania.

Solution by the authors. The integral equals % (Hay, — Hy,), where H,, =
1+ % + -4+ % denotes the nth harmonic number.
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Let I,, be the integral we want to calculate. Since In(1 — x) + x + % +

== %, we have

1 <_ '—Z+1 ””;) ' (_ '—ZH xj])
e A a- Y Y- / Iy
0

i=n+1j= 1
z;u;l”“r] zEnJ:rl JEn;ﬂ ]J”_l
Z i (1 1 )
i=nt1 " Z_lg S \d JFe—d
> 1 1 1 1
:Zz;rl i(i—1) (n+1+n+2+”.+n+i—1)'

We calculate the preceding sum by observing that the series telescopes.

We have
1 1 + 1 + n 1
i(i—1) \n+1 n+2 n+i—1
1 1 1 1
:n7+1+"'+n+z’—1_n7+1+"'+n+i4
71— 1 1
1 1 1 1
B L 7 O = S AR = S
i—1 i i(n+1)
1 1 1 1
TS S = W= SR == AN ) S
1 —1 7 n\t n-4+1
and it follows that
1 1 1 1
I:i Ea e RS B R O E
L i—1 i n\i n+i
1=n+1
1 1
_ o Tt +m+} t .t L
n n\n+1 n+2 2n

_2 1 n 1 n +1
n\n+1 n—+ 2 2n
2

The problem is solved. O
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Solution by Burghelea Zaharia, Sibiu, Romdnia. The integral equals

- _ _1\k—1
21{%, where Hop =Y 14 ( 1,1 denotes the nth alternating harmonic num-
ber. We will use the Taylor series expansion of the logarithm, In(1 — z) =

> %, in order to write the numerator of the integrand as 7 ., %
But first we use integration by parts using (1— %)’ = :%2 We use 1— %, rather

than —%, in order to avoid divergence issues. More precisely, the limits both
when z \, 0 and z A~ 1 of (1 — 1)(In(1 —z) + 37, %)2 are zero. This
happens because lim, o 1 In?(1 — ) = 0 and limg ~ (1 — z) In?(1 —z) = 0.
Putting

I'—/l (ln(l—x)—i—x#—m;—i--”—i-’“;l
0

8
3
~—
oL
&

we have

i s 1 1
=2 ; k§<k+j_k+j+1>

2 §:1 "1\  2(Ha, — H,) 2Ho,
Con\&~i i) n oon



46 PROBLEMS

Solution by Moti Levy, Rehovot, Israel. We use induction on n. Let I,
be the integral we want to calculate. Then

2
Lin(l-z)+o+2 ... 42 n
In+1:/< ( ) : oyt dx
0

T n+1

n 2
_/1 ln(l—x)—i—x+§—|—---+% de
= .

1 n In(] — + _|_ﬁ+ L4 1 2n
+2/ " In(l—2)+z+ %5 ”d+/($ da
0 0

n+1 x n+1)>2
9 1 1 1
=1I,+ /x" In 1—:Udac+/
41 o ( ) 0 (n—i—l
2 1 l,n—i—l 2n 1
n
+n—|—1/0 <:C + 2 n )
and
1
H,
/x”lln(l—x)dx:—n,
0 n
SO
I - ! T 3 ! (23)
T ) T n+1)2@2n+1)  ntlik(k+n)
But
n n
1 1 1 1 1
—— -~ )= Z(2H, — H,,). 24
k(k+n) nz<k‘ k+n> n( " 20) (24)
k=1 k=1
Substituting (24) in (23) we get,
2H, 1 4H 2H.
Inyr —In = — - 4 3 + t — 2
nn+1) (m+1)°2n+1) nr+1) nm+1)
2H, 2Hoy, 1
nn+1) nm+1) (n4+1)*2n+1)
2 2 2 2 1
—‘m, - Hy — ZHoyp+ ———H.
e Y 2n+(n+1)2(2n—|—1)
2 1 1 2 1
= H _ — _ Ho o q— —
n+1< 2T on 11 2n—|—2> n+1< i n—|—1>

2
— ZHo+ “H, +
no T (n+1)*(2n+1)
2 2

=T (Hopt2 — Hpt1) — - (Hop — Hy,) .
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Now we evaluate I} = fo (ln a Ix +x) dz, and verify that it is equal to
% (H2 - Hl) =1:
We have the following definite integrals: 01 1n(1;z) dz = —((2) and
fol & = 2¢ (2), hence
In(1— 2 ! 2 1
I :/ (W> d:c:/ <1+ln(1—:c)+2ln2(1—x)> dz
0 X 0 xr xr
=1.
We conclude by mathematical induction that

2
I, = — (Ha — Hy) .
n

Note from the editor. Moti Levy uses, without reference, some
results that are not very well known. The relation fol 2" n(l—z)dr = —%

can be deduced by partial integration. We note that z"~! = (‘Tnn—*l)/ and
lim, ~ (z —1)In(1 — ) =0, so

"1 Pooter—1 1
x _/ac ' da
0 0 n z—1

1
/mn_lln(l—x)dx: In(l —z)
0 n
1 1
:—/ (I4+x+-+2" Hde
nJo

1 1 1
= —— <1++-~+>.
n 2 n

= —((2) follows (after some discussion on conver-

1 1In(1
T

The relation f

gence) by integrating each term of the sum w =1+5+5 2 4 ... Also
fol o (1 2 dz = 2¢(2) follows from fl o?(1-z) 2[1 ln 13: %) dz, which is
proved by integration by parts. We have (1 — 7) limg\0 7 In2(1—2) =

0 and lim, ~(z — 1)In*(1 —2) =0, so

/01 hlz(;_m)dx: (1—33) In*(1 — z)

1 p—
_ / In(l-a),
0

x

1 1
1 2
- / (1 - ) In(1 — z)dz
0 0 z/)x—1

491. If the arithmetic mean of a,b,c,d > 0 is 1, then their quadratic mean
q= w takes values in the interval [1,2].

If ¢ € [1,2] then we denote by M = M, the largest possible value of
the geometric mean of four numbers a, b, ¢, d > 0 with the arithmetic mean
1 and the quadratic mean gq.
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Determine M in terms of ¢ and prove that M + ¢ > 2.

Proposed by Leonard Giugiuc, Traian National College, Drobeta
Turnu Severin, Romania and Alexander Bogomolny, New Jersey, USA.

Solution by the authors. The quadratic mean ¢ is > than the arithmetic
mean 1. For the inequality ¢ < 2 note that if a,b,¢,d > 0 with a+b+c+d =4
the a® +b? < a2 +b? 4+ 2ab = (a +b)2 + 0% Then (a +b) +0+c+d =4
and (a+b)? + 0% +c® +d? > a® + b% + ¢ + d%. Hence, by replacing a, b with
a+b,0, the sum a+b+c+d = 4 is preserved, but a + b* 4 c? + d? increases.
We repeat the procedure for the variables a and ¢ and then for a and d. We
get that a? + b? + ¢ + d?, and so ¢, is maximal when b = ¢ = d = 0 and so

a = 4. Thus the maximal value of ¢ is \/@ =2

Let t = / u, so that ¢ = /1 + 3t2. Then ¢ € [1,2] is equivalent to

t €[0,1]. We have a+b+c+d =4 and a® + b* + ? +d? = 4¢*> = 4(1 + 3t?).
It follows that ab+ ac + ad + be + bd + cd = (4% — 4(1 + 3t?)) = 6(1 — ¢2).

Lemma. With the notation above, the mazimal value of abed is (1 —
t)3(1 + 3t) and it is attained when (a,b,c,d) is a permutation of (1 —t,1 —
t,1—1¢,1+3t).

Proof. First note that if a = b =c =1—1t and d = 1 + 3¢, then

atbietd — q apd ) @FP4cidd L2 /T1382 = q. So a,b,c,d
satlsfy the required propertles and abed = (1 —t)3(1 + 3t).

If t = 1, then ab+ ac+ad+bc+bd+cd = 6(1 —t?) = 0, so all products
ab, ac, ad, be, bd, cd must be 0. Hence all but one of a,b, c,d are 0. It follows
that the maximal value of abed is 0 = (1 —¢)3(1 + 3t), as claimed.

Assume that t < 1. Then (1 —¢)?(1 + 3t) > 0, so we are looking for a

positive maximal value of abcd, which holds when a, b, ¢, d > 0.
Let P € R[X], P(z) = (z — a)(z — b)(x — ¢)(x — d). We have

P(z) = 2" —42®+6(1—t*)—ma+p, where m = abc+abd+acd+bed, p = abed.

Let f:(0,00) = R, f(z) = @ = 2% —42? +6(1—t*)z—m+pz~!. By
Rolle’s theorem, since P, so f, has four positive roots, f’ has at least three
positive roots. (Here we count multiplicities of the roots.) But f'(x) = gg),
where

g(x) = 3z — 823 +6(1 — t¥)a? — p.
It follows that g has at least three positive roots. Since the product of all
roots is —p < 0, the fourth root is negative. We denote by x; the negative
root of g and by x5 < x3 < x4 the positive ones. We have

J(z) = 1203242 +12(1 %)z = 122(2* —20+1—1%) = 12z (z—1—t)(x—1+t)

with the positive solutions 1 4+t and 1 — ¢. It follows that z1 < 0 < z9 <
1-t<r3 <1+t < 24
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If we take x =1 —1¢, then z — 21,2 — 220 > 0 and z — z3,x — x4 < 0.
Hence g(x) = 3(z — x1)(x — x2)(x — x3)(x — x4) > 0. We have

0<g(l—1t)=31-t)" =81 —t)3+6(1—t>)(1—-t)>—p=(1—-t)>(143t) —p

so abed = p < (1 —t)3(1 + 3t). This proves that max abed = (1 —#)3(1 + 3t),
with equality when (a,b,c,d) = (1 —t,1—t,1—1t,1+ 3t) or the permutations.
O

Hence for every t € [0,1] we have M = {/(1 —¢)3(1 + 3t). It follows
that M +q = h(t), where h : [0,1] = R, h(t) = /(1 — ¢)3(1 + 3t) + /1 + 3¢2.
Now h is continuous on [0, 1] and differentiable on [0,1). Since ((1 —#)3(1 +
3t)) = —12t(1 — t)?, we get

—12¢(1 — t)2 6t —3t 3t
Jt) (1-1)

43/(1 —)9(1 + 3t)3 * 2V1+3t2 /(1 —t)(1+3t)3 " V1 + 3t2
B 3t . .

Yy (V/(1 —t)(1+3t)3 — V1 +31).

For every t € (0,1) the sign of h/(t) coincides with that of (1 —#)(1 + 3t)3 —
(14 3t)2)2 = —4t(9t3 — 3t — 2), so with that of —(9t3 — 3t — 2).

Let Q(t) = 9t3 — 3t — 2. We have Q'(t) = 3(9t> — 1). Then Q'(t) < 0
for t € (0,1/3) and Q'(t) > 0 for ¢t € (1/3,1). Tt follows that @ is decreasing
on [0,1/3] and incresing on [1/3,1]. Since Q(0) = —2 < 0 and Q(1) =4 > 0,
there is a unique ty € [0, 1] with Q(¢tg) = 0. More precisely, to € (1/3,1) and
we have Q(t) < 0 for t € (0,t9) and Q(t) > 0 for t € (tg,1). Form this we
conclude that h'(t) > 0 for ¢t € (0,t9) and h'(t) > 0 for ¢t € (tp,1). It follows
that h is strictly increasing on [0, ¢o] and strictly decreasing on [tg, 1]. Then
we have min,c(g,1) h(t) = min{h(0), (1)} = 2. (We have h(0) = h(1) = 2.)
Hence M, + ¢ < 2, with equality if and only if ¢t € {0, 1}, i.e., if and only if
q € {1,2}. O

492. Let V be a vector space over Fy = Z/27 and let f : V — R U {o0}
satisfying f(x) = oo iff 2 = 0 and
[z +y) 2 min{f(z), f(y)} Ve,yecV.
For every ¢ € V we define g, : V. — RU{oo} by gc(z) = f(x)+ f(z+¢).
(i) Prove that g. satisfies the same inequality as f, viz.,
ge(z +y) = min{ge(z), 9.(y)} Va,y V.
Equivalently, if x,y, z,t € V with z + y = z + t then

fle+2)+ f(z+t) =2 min{f(z) + f(y), f(2) + f(£)}.

For any a,b € V we define hyp : V — R U {oo} by formula
hap(x) = f(x) + f(x +a) + f(z + D).
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(ii) If ,y,a,b € V such that f(z) < f(y) prove that
h$,ax+a+b(y) > min{ha,b(x)v ha,b(y)}'

Let k : V? — RU{oo}, k(z,y) = f(2) + f(y) + f(z +y)-
(iii) If a, b, z,y € V prove that

hap(z +y) = min{haep(2), hap(y), k(2,y)}
and
k(@) = min{has (@), hap(y), has(@ + o)}
Conclude that none of the four numbers hgp(z), hap(y), hap(xz + y) and

k(z,y) is strictly smaller than all remaining three numbers.
(iv) If a,b,z,y,z € V prove that

max{hy,:(x), hzz(y), hay(2)} = min{haep(2), hab(y), hap(2)}-
Proposed by Constantin-Nicolae Beli, IMAR, Bucuresgti, Romania.

Solution by the author. First note that 2z = 0 Vo € V, as V is an
Fo-vector space.
We also have the following property, called the domination principle:

If f(x) < f(y) then f(z +y) = f(=).

Indeed, we have f(x + y) > min{f(z), f(y)} and z = (z +y) + y, so f(z) >
min{f(z +y), f(y)}. But f(z) < f(y), so the first inequality implies f(z +
y) > f(x) and the second one implies f(x) > f(z+y). Hence f(x+y) = f(x).

(i) Note that g.(z+c) = f(z+c)+ f(x+c+c) = f(z+o)+ f(z) = ge(z).

Let m = min{g.(z), g.(y)}. We must prove that g.(x+vy) > m. Suppose
that g.(z +y) < m.

Without loss of generality, we can assume that f(z) < f(y). Then
f@+y) > min{f(z), f(y)} = f(z). Since also f(z+y) + flz+y+c) =
ge(z+y) < gc(z) = f(z)+ f(x+c), we must have f(z+y+c) < f(x+c). Since
(x+y+c)+ (x+c), by the domination principle, we get f(z+y+c) = f(y).
We have g(2)+ge(y) > 2m, i.c., (F(2)+ £ () +(F(z+6) + [(y+e)) > 2m. T
follows that at least one of the sums f(x)+ f(y) and f(z+c)+ f(y+c) is > m.
If f () + f(y) =2 m then ge(x+y) = fz+y)+ fla+y+c) = fla)+ fly) =m
and we are done.

Assume now that f(z+c¢)+ f(y+c) >m. Let 2’ = z+c¢,y =y+c. We
have g.(z') = ge() and ge(y') = gc(y), so min{ge(z’), gc(y')} = m. Since also
f(2")+ f(y') > m, by the same reasoning as above, we have g.(z' +v') > m.
But 2’ + vy = (z4+¢)+ (y+¢) =z +y, so gc(xr +y) > m, as claimed.

For the equivalence with the second claim, note that we have a bijection
a: V3= {(z,y,2,t) € V| x+y = z+t} given by (2,y,¢) — (v, z+c,y,y+
c). Tts inverse is 8 : {(z,y,2,t) € Vi | z+y = 2z +t} — V3, given by
(x,y,2,t) = (z,z,2 +y). (We have § o a(z,y,c) = (z,y,x + (x + ¢)) =
(z,y,¢) and a o fB(x,y,z,t) = (x,z 4+ (x + y), 2,2 + (. + vy)) = (x,y, 2,1),



SOLUTIONS 51

since z+ (z+y) =2+ (z+1t) =t.) So {(v,y,2,t) eV |z +y=2+1} =

{(z,z+c,y,y+c) | z,y,c € V} Therefore the statement f(x+z)+ f(x+1t) >

min{ f(z) + f(y), f(z) + f(¢)} Vz,y,z,t € V with z +y = z 4+ t is equivalent

to f(z +y) + f(z+ (y+c¢) > min{f(z) + f(z + ), f(y) + fly + O}, Le,
ge(x +y) 2 min{ge(x), ge(y)} Va,y,c€ V.

(i) We have hyoyats(y) = f(y) + f@+y) + f(@+y+a+D).

Let 2/ =x+a,y =x+b, 2 =y+a,t' =y+b. Wehave 2’ +y' = 2/ +1,
so by (i) we have f(2'+2")+ f(2'+t") > min{f(2')+ f ('), f(z")+ f(¥')}. But
¥4z =(r+a)+(y+a) =z+yand 2’ +t = (x+a)+ (y+b) =z+y+a+b.
Hence

flx+y)+flz+y+a+b) >min{f(z+a)+ f(x+b),fly+a)+ f(y+Db)}.

Thus f(z+y)+ f(x+y+a+d) > f(z+a)+f(x+b) or f(z+y)+f(x+y+a+b) >
f(y+ a) + f(y +b). In the first case, since also f(y) > f(z), we have
f+f@+y)+fleatytatd) = fl@)+ flet+a)+ flz+d) i

he ztatb(y) = hep(y). In the second case we have f(y) + f(z +y) + f(x +
YFa+b) > )+ f(y+a)+ f(y+D), Lo harars(y) > hap(z). Tn both
cases we get the claimed inequality.

(ili) We denote m = min{hg (), hap(y), k(x,y)}. We must prove that
hap(x +y) > m. Suppose that hyp(x +y) < m.

Note that hgp(x) = ga(x) + f(z +b). By (i) we have go(x +y) >
min{g,(x), ga(y)}. Without loss of generality, we may assume that g,(z) <
9a(y), which implies g,(z + y) > go(z). But we also have g,(z + y) + f(z +
y+0b) = hop(r+y) <m < hep(x) = galx) + f(z +0). It follows that
flx+y+b) < f(x+0b). By the domination principle, this implies that
fle+y+b)=fle+y+b+az+b) = f(y).

Next we see that k(z,y) > m > hep(x+y), ie., f(z)+ f(y)+ flx+y) >
f@e+y)+fl@ety+a)+fl@aty+b) =fl@ty) + fla+y+a)+ [y
It follows that f(x) > f(x +y + a). By the domination principle, we get
fle+y+a)=flz+y+at+az)=fly+a)

In conclusion, hyp(x +y) = flz+y)+ fle+y+a)+ fle+y+0b) =
f@+y)+fly+a)+ fy) = galy) + fl@+y). Nowaz+y = (z+0b)+
(y +0), so f(z +y) = min{f(z +b),fly+b)} If f(xt+y) = fly+D),
then hap(z +y) = ga(y) + f(& +y) > ga(y) + f(y + D) = hap(y) > m and
we are done. If f(z +y) > f(x +b), then we also have gq(y) > ga(x), so
Pl + ) = ga(y) + (2 +9) > ga(2) + F(@ +b) = hap(z) > m and again
we are done.

For the second inequality, let m = min{h, y(x), he p(y), hap(z+y)}. We
must prove that f(z) + f(y) + f(z +y) = k(z,y) > m.

Without loss of generality, we may assume that f(z) < f(y). Then
Fa+y) > min{f(z), f(5)} = f(x). Since f(z) < f(y) and F(z) < f(z +3),
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by (ii) we get
f(y) + f(.%‘ + y) =+ f(l‘ +y+a+ b) = hz,x—i—a-i—b(y) > min{ha,b($)7 ha,b(y)} >m

and

flx+y)+f(y)+fy+atd) = hx,x—&-a—&-b(x""y) > min{ha,b(x)v ha,b(x""y)} > m.

Now (x+y+a+b)+ (y+a+b) =z, so that f(x) > min{f(x +y +
a+b), fly+ta+b} ie, f(x) > fe+y+a+b)or f(z) > fly+a+b). In
the first case we have k(x,y) = f(z) + f(y) + flx +y) > fly) + flz +y) +
f(x+y+a+b) >m. In the second case, k(z,y) = f(x)+ f(y) + f(x +y) >
flz+y)+ fly) + f(y+a+b) > m. In both cases we are done.

For the last statement, we have already proved that each of hgp(z + )
and k(z,y) is greater than or equal to the minimum of the remaining three
terms of the sequence hq p(2), hap(y), hap(z+y) and k(z,y) is. For hyp(y) let
¥ =z9y=x+y. Then2'+y =yand k(z',y) = f(x)+ f(z+y)+ f(y) =
k(x,y). Therefore the first inequality of (iii), applied to the pair (2/,v'),
yields

ha,b(y) > min{ha,b(x)7 ha,b($ + y)7 k(Ia y)}
The similar inequality for h,p(x) follows by permuting = and y.

(iv) Let m = min{hq (), hap(y), hap(2)}. We must prove that at least
one of hy (), h.2(y) and hyy(z) is > m.

Without loss of generality, we may assume that f(z) < f(y), f(z). By
(i) we have

fW)+fa+y)+flety+atbd) =heerars(y) > minfhgp(2), hap(y)} > m
and
fR)+flx+2)+ f(x+z+a+b) = hy grarp(z) > min{h, 5 (), hap(2)} > m

But (z+y+a+b)+(xr+z+a+b)=y+zs0 fly+2z) >min{f(z+y+a+
b), f(x+z+a-+b)}. Then we have f(y+2) > f(z+y+a+b), which implies
hea(y) = FW)+ fy+2)+ fa+y) = f(y)+ f@+y)+ f(e+y+at+b) = m, or
fly+2z) > f(z+2z+a+Db), which implies hy y(2) = f(2)+ f(z+2)+ f(y+2) >
f)+ f(x+2)+ f(x+ 24+ a+b) > m. In both cases we are done. O

493. (a) Calculate

o0 :
. sin x
lim n —dz.
n—oo  Jq elntl)z _ gnx

(b) Let £ > —1 be a real number. Calculate

lim n*t! h —xk sin @ dx
n—00 0 e(n+l)z _ gnz ="

Proposed by Ovidiu Furdui and Alina Sintamdrian, Technical Uni-
versity of Cluj-Napoca, Romania.
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Solution by the authors. (a) The limit equals 1. We will be using in our
calculations the formula

> b
/ e “sinbrdr = poE a,beR, a>0, (25)
0

which can be proved using integration by parts twice.
We have

o0 sin  gin ge~(nt1)e
—dx = —_——dx
0 e(ntl)z _ gnz 0 1—e*7

:/ sin z e~ (T (Z e_ix> dz
0 °

=0

It follows, based on Cesaro-Stolz lemma (the 3 case), that

> 5 1

00 : -1
i Sin x ]:n—f—l . n+1)24+1
lim n —d$ = lim T = lim % =1.
n—00 0 e(”+1)w en n—00 = n—oo — — =
n n+1 n

Observation. The justification of (*) is as follows:

00 0 o) N
‘ / sin z e~ (T (Z _””) dz —/ sin z e~ (T (Z e_m) dz
0 0

=0

=0
o
:/ sing e~ (M) <Z e “”) Z / | sin z|e~(MHIFDZ g
0 i=N+1 i=N+1
- 1
Z Te~ n+1+z:pd$_ Z
(n+1+1i)?
i=N+1 i=N+1

Passing to the limit, as N — oo, in the previous equality one has that

/ sin z e~ (T <Z _w) dz = Z/ sin z e~ (PTIHDT g
0

=0
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(b) The limit equals I'(k + 1), where I'" denotes the Gamma function.
We have

[ k o 0 .k o3 —(n+1)x
k1 " sin x e zisinzxe
n /0 NCES F— dr=n /0 T dzx
TSt kil /1 (—Int)*sin(Int)t" dt
0 1—¢
. 1
=y 1 gl SiD (In ¢/y) . W q
= [ (=lny)™ . ——2— - Yy ——dy.
0 In ¢y -3y

sin(Iln g 1
Let fu(y) = (~Iny)+t - 20wy (0,1).
We have that le fn(y) = (—Iny)*, y € (0,1), and

k1 SID (In ¢/y) . . ‘< (=Iny)
In ¢y l—yy |- 1-y
. 1
since |%’ <1, Vz € R, and = < ﬁ, for all n € N*. The last
inequality follows from the fact that the function g : [0,1] = R, g(z) = %=

k+1

Falw)| =\ (—Iny) F

_y.’l‘
is an increasing function when y € (0, 1).
Since
1 k+1 _ oo 1k+1,—t 00 x
—1 ot t .
/ (—Iny) dy V= / e_t dt:/ tk+1e—tze—ztdt
o 1-y o l—e 0 pae
o oo
— Z/ thtl o=+t 44
i=0 "0
(0.9}
(i+1)t=a 1 a1l oz
< E(Z—FW/O " e dr =T(k + 2)¢(k + 2),

=0

(=Ingy)Ftt

we have that the positive function y — Ty is integrable over the

interval [0, 1].
It follows, based on the Lebesgue Dominated Convergence Theorem,
that

o0 ki 1 sin (In g La
lim nkH/ T gy = lim (—Iny)ktt (In /) LY dy
N—00 0 e(nt+)z _ gnz n—oo Jo In (1/37 1-— (l/gj
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Remark. We mention that a solution of part (a) of the problem follows
from the solution of part (b), however we provided another solution of part
(a) which does not use the Lebesgue Dominated Convergence Theorem.

Solution by Moti Levy, Rehovot, Israel. We first solve (b). We make
the change of variable u = nx and we get

o0 k oo,k : u
x¥sinx U sin (%
nkH/ —dx ——/ —7(”) du.
0 0

e(nt+l)z _ onx el (6% B 1)

Define a sequence of functions:

uF  sin (2)
fn (U) = o e% _nl

We have lim,_, S;n + = 1 and for every y > 0 we have ¢V —1 >y > [siny], so

sm y

‘ < 1. It follows that lim,, o fn(u) = f(u) uniformly on every interval

[7“ R] C (0,00) and |f,(u)| < f(u) for every u € (0,00), where f(u) = S24.
It follows that

"”/fn )du /f T(k+1,7),

/ Fo () du g/ Flu)du = T(k+1) = T(k + 1, 7).
R R

Here I'(k+1,t) is the incomplete Gamma function, I'(k+1,t) = fg uFe~du.
Let € > 0. Since lim\oI'(k + 1,7) = 0 and limp_,oc I'(k + 1, R) =
['(k + 1), there are ., R. € (0,00), with 7. < R., such that I'(k +1,7.) < §
and '(k+1)—-T(k+1,R;) <
Since lim,, o0 qug fa(w)du =T(k +1,R.) — T'(k + 1,r.), there is some
integer N, > 0 such that for every n > N. we have

R

fa(w)du— (I'(k+1,R.) —T'(k+1,1.))| <

| ™

Te
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Then for every n > N, we have

/fn )du — T k+1‘ (/ /RE /)fn )du — ((k + 1, R.)

—T(k+1,r)) —T(k+1,7) — (T'(k+1)

—T'(k+1, Rg))‘

R

fa(u)du — (D(k+ 1, R.) — T'(k + 1,7“5))‘

/OTE frn(u)du| + Roo frn(u)du
+L(k+1,7e)+ [Tk +1) —T(k+ 1, Re)).

Te
+

Since ‘f Fu(w)du — (T (k:+1,Ra)—1“(k:+1,rg))‘ <&,
I(k+1,r.) and ‘fRs fn(u)du‘ <T(k+1) - T(k + 1, R.), we get

u)du}

/Oo Fulw)du — T(k + 1)‘ < % Fo0(k+1,7) + 2(0(k + 1) — T'(k + 1, R.))
0

3 g g
< 42.-42.-=
2 T2 8T

In conclusion, our limit is I'(k + 1).

When we take £ = 0 in (b), we obviously get that the limit from (a) is
ro+1)=1. O

Notes from the Editor.

1. The solution we received from Moti Levy was somewhat incomplete
in the sense that the improperness of the integral at infinity and (if —1 <
k < 0) at 0 was not addressed rigorously. Therefore we had to make some
adjustments.

2. We received a solution for part (a) from Daniel Vacaru, from Pitesti,

Romania. He wrote the integrand as a sum of simple fractions, —=37% = =

—> Slﬂf :;”1 By using formulas 3.893 1 and 3.911 2 in I. S. Gradshteyn
and I. M. Ryzhik, Table of integrals, series, and products. Transl. from the
Russian by Scripta Technica, Inc. 5th ed. Boston, MA: Academic Press, Inc.
(1994), he concludes that

/Oo sin d zn: 1 N T b 1
— dx=-— ————— + —cothm — =
o etz _ ene k412 2’
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whose limit as n — oo is 0. (See Gradshteyn and Ryzhik 1421 4 or 1.445 2.)
Then, by Cesaro-Stolz, he concludes that the limit is equal to

1
. +1)2+1
lim (n+1)2+1
nsoo L _ _1_
n n+1

= 1.

3. We also received a lengthy solution from Neil Greuber, from Newport
News, Virginia, USA, but only in the case when k is an integer. His proof
involved the Laplace transformation and polygamma functions.

494. Let n > 3 and let aq,...,a, be nonnegative real numbers such that
at+--+al=n-1

(i) Prove that a1 +---+ap, —ay---a, <n—1.

(ii) Prove that if £ < 1 then the inequality a;+- - -+a,—kay - - a, < n—1
is not always true.

Proposed by Leonard Giugiuc, Traian National College, Drobeta
Turnu Severin, Romania and Alexander Bogomolny, New Jersey, USA.

Solution by the authors. For (i) we prove a stronger result, where the
condition that aq,...,a, > 0 from the hypothesis is removed.

Moreover, if we renounce the hypothesis that ai,...,a, > 0, then (ii)
can be replaced by the following stronger result:

(ii’) Prove that if & # 1 then the inequality ay + -+ -+ a, — kay - - ap <
n — 1 is not always true.

We may assume, without loss of generality, that a; > --- > a,. We
have two cases.

Case 1. a, —a1---a, <0. It follows that a1 +---+a, —a1---a, <
ai+---+ap—1. But

<a1+m+an_1)2< adttaiy _aftotay

n—1 n—1 - n—1

It follows that |a; + -+ 4+ an—1] <n —1,so that a1 + -+ ap,—1 <n—1and
we are done.
In order that the equality holds, one needs that a3 + --- + a2_; =

a% + -4 a%, that is, a, =0 and a1 = --- = a,_1 = 1. So we have equality
when and only when, up to a permutation, (a1,...,a,) = (1,...,1,0).

Case 2. a, —aq---ap > 0. We have

2 2 2 2
ay + -+ ay,_ aj +---+a
n—1a%”'a72171§ 1 n1< 1 n

=1,

n—1 - n—1
so that |ay - - - an—1] < 1, which in turn implies that 1 —a; - - - a,—1 > 0. Since
an(l—ay---ap—1) >0, we must have 1 —aj---a,—1 > 0 and so a, > 0. We

conclude that it holds a4, ...,a, > 0.
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2., 2
We have (‘11“"7'L'+‘z")2 s i ”7*17 soaj + - +an < /n(n— 1),

n

with equality if and only if a; =--- =a, = \/”T_l.

Ifay+---+a, <n—1, then we have the strict inequality a; + --- +
anp —ai---ap <n—1and we are done.

So from now on we restrict ourselves to the case when a1 + -+ a, €
(n—1,y/n(n—1)].

We consider first the case when a1 = -+ = a1 = = and a, = v,
with z > y > 0. The relation a? + --- 4+ a2 = n — 1 writes as (n — 1)z% +

y?=n—1,50y = /(n—1)(1 —22). We have 0 < y* < 22, so that from
(n—1)2? < (n—1)2% +y?> = n—1 < na? we deduce z € [{/=1,1). We

also have a1 + - +ap, = (n — L)z +y = f(z), where f : [{/=1,1) = R,
f(x)=(n—1Dz+/(n—1)(1 - 22).
n—1

We prove that f is decreasing. For every x € (4/™=,1) we have

() = n—1— 2L Then the relation f/(z) < 0 is equivalent to
Vi—z?

Vin—1)(1-2%) <z, ie, (n—1)(1—2%) <% or 22 > =1 which follows

n—1
-

from = >
Since f(1/™1) = /n(n—1) and f(1) =n— 1 and f is decreasing, we
have a bijection f: [{/%1,1) = (n —1,y/n(n —1)].
Now we come back to the general case, where a; > --- > a, > 0 and
a1+---+ay € (n—1,y/n(n — 1)]. Then there is a unique z € [y/"=1, 1) with
a1+---+a, = f(r) = (n—1)z+y, with z > y > 0 such that (n—1)2?+y? =

(n—1),ie,y=+(n—1)(1—22). From a; + -+ +a, = (n — 1)z +y and
a?+---+a = (n—1)z%+y* we get

S aiag = 3 (((n= Dt~ (-1 4y7) = L2 gy

— 2
1<J

Let P(t) = (t —a1)--- (t — a,). We have

P(t) =t" — (n— Da +y)t" ' + (M(n_l)ﬁ +(n— 1)xy> 2

2
+ Q@) + (=1)"p,

where Q(t) is a polynomial of degree n — 3 divisible by ¢ and p = a;j - - - ay,.

The function g : (0,00) — R, g(t) = @, has n roots (counting multi-
(n—3) Q@)

plicities), so g has at least 3 roots. Since - is a polynomial of degree
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n — 4, its derivative of order n — 3 is 0. We get

g3 () = (”;mﬁ —(n=2)!((n— 1)z +y)t
+ (n —3)! <(n—2)2(n—1)m2 + (n— 1):ry> — (ntn__?!p
=0,

where h : (0,00) — R is defined by
h(t) =(n —1)(n — 2)t" — 2(n — 2)((n — 1)z + y)t" !
+((n—2)(n — 1)a® +2(n — Vay)t" 2 — 2p.
We have

n(t) _
(n—1)(n—2)tn=3
=(t—z)(nt — (n —2)x — 2y).

—2((n =Dz +y)t+ (n— 2)z? + 2zy

The last expression has the roots  and 2/ = =27 Gince o >y, we
have x > 2/. We have h/(t) > 0 for t € (0,2') or (2/,00) and h'(t) < 0O
for t e (o, ) Hence h is increasing on (0,2'] and [z,00) and decreasing
n [z, z]. If t1 < to < t3 are three roots of h then, by Rolle’s theorem,
t1 < a2’ <ty <z <ts. Since ty € [2/,x] and h is increasing on [z, z], we have
( 9) > h(x). By computation we find that h(z) = 22" 'y — 2p, so that
p > > 2"y, The equality holds when (ay,...,a,) = (z,...,z,7).

Consequently, the maximum of a; + -+ a, —ay---a, where a; >
- >a,>0,a2+--+a,=n—landa;+-+a, = (n— 1z +yis

(n — 1)z +y — 2" 1y and it is reached for (a1,...,a,) = (x,...,2,y).
Recall that z € [{/%1,1). We prove that (n — 1)z +y — 2" ly =

(n—1z+ (1 —2"1)y/(n—1)(1 — 22) < n — 1. This writes as
(1—2"H/(n—-1)1 —22) < (n—1)(1 — ).
By dividing by v/n — 1(1 — x) > 0, the last inequality becomes

(I+a+-+a2"HV1l-22<vVn—1

As/=l<az<l,wefindl+z+---+2"2<1+---+1=n—1and

1—22< \/%, whence

1
(1+$+---+$”_2)\/1—x2<%< n 1.

Hence in all cases a1+ --4+a, —a1 ---a, < n—1 and the equality holds
only in Case 1, namely, iff (a1,...,a,) is a permutation of (1,...,1,0).
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(ii) Let k& < 1. We first take, as before, a; = -+ = a,—1 = z and
an = /(n—1)(1 — 22) for some x € (0,1) and we prove that, for = close
enough to 1, a; +---+a, — kai---a, >n —1, i.e., that

(n—1z++(n—1D1—-22) —kz" '/ (n—1)(1—22) >n—1.

This is equivalent to
(n—Dz++/(n—1)(1-22)—(n—1)
/= (1 - ?)

> k.

It suffices to prove that
lim (n—1)zx+ \/(n— N1 —-22)—(n-1)
z 1 $"*1\/(n— 1)(1 —22)
This follows from
(n=—Daz+/(n-DA-22)-(n-1) 1 = (n-1)(1-ux

=1.

a1/ (n— 1)(1 — 22) zm b /(n—1)(1 — 22
_ 1 _Vn-— 11—z
o a1 \/ 1+
and lim, ( 1+:L“> =1.
For the proof of (11 ), when we renounce the hypothesis that a1, ..., a, >
0, the case when k < 1 was handled above. Assume now that k& > 0. We
take a; = -+ = ap—1 = x and a, = —/(n — 1)(1 — 22) and we prove that

a1+ -+ an+kay---ap, >n—1if x is close enough to 1. The inequality

writes as (n — 1)z —+/(n — 1)(1 — 22) + k2" 1\/(n — 1)(1 — 22) > n—1 and

(n=1)+ D7) (n- 1)
zn=1y/(n—1)(1-2?)

(n—1 +\/m (n—1)z
an=1,/(n—1)(1—22)

(n—1)++/(n—-1)(1-22) —(n—1z _ 1 \/n— [1—x
2 1/(n — 1)(1 — 22) e vl V14

andhmx/q( e 1+\x/': m)_l

it is equivalent to < k. Again, this will follow from

lim, ~ = 1, which is clear by observing that

Notes from the editor.

1. The fact that x is a root of w ()

=D (n—2)73" which is a key part

of the proof, is not by accident. One arrives from P(t) to (n_l)?;l% via
n—2 derivations and some multiplications and divisions by monomials. In the
process, the coefficients of Q(t) and p vanish, so the outcome depends only on

the first two coefficients of P(t), i.e., on ) . a; and ZKJ- a;a; or, equivalently,
on ) ;a;and Y ;a?. Wehave Y, a; = (n—1)z+yand Y, a? = (n—1)z%+y%
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An obvious choice of a1, ..., a, with these propertiesisa; = - =a,_1 = x,
an = y, in which case we have P(t) = (t — 2)""!(t — y). Since x is a root
of P(t) of multiplicity n — 1, after n — 2 derivations and multiplications and

some divisions by monomials it will still be a root off multiplicity 1. This is
W (t)

why z is a root of -2y 3"

2. We also received a solution from Costel Sava. He, too, proves the
stronger version of the result, where a_ . .., a,, are not necessarily nonnegative.
The proof goes on similar lines as the authors’, except that he considers the
cases when aj ---a, < 0 (which is contained in the authors’ Case 1) and
ai---ap > 0. In the difficult case when a1,...,a, > 0 Costel Sava uses a
result by Vasile Cirtoaje, called Equal Variables Theorem (see V. Cirtoaje,
The equal variables method, J. Inequal. Pure Appl. Math. 8, No. 1, Art.
15, 2007). Ifay > -+ > a, > 0, a1+ - -+ay, is fixed and a%—i—- ctaZ =n—1,
then Cirtoaje’s theorem implies that the product ay - - - a, is minimal when
either a,, =0ora; = -+ = ap_1 > an.

Cirtoaje’s result is more general and involves convexity methods. The
authors’ proof is a nontrivial generalization of the solution in the case n = 3.

(n_l)?;% by dividing P(t) by ¢, then
2

one takes the derivative n — 3 times, then one multiplies by %, then one

In this proof one goes from P to

takes the derivative once more and finally one divides by (n —1)(n — 2)t" 3.

If n = 3 then (n—l)?’r/z% is simply P’(¢).

495. Let n > 2 and A, B € M,,(C) such that
A-B—B-A=c¢(A-B) (1)

for some ¢ € C*.

a) For n = 2, give an example of distinct matrices A and B that satisfy
the above condition.

b) Prove that A and B have the same eigenvalues.

Proposed by Vasile Pop, Technical University of Cluj-Napoca, Ro-
mania, and Mihai Opincariu, Avram Iancu National College, Brad, Roma-
nia.

Solution by the authors. a) Let A = (0 i) and B = (0 2) Then

0 0
0 c
pmas (S ),
01
a3 ).
A-B—B-A=c¢(A-DB).
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b) Let x be a variable. We have the equivalences
(1) (A—zl,)(B—zl,) — (B—al,)(A—=zl,) = c((A—=zl,) — (B —xl,))
& (A—u2l,)(B—xl, —cl,) = (B —xl,)(A—xl, —cl,) (2)
By taking determinants in (2), we get
fa(@) - fB(z+c) = fp(x) - falz +0),

where by fx we denote the characteristic polynomial of the matrix M. We
prove that f4 = fp, which is enough to conclude the proof.

More generally, we claim that if P and @ are wunitary polynomials of

the same degree (m > 0) that satisfy
P(z) - Qx+c¢)=Q(z) - P(x+c¢) forallzeC, (3)

then P = ). We prove this by induction on m. The statement is obviously
true form=0 (P=Q =1).

For the inductive step, we assume it to be true for m — 1 and prove it
for m. Let P and @ be unitary polynomials of degree m > 0 that satisfy (3)
and let z¢p € C be a root of P such that xy + ¢ is not a root of P (otherwise,
if g + ¢ is a root of P for every root xg of P, then by induction zg+ Ncis a
root of P for all nonnegative integers N, meaning that P = 0 by having an
infinite number of roots, which contradicts the assumptions on P).

Using (3) for x := xp, it follows that

0= P(xg) - Q(zo +¢) = Q(z0) - P(xo+ ¢),
T
hence zq is a root of ). Writing
P(z) = (z — o) P1(2),
Qz) = (z — z0)Q1 (),
it follows by (3) that for all z € C it holds
(x —z0)(x+c—x0) - Pi(x) - Qi(z+c) = (v —x0)(z+c—x0) - Qi(z) - Pr(z+c).
It follows that
Pi(z) - Qi(x+¢)=Qi(x) - Pi(x +¢) =0 forall z € C,

which is the same as (3) but for the unitary polynomials P; and @5 of degree
m — 1. By the hypothesis of the induction, it follows that P, = @1, hence
P = @, which concludes the argument and the proof.

We also received a solution from Daniel Vacaru, from Pitesgti, Romania.
The example he produced for a) is

A= (¢ et B—|[c— c+1- .
0 O ’ a ety

Cc
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For b) he denotes by P and @ the characteristic polynomials of A and
B and obtains the same relation P(X)Q(X + ¢) = P(X + ¢)Q(X) from

the authors’ solution, which also writes as Qgig = Q% X% Since P and @

are monic of the same degree, if P # @, then we have a partial fraction

decomposition
=1
+ Z X —a)
P

Since the translation X — X 4 ¢ leaves the fraction ol invariant, the set of

poles P = {a;},. (T} is invariant by this translation. But this is impossible,
as P is a finite set. Hence P = Q.

Solution by Cornel Baetica. b) Let X = A — B. Then (1) is equivalent
to
XA - AX =cX. (4)
In the following we show that A and X are simultaneously triangular-
izable. In order to do this, let us first notice that
X'A—- AX' = ciX? (5)
for all integers ¢ > 1. The proof goes by induction on 7. If we assume that
Xi=1A - AX* 1 = ¢(i — 1)X*7L, then, by multiplying with X on the left
we get X'A — XAX*"! = ¢(i — 1)X*. On the other side, if we multiply (4)
by X*~! on the right we get XAX~! — AX? = cX'. By adding these two
relations we obtain X°A — AX? = ¢i X"’
Since Tr(X*‘A4) = Tr(AX?), from (5) we have that Tr(X?) = 0 for all
¢ > 1, and by a well known result we conclude that X is nilpotent.
Now let V' be the vector space over C generated by the matrices:
A X, ..., X" With respect to the usual bracket we have [A4, 4] = 0,
(X% A] = ¢iX?, and [X?, X7] = 0. This shows that V is a finitely dimensional
Lie algebra. Moreover, [V, V] C C[X] and if V} = [V, V] we get [V, V1] = 0.
It follows that V is solvable, and by Lie’s theorem A and X are simultane-
ously triangularizable, hence A and B are simultaneously triangularizable,
and from (1) we get that A and B have the same eigenvalues. O

Remarks. (i) Let f be a polynomial with complex coefficients. By a
similar reasoning one can show that two matrices 4, X € M,,(C) that satisfy

XA-AX = f(X)
are simultaneously triangularizable.
(ii) The above proof relies on two results:
1) Tr(X") = 0 for 1 < ¢ < n implies that X is nilpotent, and
2) Lie’s theorem.

Since 1) and 2) hold for algebraically closed fields of characteristic 0
or p > n, we get that A and X are simultaneously triangularizable over
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algebraically closed fields of characteristic 0 or p > n. In particular, the
conclusion of our problem holds for fields of characteristic 0 or p > n.



