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Recurrent sequences and the asymptotic expansion of a
function

DUMITRU Popral)

Abstract. Let a € R and f : (a,00) — R be a continuous function such
that f(r) > z, Vo > a and (x,),,», the sequence defined by the initial
condition 1 > a and the recurrence relation z,.1 = f (z,) for every
n > 1. We prove that if there exist bo,b1,b2 € R, bg # 0, such that
lim 22 (f(x)—x—bo — b;l) = by then

T —>r00

C := lim (xn—bon— 2—1 -lnn> cR.

n—oo 0

b? .
Moreover, x,, = bon + 2—(1] Inn+C+ b—é . I“T" +o0 (1“7”) Many and various
0

concrete examples are given.

Keywords: Recurrent sequences, asymptotic expansion of a function, as-
ymptotic expansion of a sequence, Stolz-Cesaro lemma.
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1. INTRODUCTION

The concept of asymptotic expansion of a function was introduced by
Stieltjes and Poincaré in the year 1886, see [7, 14]. We recall it now. Let
be RU{—o0}, h: (byoo) = R a function and (a,),~, be a sequence of
real numbers. A series of the form ag + % + 23 + - -+ is called an asymptotic
expansion of the function h if xlgglo [h(z)— (a0 + % +%B +---+2)] 2" =0
for every n > 0, equivalently

. o . _ _ . 2 - _ ﬂ) _
xlggoh(m) = ay, xh_)rglox(h (x) — ap) = ai, xh_)rglox (h (x) — ag . as,
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and so on. Let us note that, for example, if lim z? (h () —ap — %
T—r 00

) = ag,
then lim z (h(x) —ap) = a1 and lim h(z) = ap. For more interesting
T—r00 T—00
historical details see [6, pages 536-537].
All our notation and notions are standard. We recall just that, if (b, )nen
is a sequence of real numbers such that there exists ng € N with b, # 0,
VYn > ng, and (a,)nen is another sequence of real numbers, the notation

ap, = o(b,) means HILI&% = 0. The notation z, = a, + o(b,) means
Ty —ap, = o(b,). f m € N, b € RU{—o00} and f : (b,o0) - R is a
function, the notation f (z) = o(2™) as * — oo means xlggo % = 0, while
if f:(=d,0) = R (§ > 0) the notation f(x) = o(z™) as x — 0 means
lim % = 0; for more details, see [2, 6].

z—0

In the paper [12] we have proved the following result.

Theorem 1. Let a € R and f : (a,00) = R be a continuous function such
that f () > x, Vo > a. Define the sequence (zn),~, by the initial condition
x1 > a and the recurrence relation xn+1 = f (zy,) for everyn > 1. Then:
(i) lim x, = oco.
T—00
(i) If there exists by € R such that y = x + by is an oblique asymptote at the
graph of f, then lim = = by.
n—o0
(iii) If there exist by,by € R, by # 0, such that li_)m x(f(x)—x—by) = by,
x o

then nh_}rxgoﬁ (%" - 0) = Z—é, that is x, = byn + l% -Inn+ o (Inn).

A simple look of the statement of Theorem 1 show that there is a
connection between the asymptotic expansion of the function h (z) = f (z)—x
and the asymptotic expansion of the sequence (z,),,~,. Without any claim of
completeness let us mention that the asymptotic behavior of some recurrent
sequences defined as in Theorem 1 appears in [8, Exercises 173, 174, page 38],
[1, Example 11, page 300], [3, pages 154-159], [10, Chapter 2|, [13, Theorems
1 and 2], [5, Theorem 3], [11, Proposition 9].

2. THE MAIN RESULTS

The main purpose of this paper is to complete Theorem 1, thus extend-
ing the connection between recurrent sequences and the asymptotic expansion
of a function. This is the content of the following theorem.

Theorem 2. Let a € R and f : (a,00) — R be a continuous function such
that f (z) > x, Y& > a. Define the sequence (x,),~, by the initial condition
x1 > a and the recurrence relation T, 1 = f (x,) for every n > 1. If there
exist by, b1,bo € R, by # 0, such that xlgglo z? (f (x) —x — by — b—l) = bo, then

xT
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there exists
C := lim <$n — bon — Z—l . lnn> € R.

n—o0 0

Moreover,

2] 1
xn:bowbl.lnnwgg.mﬂ(mz)
bo by n n

Proof. For every n > 1 let us define y,, = x,, — bgn — 2—(1) -Inn and note that

bl ( 1) ( bl)
n —Yn == n — dn — - —1 1 e n) — dn — -
Ynt1 — Y Tpt1 — Tp — bo p U f(wn) =20 —bo .

1 1 1 1
(2o R
Tn  bon bo n n

Therefore we get

n2 n? ( b1> n2 <1 1)
m(ynJrl_yn) = m f(l'n)—xn—bo—g +b1.m E_boin
by n? { ( 1) 1}

- —|Inl14+—-)——]. 1
bO Inn 1 +n n ()

Since f (z) > x, Yo > a, from Theorem 1(i), lim z, = oo and from
n—oo

lim 22 (f (x) —x — by — %) = by, it follows that

T—00

lim 22 (f(acn) —xn—bo—b—l) = by.

n—o00 Ty
From the hypothesis lim z? (f (x) —x — by — %1) = by € R and the equality
Tr—00

f(z)—2z—by = 22 (f () —x— by — %)'?12+b?1 we get ILm (f(z) —z—by) =
0. Hence by Theorem 1(ii)

n2< b1> by n? 1

. n) — n_b_i - 2< n) — n_b_)"

e 2 (f ) ot )
1

— bg‘%‘OZOasn—H)o. (2)

Similarly, from hypothesis and the equality

P @) =o—to) =t =2 (@) —r =t = L) -]

X x

we deduce that lim z(f(x) —2x —by) = by, and from Theorem 1(iii) it

xr—>00
follows that

n? (1 1 > 1 x,—bon n . by . 3)
= = . ——= as n — oo.
bo Inn Tn, bg

Inn

T, bon
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We have also

2 1 1 n(1+1)-1 1 1

n[ln(l—k)—}:n(_‘_”)"-—)— ‘0=0asn—o0. (4)
n

Inn n L Inn 2
n

2

From the relations (1)—(4) we deduce that

— b?
lim W S (5)
n—00 = bo

From (5) it follows, in particular, that the sequence (W) is bounded,
n>2

n2

thus there exists M > 0 such that |yp+1 — yn| < Mnlgn, Vn 2_2. Since, by

o0
the Cauchy condensation test, the series 12—51 is convergent, from the com-
=1
" oo
parison criterion for series it follows that the series y1 + > (Yn+1 — Yn) is

n=1
absolutely convergent, hence convergent. Let C € R be its sum, that is,
n—1
C = lim (y1 + > (Ypa1 — yk)), or equivalently C' = lim y,. By the

Stolz-Cesaro lemma, the case [J], see [4], from (5) it follows that

0
oo (o] o
> Wkt — k) > Wk —yk) = 22 (Ukt1 — Yk)
lim k=n _ lim k=n+1 k=n
—00 & — S S
o o > -3
= k=n+1 k=n
2
_ . Yn+l —Yn _ _ﬁ
=T my Ty (6)

Since for every n > 1 one has

00 p

> Wk —wr) = Jim, (Yr+1 — Y) = lim (Yp+1 — Yn) = C — yn,
k=n k:n

from (6) it follows that
-C b
lim < = . 7
k2
k=n

Again an application of the Stolz-Cesaro lemma, the case [8], or [2, Proposi-

tion 1, Chapitre V], [9, Proposition 1], [10, chapter V, exercise 5.1], yields that

Inn yn—C b2 b2 Inn Inn
lim —2— =1, so (7) becomes lim ’fm :b%,yn=C+b%‘f—i—o(—),
n—00 Z M n—o00 0 o n n
k=n 9
. b
1.e.,$n:b0n+%-lnn—|—0+b—§-m7"+o(m7”). O
0

The following result completes Theorem 2 from [12].
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Theorem 3. Let ¢ : [0,00) — R be a twice differentiable function such that
¢(z) > 0, Vo > 0. Define the sequence (ry),>; by the initial condition
x1 > 0 and the recurrence relation xpy1 = xp + go( ) for everyn > 1.
Then there exists C' € R such that

¢’ (0)

Inn+C+ —%
¢ (0)

n

[ ’(0)]2 Inn (lnn>

Tn=¢(0)n+ —+o .
)

Proof. Let f:(0,00) = R, f (2) = 2+¢ (%). Obviously, f is continuous and

[0
(L
x
since ¢ () > 0, Va > 0, it follows that f (z) > z, Vo > 0. From the continuity
of ¢ we have xlg]go (f () —x) xlggocp (3) t_l%)ntgocp( ) =¢(0) =byo > 0.
Since ¢ is twice differentiable we have

lim o (f 1)~z — ¢ 0) = Jim (1) -¢0)

T—00 T—00

t—0,t>0 t
and
/ / O)
dim 2% { f(2) =2 —¢(0) - — dim z® (o ) = (0) =
—_ _ / U
— g 20O - O SO
t—0,t>0 12 2
We apply now Theorem 2. O

The following results complete Corollaries 9(i) and 10(i) from [12].

Corollary 4. Let a > 1, 8 > 0. Define the sequence (zn),~, by the initial
condition x1 > 0 and the recurrence relation

Tps1 = Tp +1n <a + B) for every n > 1.
Tn
Then there exists C € R such that

2 1 1
xnz(lna)n—i-i-lnn—i-C—i-Lg-M—i-o(ﬂ).
alna a?lnac n n

Proof. Let ¢ : [0,00) = (0,00), ¢ () = In(a+ Bzx). Let us observe that

¢ (z) = 3 f 5z~ We apply Theorem 3 for the function ¢. O

Corollary 5. Let o > 0, 3 > 0. Define the sequence (xy,),~, by the initial
condition x1 > 0 and the recurrence relation

Tntl =Tn + o+ ﬁ for everyn > 1.
Tn
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Then there exists C' € R such that
52 Inn (lnn>
4o —).
4o2\/a  n n
Proof. Let ¢ : [0,00) — (0,00), ¢ (z) = va+ fz. Let us observe that
1
o (z) = g (o + Bx)” 2. We apply Theorem 3 for the function ¢. |
The following result completes [12, Theorem 4].

xn:\/&z—FQﬁ-lnn—i—C—i—
a

Theorem 6. Let ¢ : [0,00) — R be a three times differentiable function such
that ¢ (z) > 1, Vo >0, ¢ (0) = 1, ¢’ (0) # 0. Define the sequence (zn),>; by
the initial condition x1 > 0 and the recurrence relation

1
Tptl = Tpp <x—> for everyn > 1.
n

Then there exists C € R such that

SO ]
200 " A oF n
)-

Proof. Let f: (0,00) — R, f(z) = xnp( Obviously, f is continuous and

1
since ¢ (x) > 1, Vo > 0, it follows that fx( ) >z, Vo > 0. The continuity of
¢ implies that lim @ = lim <p( )= lim ¢ (t) = ¢(0) = 1. Since ¢ is
T—>00

T—00 t—0,t>0
three times differentiable we have

lim (f(z) —2) = lim :C(gp(i) 1) = qm 2O =2O) gy 2,

T—00 T—00 t—0,t>0 t

SOP nn ()

wnzwl(o)n"i' I n

xl;rrgox (f (@) —x—¢'(0)) :len;ox <x<p <i) —z—¢ (0))
() —1-¢ (Ot _ ¢

- tal%)l,%o t2 -T2 b1,
Vi 1
. 2 o _SO(O)>_- 2( l)_ . _@(0))
Jim_ (f (@) —2 =9 (0) = = = ) = lim 2" {zp | — ) —2 = ¢ (0) = —
11 0 t2
o 21O TP o 0)
0,0 3 3! z
From Theorem 2 we deduce the evaluation from the statement. O

In the sequel as application of Theorem 6 we will give three concrete
examples.

Corollary 7. Let o > 0. Define the sequence (xy),~, by the initial condition
x1 > 0 and the recurrence relation

/T ia?_
Tpt1 = TpeV an T for every n > 1.
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Then there exists C € R such that

n+a—1 . +C’+(a_1)2 lnn+ (lnn)
o0 T a2 " 8a3 n

Proof. Let ¢ : [0,00) — (0,00), ¢ (x) = eV*+t*~®  Let us observe that
eV z4+a—a eV z-‘—0‘2_0‘(\/ x+a271)

(P/ (Hf) = TovaztaZ ()0// (x) - 4(z+a2)vVzta2 ’ 90/ (0) - i? 90// (0) - (ZT_?}'
We apply Theorem 6 for the function ¢. O

Corollary 8. Let a > 0, 8 > 0. Define the sequence (zn),>, by the initial
condition x1 > 0 and the recurrence relation

Tp41 = TpIn <e + 24 %) for every n > 1.
Ty T

n n
Then there exists C € R such that
28e — a2 28e —a?)? 1 1
xn:m+/3ea.lm+c+(ﬁe<ﬂ.m+o<m»
e 20e 4ade n n

Proof. Let ¢ : [0,00) — (0,00), ¢ (z) = In(e+ ax + B2?) and note that

’ __ a+t2Bz 1 _ 2B(etortpa’)—(a+282)® = o =
¥ (‘r)z = Foxtpzzr ¥ (z) = (etaz+pBx2)? » ¢'(0) = e ¥ (0) =
266@750‘. We apply Theorem 6 for the function ¢. O

Corollary 9. Let o > 0, 3 > 0. Define the sequence (xy,),~, by the initial
condition x1 > 0 and the recurrence relation

Tpyl = \/iU%—i-Oé—:Bn—i-ﬁ for every n > 1.

Then there exists C € R such that

2 _ 2 _48)?
an _a 77 45-lnn+0+7(a 5) .lnn_’_0<1nn>.

In = 2 4a 8a3 n n

Proof. Let us observe that the recurrence relation can be written under the
form

Tptl = T l—i—g—i—%foreverynZl.
Ty T2
. — 2 / — a+2fz
Let ¢ : [0,00) = (0,00), ¢ (z) = /1 + ax + Bz2. Then ¢’ (z) Nt

1" o 45(1+a$+5$2)*(a+25$)2 ’ o N _ 4B8—a? .
P @) = e Jirenrss ¢ (0 =2, ¢"(0) = 75 We apply The
orem 6 for the function ¢. O

The following result completes Corollary 6 from [12].
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Proposition 10. (i) Let p > 1 be a natural number and 0 < a1 < ag < -+ <
a, real numbers. Define the sequence (,),,~, by the initial condition 1 > ay
and the recurrence relation B

A

Tpt+l = or every n > 1.
" = 01) (o — a2) -+ (@n—ap) Y
Then there exists C € R such that
2 2 2
+ 1 1
2 — o 4 LT 02 .1nn+c+("1§2).“+o(“)
o1 4oy n n

where 01 = a1 +ag + -+ +ap, 0y = af + a3+ +a’.
(i) Letp > 1 be a natural number. Define the sequence (xy,),~, by the initial
condition x1 > p and the recurrence relation
ot
T @ =D (@ —2) - (@ —p)
Then there exists C' € R such that

2 2
LV I C R VN I C 2RV CR) _ml+0(ml)
2 12 2p(p+1) n n

for every n > 1.

P+l

Proof. (i) Let f : (ap,00) = R, f(z) = e G =) and note that f
is continuous and f (z) —z > 0, Vz > a,. For every z € R we have

(x—a1) - (x—ap) = 2P — s1aP " 4 s92P 2 — 53273 -+ (=1)Ps, (8)
where s1 = a1+ - “+ap, S2 = Z AiQjy -y Sp = Q102+~ Ap. It is easy to prove
1<)
that ILm (f (x) — ) = s1 = by > 0. For every x > a, we have f (z)—x—s1 =
x o
(s1—s2) P~ — (s1s0 —sg)aP 24+ — (—1)P7! (s18p-1 — 8p) & — (=1)P 515,
(@ —a) (2 —ap)

which gives us that li_>m x(f (z) —x — 51) = 87 — 82 = by and also
xT oo

)

x—x—s—s%_sz— h(z)
/(@) ! v z(@—a) (v —ap)’

where
hz) = (s1—s2)a? —(siso—s3) @ 4o = (=)' (51891 — sp) @
— (=1)Psysp — (s]— s2) (x—a1)- (x —ap).
From the relation (8) we deduce that
hz) = (si—s2)aP —(sisa—s3) @ 4o = (=)' (51891 — sp) @
(—1)P s18p — (s% — s9) (2P — s1aP 4 (=1 Sp)

= (s} —2s1sp+s3)a? 1+
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It follows then that

2_ s3 — 28189 + s3) 2P+ -+
lim z? (f(:c)—x—sl— 1 52) = lim (5 152+ 53)
T—00 x oo x(x—ay) - (x—ap)

= S:{’ — 28189 + 83 = bo.

From Theorem 2 it follows that

2 2 2
s% — s s7 — S8 Inn Inn
T = sin+ — 2-1nn+C+(132)'+0<>
s1 sy n n
2 o2+ 03)% Inn Inn
g1 401 n
n 2 n
n <Za‘7«> 720’? 2o
We have used that s; = > a; = 01, 59 = ~—45—— 1.2,

i=1
2
2 __ oj+to2
87— 82 = —5—.
. . . e _ p+1
(ii) Take in (i) a; =4,i=1,...,p, so that o1 = Zz e

1)(2p+1
Zz 7p+)6(p+),a%+02:

p(p+1)(3p+1)(p+2)
2 :

We need in the sequel the following two results.

Proposition 11. Let a, b, c € R. Then for every r € R\ {0}

alnn b clan Inn\\" ralnn b
1+ t—t——to(—)) =1+ L=
n n n n n n

r(r—1) a®In’n In Inn
t— 2 +r((r—1)ab+c)- " 220 )
In particular,
1 _ 1 alnn b
1+alnn+ +clnn_|_0( ) - n n
a’ln’n  (2ab—c)lnn Inn
e 5 +ol—5 ).
n n n

Proof. We will use the well-known evaluation (1 + ) =1+rz+ T(T Dy?
rrD=2)g3 o (2) as @ — 0. For z, = @m0y elun 4o (Inn) e have
952 _ a’ln’n +O(hi3n> — 0(1112”) and thus

n3

alnn b c¢lnn Inn\\" alnn b c¢lnn
1+ +—+—FFol—F =1+r + -+ —
n n n n n n n

r(rz— 1) <alnn+z+01112n>2+o<lnn>' )

n n n2
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If we use that
<alnn b chr1n>2 a’ln®n  2ablnn <1nn)
— + = + +o :
n
),

+ -
n n? n? n? n?

from the relation (9), after some simple calculations, we get the evaluation
from the statement. O

Proposition 12. Let o, §, v, C € R, a #0, and r € R\ {0}. If
1 1
xn:an+ﬁlnn+0+7-%+o(ﬂ)

n

then
r3  Inn rC
Ckl_r ) nl—r al—rnl—r

2
r(rfl)ﬂQ.ln n+r[(r71)ﬁC+a7] Inn _'_O(lnn).

T T T
T,=an +

+

204271” n277° 05277“ n27r

In particular,

i:i Blnn 20 521n2n+(2BC—a7)lnn+O(lnn>'

T, on o?n? a2n? a3n3 o3n3

Proof. We have
1 C 1 1 "
x;:arnr(1+§.ﬂ+7+l.ﬂ+o<ﬂ>) .
a n an o n n
Since by Proposition 11
Inn C Inn Inn\\" Inn rC
<1+é~—+—+1-— o(—)) _ g0 o €

n an  «a n? n2 a n an

rir—1)8% In*n r[(r—1)8C +~a] Inn Inn
P i B G R L A
2cy n « n n
after some obvious calculations we obtain the formula from the statement. O

The following application was suggested to us by Corollary 9.

Proposition 13. Let o > 0, 8 > 0. Define the sequence (yn),>; by the
initial condition y; > 0 and the recurrence relation

Yn

Yn+1 =
T T ay, + B2
Then there exists C € R such that
B i+a2—45 Inn 4C +(a2—46)2 In’n
Yn = an o’ n2 a?n? 2a° n3

_(a2 —48) (8aC + o* — 43) Inn . <lnn> '

for everyn > 1.

200 n3

n3
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Proof. For every n > 1 we denote x,, = yi Then z1 > 0 and the recurrence

-
relation becomes

Tpt1 = \/ 22 + axy, + O for every n > 1.

From Corollary 9 there exists C' € R such that
an o —40

2 2
(a — 45) Inn <lnn>
— = " A Al -
Tn == 1a nn+ C + 308 - +o -

and by Proposition 12

2

1 2 a? — 48 Inn 4C +(a2—46)2 In’n

I = Tn " an + o’ n2  a2n2 205 n3
(a2 — 45) (SaC +ao?— 45) Inn Inn
B 205 B o\ )
«Q a?—4p (012*45 2
We made the changes o — 2 B = == ,Z’y — 5.5 and use ghat
0?4 4 _ a2-ap (o®—4B) 5 (o?-48) (®4B)C  (oP-4B)”
da o2 T T a% 1602 o3 — 205 2a T T 16a2? -
(a274ﬁ)(8a0+a2745) (a2745)(8a0+a274ﬁ) 8 (a274ﬁ)(8a0+a274,ﬁ)
- 1602 v 1602 o T T 205 :

The following application was suggested to us by the context considered
in Proposition 10. It completes Corollary 7 from [12].

Proposition 14. (i) Let p > 1 be a natural number and 0 < a1 < ag <
.-+ < ap real numbers. Define the sequence (yn),~, by the initial condition

0<y < é and the recurrence relation

Unt+1 = Yn (1 —aryn) (1 — agyn) - - (1 — apyn) for every n > 1.
Then there exists C € R such that

_ i_iia%+02 lnini C (0%+02)2 In®n
¥ = Ty, O 203 n?  oin? 409 n3
(a% + 02) (4010 — a% — 02) Inn (lnn>
_|_ [ 1o} -
40513 n3 n3

where 01 = a1 +az + -+ + ap, agza%—l—a%+---+a12,.
(i) Letp > 1 be a natural number. Define the sequence (yn),~, by the initial
condition 0 < yp < % and the recurrence relation

Yn+1 = Yn (1 - yn) (1 - Qyn) t (1 - pyn) fO’f’ every n > 1.
Then there exists C € R such that

_ 2 (p+2)@Bp+1) Inn 4C (P+27°Bp+1)* In®n
Yn p(p n 1) n 3p2 (p + 1)2 n2 p2 (p + 1)2 n2 18p3 (p + 1)3 n3
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3p% (p+1)° n’

2(p+2) (3p+1) (20 - @AGEL) 0<lnn>
nd /-’

Proof. (i) For every n > 1 we denote z,, = y% From 0 < y1 < é it follows
that 1 > a, and the recurrence relation becomes

1
abt

Tptl = ( for every n > 1.

Tn — a1) (Tn — ag) - (xn — ap)

From Corollary 10 (i) there exists C' € R such that

2 o2 +05)° 1 1
xn:gl.ww.lnﬁm(lg?).MH(M)
201 407 n n
and from Proposition 12
1 1 o?+oy Inn c (U%—FO'Q)Q In?n
Yn = ) 203 n?  oin? 409 n3
(O’% + 02) (4010 — 0’% - 02) Inn Inn
+ 5 T3 +o0 —3 /-
4o7 n n
2 2 2
We have a = o1, 8 = 012?:52, v = % and thus
(of—&—og)c (o‘%—&-og)z
28C — ary B o1 T B (a% + 02) (4010 — 0% — 02)
o3 N o3 N 409 '

(i) Take in (i) a; = i, 1 <i < p. Then oy = 22 o) — pEEDEPHL),

+2)EptD)  (93+02)" _ (p+2)2(@pt1)?

2 _ plp+)(p+2)(3p+1) oftor _
SO 07 + 09 = Bp p12 ) 120%2 - 3p2(p+1)2 ) 40? - 18p3(p+1)3 )
(U%+02) (4010—0% —02) B (p+2)3p+1) ' 8
407} B 12 pp+1)*
+D(p+2)3p+1
. (2p(p+1)c_ p(p )(p12 )(3p ))
C2(p+2)(3p+ 1) (20 — D)

3 (p+1)°
Od

The case p = 1 in Proposition 14 was previously studied in [13], [5], and
[11].

In the next result we complete the evaluation from [10, exercise 2.8].
Corollary 15. Define the sequence (xy,),~; by the initial condition x4 > 0
and the recurrence relation xp41 = xp + ﬁ for everyn > 1. Then there
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exists C' € R such that
1 Inn C 1 Inn C—-1 Inn (lnn)

o= VI T e v 6ty i sy i\

Proof. Squaring the recurrence relation, we obtain 2 1= m%+2+%2, Yn > 1.

For every n > 1 we denote a:fl = ay, and thus a,+1 = an+2—|—i = an+¢ (i),
where ¢ (z) = 2 + x. By Theorem 3, there exists C' € R such that

/ / 2
1 1
an:gp(O)n—F@ © “Inn+C+ 2 (0)]3 .nn_i_0<nn>
¢ (0) [p (O] n n
o 1 1 1 1
xizan=2n+ﬁ+0+7-ﬂ+o(ﬂ>.
2 8 n n

From Proposition 12 for r = % we deduce that
6 Inn 1 C

a% n2 5 az2n?
C
% (—%) % In?n % (—%+Q’Y) Inn Inn
+ 3 3T 3 3 3
2002 nz a2 n2 nz

or

B In*n (BC —2ay) Inn n ( Inn )

_ : — . ol /=
8ar/a ny/n dan/a ny/n nyn/’

where a =2, § = %, v = %. Then by calculation we get the evaluation from

the statement. O

We need latter the following result which establishes a natural connec-
tion between two asymptotic evaluations of some functions.

Proposition 16. Let A > 0 and g : [0,A) — R be a function with the
property that there exist a1, as, az € R such that g (z) = = + ayx? + azx® +
azz* + o (3:4) ifx —0,x>0. Then
1 1 2 3 2 2
—— =——a1+ (a7 —a2) x — (a] — 2ai1a2 +a3) x“+o(x°) as x — 0.
g(x) T ( 1 ) ( 1 ) ( )
In particular,

1 a? —ay  ad —2a1a0 +a 1
#:x—al—{— 1 - 5 3—1—0 — ) as T — 0.
g (E) x x z
1 _ 1, 1 i i i,
Proof. We have 7@ = 7 et rar e ) Since as is well-known
1

=l-u+u’—u’+o(u*) asu—0,
14 u
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we will have

1
14+ a1z + asx? + agx® + o (23)

=1— (am1z + asx® + a3x3)

+ (a1 + agz® + CL3.%'3)2 —afz® + o (2°).
Since (alaz + asx? +azx® + o (333))2 = a%xQ + 2a1a923 + 0 (9:3) we deduce
that
1

1 2 3
1+ a1z + agx? + azz3 + o (23) (alx + 02" + AT )

+ (a%x2 + 2a1a2933) —alzd +o (:U?’)
=1—-—aiz+ (a% — (12) % — (afrf — 2a1a9 + a3) >+ o (mg) .

(Another proof is to verify by calculus that

1 2
. 14aiz+asz?+azz3to(x3) L+aiz — (al B a2) z . 3
lim 3 = —aj + 2aia2 — as.)
x—0 x
Then we get

1 1 2 3 2 2
——=——ua ai —asg) x — (a7 — 2a1a as)x o(x”) asx — 0.
(@ - e (o - 20+ ) 4 0 0?)

a

The following theorem is a natural companion of Theorem 2.

Theorem 17. Let A > 0, g : [0, A) — [0,00) be a continuous function such
that 0 < g(z) <z, V 0 < x < A. Define the sequence (x)n>1 by the initial
condition x1 € (0, A) and the recurrence relation

Tnt1 = g(xy) for every n > 1.
If there exist real numbers a1, as, as, a1 # 0, such that
g(x) :x+a1x2+a2x3+a3x4+o(ac4) asx — 0,2 >0

then there exists C € R such that

1 1 N a? —ay Inn C (af — a2)2 In?n
" a; n a? n2  a?n? al n3
(a2 —a ) (2 C 2 _
1 2 a1C + ay ag) Inn Inn
+ 5 T3 +o0 —3 /-
aj n n

Proof. Let f : (%,oo) = R, f(z) = ﬁ. Then f is continuous and from
0< g(z) <z, V0 <z < A, it follows that f (z) >z, Vo > &. For every n > 1
we define v,, = i Then v1 > % and the recurrence relation becomes v,11 =

f (vy) for every n > 1. Since g (z) = x+a12? +ag2® +azz? +o (a:4) asz — 0,
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x > 0, from Proposition 16 it follows that f () = z + by + b;l + % +o (m%)
as r — 00, where

2
bo=—-a1, b= aj — az, by = —Clil3 + 2a1a9 — as.

From Theorem 2 we have

b b? 1 1
bo by n n

and by Proposition 12
1 1 byInn C b2In?n by (200C — by)Inn O(lnn)

vn bon bgn? bgn? bgn? bgn? n3
Since x,, = vi we deduce that
n
2
1 1 a?—ay lnn C (a% — ag) In%n
I J 50 R S
1 n ay n ain aj n
+(a%—a2) (2a10+a%—a2) lnn+o<lnn)
al n3 nd /)’

O
In the next result we complete the evaluation from [10, exercise 2.3].
Corollary 18. Let (zp)n>1 be the sequence defined by the initial condition

x1 > 0 and the recurrence relation xp+1 = In(1 + x,,) for every n > 1. Then
there exists C € R such that

2 2 Inn 4C 2 In*n 2(12C+1) Inn Inn
Tn=—+-"—F——5+="- - —Fo|—).
n 3 n? n2 9 nd 9 n3 n3
Proof. As is well known In(1+2z) = z — % + ’”—; - % +o0(z) as z — 0,
2 2,2
i.e., a] = —%’ as = %, az = —% Then ala{)(m = % = %, 7((11&;2) = —%,
(a2—a2)(2a10+a2—a2) 39 1\ . 2(12C+1)
L = L =2 (-C — 53) = —=—5—2. We apply Theorem 17. O
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On the number of dividers of square-free rational integers
and quadratic fields of class-number 1

RICA ZAMFIRY, VALENTIN TANASE?

Abstract. Throughout the paper d denotes a square-free rational integer,
K = Q(\/ﬁ) a quadratic field and A /5 its ring of integers. Our goal is
to prove that if A 5 is a Unique Factorization Domain (UFD), then d
is a prime rational integer or d has only two prime factors which are not
congruent to 1 modulo 4.

Keywords: quadratic field; unique factorization domain
MSC: 11A51

1. INTRODUCTION

This article is the result of several years of collaboration between the
two authors. Now, following the passing of Valentin Tanase, 1 feel it is my
duty to share our results regarding a classical problem of Number Theory.

Throughout the paper d denotes a square-free rational integer, K =
Q(v/d) a quadratic field and A /B its ring of integers.

Definition 1. For any rational integer n, we say that n is represented by
the norm (in A /) if there is o € A /5 with N(a) = £n.

We also assume that the next statement is well known.

Proposition 2. Let p be an odd rational prime which does not divide d.
Then:

(1) p remains prime in A\/B iff d is not a quadratic residue modulo p.

DTudor Vianu National College, Bucharest, Romania, rzamfir62@gmail . com
2)Deceased
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(2) p is irreducible in A /5 iff p is not represented by the norm (in A /5).

We also assume that the properties of the Legendre symbol and the law
of quadratic reciprocity are very well known to our readers.

2. A Quick EXAMPLE

For a quick illustration of our proof, let’s consider d = 15 and let’s take
a quick look at the next diophantine equation:

z? — 15y = +7. (1)
Assuming that the equation has rational solutions, then obviously +7
would be quadratic residue modulo 3 and 5. However we can immediately
notice that neither 7 nor —7 is a quadratic residue modulo 5 and therefore the
above equation has no solutions. We’ve just proved that 7 is not represented
by the norm in A 5z and therefore 7 is irreducible in A /5.
On the other hand 15 is a quadratic residue modulo 7 and therefore 7
is not prime in A ;5. By all means A 5 is not a UFD.

3. MAIN RESuULT

This very basic criterion for identifying irreducible elements that are
not primes in A /5 will be successfully exploited in order to prove our main
theorem. The next lemma is a generalization of the above criterion.

Lemma 3. Let p be a rational prime which does not divide d and is repre-
sented by the norm, and let ¢ be an odd rational integer that divides d. Then
either p or —p is a quadratic residue modulo q.

Proof. Notice that p is represented by the norm if and only if one of the next
two diophantine equations has rational solutions:

2?2 —dy? =+p if d=2,3 mod4,or (2)
22 —dy? = +4p if d =1 mod 4. (3)
For the former we have that 22 = +p mod ¢, (V)q | d, which will lead
us to the desired conclusion.

For the latter we have that 22 = +4p mod ¢, (V)q | d, and because ¢ is
odd we have (27'z)% = +p mod ¢, which again proves our conclusion. O

Remark 4. The same criterion could be restricted only to the rational primes
q that divide d using the Legendre symbol.
If p is represented by the norm then

+
<qp> =1,(V)q odd prime,q | d. (4)
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Corollary 5. Let p be a prime rational integer, which does not divide d and
1s represented by the norm. Then either p or —p is a quadratic residue modulo
all q, where q is any odd rational integer that divides d.

Theorem 6. If A /5 is a UFD, then d is a prime rational integer or d has
only two prime factors which are not congruent to 1 modulo 4.

Proof. Let d = dy - - -dy, with d; > 0, (V)i = 1, k, be the factorization of d as
a product of rational primes.

(I) Let us assume that d is composed and d; = 1 mod 4.

Let a be a rational integer which is coprime with d; and is not a qua-
dratic residue modulo d; (i.e., (%) =—1).

If d is even we can assume that do = 2 and consider the following
system of simultaneous congruences:

x = 5 mod8, (5)
= amodd, (6)
r= 1modd;,i=23k. (7)

By Chinese Remainder Theorem the above system of congruences has rational
solutions and let xy be a solution. Since lem(8,dy,ds, ..., di) = 4d, all rational
integers n = xg + 4dn, (V)n € Z, are also valid solutions. On the other hand,
since xg and 4d are coprime, by Dirichlet’s Prime Number Theorem there
is a rational odd prime p that satisfies the above system of simultaneous
congruences. To conclude, we found out a rational prime p with the following

properties:
p\ | -1 ifi=1,
<di> - { 1 ifi>2. (8)

Using the Legendre symbol properties we have

(- ()= T

since d; = 1 mod 4.
We have just proved that (%) = —1 and from the previous lemma, p
is not represented by norm and therefore p is irreducible in A 5.

Our next goal is to prove that p is not a prime element of A 5 (which

is true iff (%) = 1). Applying the quadratic reciprocity law we get

(B)-cow ()= (® 122w

since p = 5 mod 8 and obviously (%2) = (%) =—-1.
We are now ready to compute:
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(9)-11()- O - ol () o)

=1

and therefore we were able to find an element p € A /5 which is irreducible
but is not prime. Hence A /b is not a UFD.
If d is odd let 5 be a rational integer, which is coprime with dy and

is not a quadratic residue modulo dz (i.e., (d%) = —1). Let us consider now
the following system of simultaneous congruences:
= 1mod 4, (11)
r= amodd, (12)
= [ modds, (13)
r= 1modd;,i=3k. (14)

Similarly we can prove that there is a rational odd prime p which is also
solution to the above system of simultaneous congruences. Obviously, it

holds
p\ [ -1 ifi<2
<dz‘> - { 1 ifi>2. (15)

At the same time one has

(3)- (2).

We notice that (%) = —1 (since d = 1 mod 4), and by the previous
lemma p is not represented by norm and therefore p is irreducible in A /5.

Applying the quadratic reciprocity law we get

©)-core(@)-()

since p = 1 mod 4. Therefore, we get

(5)=11(5) =11(3) = () ()L (F) = coen

Again we were able to find an element p € A b Which is irreducible but
is not prime, and therefore A /Db is not a UFD.
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(IT) Let us suppose now that d has at least three rational prime factors (i.e.,
k > 3) which are not congruent to 1 modulo 4.

Let « be a rational integer which is coprime with d; and is not a qua-
dratic residue modulo d; (i.e., (d%) =—1).

If d is even we may assume that dy = 2 and let us consider the following
system of simultaneous congruences:

x = 5 mod 8, (18)
= amodd, (19)
r= 1modd;,i=3k. (20)

We know by now that there is an odd rational prime p which is a solution of
the above system of simultaneous congruences. Hence,

p\ [ -1 ifi=1,
<di)_{ 1 ifi>2. (21)

Using the Legendre symbol properties we have

-\ _ a1 (p\ 1 ifi=1,
<di> = (=) <ch) - { —1 ifi>2, (22)
since d; = 3 mod 4, (V)i = 1,k,i # 2.
Let us notice now that p is not represented by the norm. If that would
be the case, then +p would be quadratic residue modulo ¢, (V)q | d (see

Corollary 5). The identities above however show that neither (%) = 1 nor

(;—f’) = 1(V)i = 1,k,i # 2 (here we used the assumption that k > 2 and

therefore (;—5) = —1). Hence p is irreducible in A VD"
Applying the quadratic reciprocity law we get

(B)=cv= (3)={ ) figs @

since p = 5 mod 8 and dy = 2.
Finally, we get

(;l) -1 <‘;"> - (;) ];[2 (fj) = (—1)}7:[2 (f;) = (—1)(—1)g (i)

Again we were able to find an element p € A b Which is irreducible but
is not prime and therefore A /5 is not a UFD.
If d is odd let § be a rational integer which is coprime with ds and

is not a quadratic residue modulo dy (i.e., (d%) = —1). Let us consider now
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the following system of simultaneous congruences:

= 1mod 4, (24)
r= amodd, (25)
x= [ mod dy, (26)
r= 1modd;,i=3k. (27)

Similarly we can prove that there is a rational odd prime p which is also
solution to the above system of simultaneous congruences. Obviously,

pY [ -1 ifi<2,
<di>_{ 1 ifi>2. (28)
At the same time one has
AN 41 (p\ 1 ifi<2,
(d) = (=1 (d) - { —1 ifi>2. (29)
Because neither p nor —p is a quadratic residue modulo all d; with

i = 1, k, we have that p is irreducible in A VD"
Applying the quadratic reciprocity law we get

G- (1)) w

since p = 1 mod 4.

Finally,
(5)=I1(;) =I1(2) = (&) (E)IL(F) = menn

)

and again we were able to find an element p € A 5 which is irreducible but
is not prime, and therefore A /5 is not a UFD. O

Remark 7. There are more powerful results regarding the structure of the
ideal classes group, in the case of quadratic fields. See, for example, Theorem
105 and Theorem 106 from [2], where it is proven that the number of elements
of order less than or equal to 2 from group CQ( V) may be 271 or 2072 where

t is the number of prime factors of the discriminant D of V.

Additionally, in Theorem 2.18 from [1] it is proved that in the case
of a quadratic imaginary field with d = —n = 2,3 mod 4, we have h(d) =
h(=4n) =1 <= n=1,2,3,7.

However, our results are obtained following a different approach than
the aforementioned textbooks, an elementary one.

Acknowledgments. Many thanks to the referee for indicating the
textbooks of D. Hilbert and D. Cox, where these results are presented.
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Traian Lalescu national mathematics contest for university
students, 2019 edition

CORNEL BAETICA?, GABRIEL Mincu?), VasiLE Pop?,
CONSTANTIN-COSMIN TODEA?Y

Abstract. This note deals with the problems proposed at the 2019 edition
of the Traian Lalescu mathematics contest for university students, hosted
by the Technical University of Cluj-Napoca between May 9" and May
11", 2019.

Keywords: Rank, eigenvalue, equivalent matrices, connectedness, change
of variable, integrals, series

MSC: Primary 15A03; Secondary 15A21, 26D15.

17 students, representing five universities from Bragov, Bucharest, Cluj-
Napoca, Craiova and Timisoara, participated in Section A. Problem 1 in this
section was solved by more than half of the participants, whilst few contes-
tants managed to tackle the other problems, and even fewer gave complete
solutions for these.

A number of 27 students participated in Section B, first and second
year, technical section-electric profile. These students were selected from the
following six universities: Alexandru I. Cuza University of Tagi, Gheorghe
Asachi Technical University of Iagi, Ferdinand I Military Technical Academy
of Bucharest, Politehnica University of Timisoara, Politehnica University of
Bucharest, and Technical University of Cluj-Napoca. Analyzing the scores
which were obtained by the contestants, the problems were correctly ordered,
respecting the difficulty. Problems 1 and 2, one of algebra and the other one
of analysis, were accessible. Half of the students obtained high results for
the first two problems. Problem 3 was a difficult problem of mathematical
analysis (integral calculus). Problem 4 was the most difficult problem in
competition and was not solved completely by any contestant.

Many of the students are former participants and medalists of the na-
tional high school mathematics olympiad.

We present in the sequel the problems proposed in Sections A and B of
the contest and their solutions.
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SECTION A
Problem 1. One considers the points A(0,0,1), B(6,0,0) in R, and
the straight line
d: {x —v=0
z=0.

Find the coordinates of the point M € d for which the sum of the distances
to A and B is minimal.

Cornel Pintea, Babeg-Bolyai University, Cluj-Napoca

Solution 1. Since OA L d, the distance from any point P € d to A
equals the distance from P to any point of the circle that has centre O, radius
OA, and is perpendicular to d.

. . O = { - =

We consider the point C (—%, %,O). Theni+j L OAandi+j | O?,
so d L (AOC). Consequently, C' belongs to the aforementioned circle, so for
any point P € d we have PA = PC.

Since C lies in the plane spanned by d and B and d separates B and
C, we derive, using the triangle inequality, that the point M we are looking
for is at the intersection of the lines d and BC. SN

Thus, there is a real constant A such that BM = AB—(j, i.e.,

B . 1 NS
oar — 6)i + ‘——A(+6)z‘+‘,

whence z s :6—)\(% —I—6) and yyr = %

1
Consequently, M € d if and only if 6 — A ( + 6) = A which yields

\@a
N

1+3v2

Therefore, the coordinates of the point M are <

>

3 3 >

, ,0].
1+3v2 1+3V2

Solution 2. Consider an arbitrary point Q:(t,¢,0) € d and define a

function D : R — R by D(t) = QA+ Q:B = V212 +1+ /(t — 6)2 + 2.
Then D is everywhere differentiable and

2t 2t — 6
D'(t) = + :
(¥ V22 +1 \J(t—6)2+12

The equation D’(t) = 0 does obviously not admit the solution ¢ = 0, so it is
equivalent to

(t—6)2+1t2 3—t
22 +1 t
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and thus its solutions will lie in the interval (0,3]. On this interval, the
equation D’(t) = 0 is equivalent to #2(2t? — 12t + 36) = (2t> +1)(3 —t)? and
further to 17t? 4+ 6t — 9 = 0. The only solution this last equation has in the

interval (0,3] is 7 = 1+§ 75 Consequently, D has 7 as its only stationary
point. Since lim = oo, 7 is the point of global minimum of D.
t—=to0
3 3
Thus, the point we are looking for is M < , ,0).
P & 14+3v2 1+3V2

Problem 2. Let R be a commutative unitary ring. Two matrices
A, B € M3(R) are called equivalent if there exist invertible matrices U, V' in
M3 (R) such that B =UAV.

Show that the matrices <)g g) and (X 0

v Z) from My (C[X,Y, Z))

are not equivalent.

Cornel Baetica, University of Bucharest

Solution. Assume that the given matrices are equivalent. Then there

. : : . F GY\.
exist two invertible matrices U = (£ ?), V= <H J> in My(C[X,Y, Z])
such that
XY X 0

(5 2)=G 2)v

Then
Xf = XF
Yf+Zg = XG, (1)

Xh = YF+ZH,
Y(h—-G) = Z(J—}),

and from the last equation we conclude that there is ® € C[X,Y, Z] such
that h =G+ ZP and J =j + Y.

We have detU = fj — g(G + Z®).

From the second equation in (1) we get f € (X, Z) (here (X, Z) denotes
the ideal generated by X and Z in C[X,Y,Z]) and g € (X,Y), so detU €
(X,Y, Z), and therefore det U is not invertible in C[X,Y, Z], a contradiction.

Remark. It is well known that two matrices (of the same size) over a
principal ideal domain are equivalent if and only if the ideals generated by
their » x r minors are equal, for all » > 1.

In our problem the matrices have the same ideals generated by minors,
namely (X,Y,Z) and (XZ), but are not equivalent. The reason is that the
ring C[X,Y, Z] is not principal.
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Problem 3. Let n > 2 be a positive integer and let f : R™ — R,

> T

SRl for (z1,...,2q) € R\ {(0,...,0)}
flxy, ... zp) = 23312
i=1
a for (z1,...,2,) = (0,...,0).

Find a € R such that the graph of the function f is connected.
Gabriel Mincu, University of Bucharest

Solution. Let z = (z1,...,2,) € R"\ {(0,...,0)}. Then

ix?Z—Q Z TiTy,
i=1

1<i<j<n

SO

> T

1<i<j<n

n
> @
i=1

<

N =

The inequality

1<i<j<n
yields
n
(n— I)ZCL’? > 2 Z xiT;,
i=1 1<i<j<n
whence
>, wiL
1<i<j<n n—1
n - 2
> %
i=1
Consequently,
1 n—-1
RO, 0 € |5 )
The value —% is taken at (1,1,...,1,1 — n), whilst the value ”T_l is

taken at (1,1,...,1).
The function f is continuous on R™\ {(0,...,0)}, so f(R™\{(0,...,0)})
is connected. Taking into account relation (2), we get

R0, 0h = -5, 5]
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1 n-1
If a € R\ [—5, n 5 } and d is the distance from a to the interval
1 n-1
[—5, nT} , we have

Gf:<Gfm<R”X (a—g’“g)))
o(orn (e (22514 0)).

so Gy is not connected.

1 n-—1
foc | dn
¢ 2 2
R™\ {(0,...,0)} is continuous, its graph is path-connected.

Since f(R™\ {(0,...,0)}) = [—%, nT—l] , there exists u € R™\ {(0,...,0)}
such that f(u) = a. Thus,

}, we first notice that, since the restriction of f to

lin%(tul,...,tun,f(tul,...,tun)) =(0,...,0, f(u)) =(0,...,0,a),

T—r

so v : [0,1] — R™™ y(t) = (tuy,. .., tun, f (fus,...,tuy,)) is continuous.
Moreover, Imy C Gy and v(0) = (0,...,0,a). Therefore G is also path-
connected, and thus it is connected.

1 n-1
We conclude that G is connected if and only if a € {—2, n 5 } .

Problem 4. (a) Let n € N*. Compute

I 1ln(1—x)+m+§+--'+%d
= RS x.

(b) Let @ € R and b > 0. Prove that the integral

J(a,b):/ooo [2—1—(3:4—@)111

z+

is convergent if and only if a = 1 and b = 2, and in this case compute J(1,2).

Ovidiu Furdui, Technical University of Cluj-Napoca
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Solution. (a) We have

X L
x
11,7%17 1 i pi—n—1
In:—/ — dx:—/ ——dx
+1
o " 0 iZpr1 °
oo o0
D e D e
S i —=mn) = i +n)

11 1 1 1 1
=—=Y (=-- =——(1+-+-+>).
n 4 J J+n n 2 n
J=1
(b) We change the variable _%; = y and get

J(a,b) = b/ol [2 L +1a£1y_ Y 1 y} T

1
1—y—t b—(b—a)t 1
4 b/o {2 + (7 In(1 — t)} t—zdt.

dy

t
An easy computation shows that

b(bta)tln(l ) =

b—2a In(l—t)+t+b

=2-b+—5—t+b - 2 _(b—a)(In(l—t)+1).

2+

Then we have

19 _pabz2ap  n(l—t)+t+ 8 In(l—t)+¢
J(a,b):b/ol 3 2 +bn( 23 2—(b—a)u dt

Since the integrals

1 1 2
In(1 — In(l1-¢t)+t+ %5
Il:/n<t2t>+tdt ond 12:/ MLZOEEES
0 0

are convergent, their values being calculated in (a), we have that J(a,b) is
convergent if and only if the integral

1o _p4 =294
/ 20 Sy
t2

0

is convergent.
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We have
L2 — b+ 220y 12— b+ 20y
/ —22dt = lim —22dt
0 t e—0T £ t
, < 2-b b—2a > !
= lim (— + Int
e—0t t 2

Cb—9— Tim (b—2a)elne —2(2 —b)'

e—0t 2e

The foregoing integral is convergent if and only if the limit
lim (b—2a)elne —2(2 —b)
e—0t 2e

exists and is finite. But this limit is finite if and only if 2 — b = 0 and
b—2a=0, that is, b=2 and a = 1.
In this case we have, from (3), that the value of integral J(1,2) equals

Uin(l —t) +t+ 2 Uin(l —¢) +¢
ﬂLm—4A a( 2j +2&—2AM)+dt

t2
=4I, — 21
3
:4(—7> —2(—1
2) —2(-1)
= —1.

SECTION B

Problem 1. For any a € C,a # 0, and any matrix A € M, (C),n > 2,
show that

rank(aA — A?) = rank A + rank(al,, — A) — n.
Is the statement true for a = 07 Justify!

Bogdan Sebacher, Ferdinand I Military Technical Academy Bucharest

For this problem the students gave five full solutions and five partial
solutions.

Solution 1. [Author’s solution] For a = 0 and A = O,, the relation
is not true. We prove the case a # 0. With the substitution A = aB the
relation becomes

rank(B — B?) = rank B + rank(I,, — B) — n. (4)

Consider the linear map T : C* — C™, Tax = Bx. In the canonical
basis, this map has the attached matrix M7 = B and then rank B = rank T,
rank(I, — B) = rank(I — T), rank(B — B?) = rank(T — T?), where I is the
identity operator.
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Using dimension theorem for T" we obtain
n =dim(Im7T) + dim(KerT) = rank T + def T
Therefore, relation (4) becomes
def(T — T?) = def T + def(I — T)). (5)
In order to prove (5), it is enough to show that
Ker(T — T?) = Ker T @ Ker(I — T),
that is, for any 2 € Ker(T —T?) there exist a unique 21 € Ker T and a unique
x9 € Ker(I —T) such that = x1 + x9. If there are such 1, zo we will obtain
the relations
(T —T*)(x) =0 & T(x) = T(z),
T(x1) =0and (I —T)(z2) =0 < T(x2) = 2.
From the relations z = 1 + x2 and T'(x) = T(z1) + T'(x2) = z2 it follows
xo =T(x),x1 =2 —T(x),
which are uniquely determined. Next we show that z; € KerT and zo €
Ker(I —T). We have
T(x1) =T(z) — T*(z) =0, T(x2) = T*(z) = T(x) = 3,
which conclude the proof.

Solution 2. [Vasile Pop] We prove relation (4) by using elementary
transformations of block matrices. We start with the matrix

B| o0
MZ(O In—B>

and make the following successive elementary transformations (we denote by
C; and L; the transformation using column and line ¢ € {1, 2}, respectively):

B-B?| 0O
O I,)’

(L |1, _(I,|O (I, |-B (I, ]O
WhereCl— 9) In ,Ll—%‘ﬁ,LQ— 9) In ,CQ— —In In .

The elementary matrices Ci,Cs, L1, Lo have determinant 1, therefore
rank M = rank N. It follows

rank B + rank(I,, — B) = rank(B — B?) + rank I,, = rank(B — B?) + n,

N = Ly 1 MCCy =

hence relation (4) is proved.

Solution 3. [Vasile Pop] If Jp is the Jordan canonical form of matrix
B and P is the similarity transformation matrix, then B = PJgP~!. Since
rank Jp = rank B, relation (4) becomes

rank(Jp — J%) = rank Jg + rank(I, — Jg) — n. (6)
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| O |...] O
O | Jy, (@)
Let Jg = ol o be the canonical Jordan form of
O | O Iy
the matrix B. Since
By | O (@)
O | By (@]
rank =rank By + --- +rank B,
O (0]
O |0 .| Bp
the relation (6) reduces to the same relation for Jordan cells. If
A1 ... 0
o X .0
Iy =
o o . 1
0 0 ... X
is a Jordan cell of dimension k, we will prove that
rank(Jy — J3) = rank Jy + rank(Iy — Jy) — k. (7)
We have
1—A 1 0
0 1—Xx ... 0
Iy — Jy = ,
0 0 1
0 0 1—A
A=A 1—-2x 1 ... 0 0
0 A=A 1-2x ... 0 0
I = 0 0 A=X2 ... 1-2x 1 |’
0 0 0 ... A=) 1-2A
0 0 0 ... 0 A=\
so that

- for A\=1relation (7)isk—1=k+(k—1) — k.
- for A = 0 relation (7) becomes k — 1= (k—1)+k — k.
- for A # 1, X\ # 0 relation (7) is k =k + k — k.

All the three cases are true.

Solution 4. [Cornel Baetica] This problem is a particular case of equal-
ity in the Sylvester’s rank inequality. An immediate consequence of Theorem
2.6 from F. Zhang, Matriz Theory. Basic Results and Techniques, Springer,
2011, is the following:
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Let X andY be complex matrices of sizes m X n and n X p, respectively.
Then rank(XY') = rank(X) + rank(Y") — n if and only if Ker X C ImY.

If we set X = al, — A (with a # 0) and Y = A, then we get the desired
result.

Problem 2. Let (a,),,~5 be a decreasing sequence of positive numbers.
Show that the series

- a = a An+1
n n . n-+
7;, n (Inn)? and T;) <ln(n —-1) In(n+ 1))

are convergent.

Mircea Rus, Technical University of Cluj-Napoca

The contestants have given five complete solutions and one partial so-
lution for this problem.

Solution 1. [Author’s solution] Using comparison test or Abel’s test,
o0

we can notice that the series with positive terms (A) : Z
n=3

Qan .
5 is conver-
n (Inn)

1
—— s
—n(nn)
convergent (the convergence of the last series can be obtained, by example,

using condensation test).
For the second series, we write

o0
gent since the sequence (ay,) is decreasing (so, bounded), and Z

an Qn+41 Gnp, an+1

_ — _ 1
In(n—1) In(n+1) In(n—1)Inn  lnnln(n+1) nr
b, bnt1
= (bn - bn+1) In n,
where, obviously, b, = G (n > 3) decreases to 0.
In(n—1)Inn
Also,
an by In(n—1)
n(nn)? n  Inn
> a b
such that series (A) : —" _ and (B) : — have the same nature,
(4) nz:;n(lnn)z (B) ;n

hence the series B is convergent.

We use a similar approach to the summation rule of Abel and we show
oo

that the series (C) : Z (bp, — bp41) Inn has the same nature as B (hence, is

n=3
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convergent). To this end, consider the sequence of positive numbers

11 1
en=l4g+gtt——ln (n>1),

1
convergent to Euler’s constant 7. Then T = Ok Che1 + (Ink —In(k — 1))

and

n—1 n n—1
brcr, — Z biyick + Z bpInk — Z bpy11Ink
k=2 k=3 k=2

k=3
n—1 n—1
= bncn — byca + (b — bps1)c + bpInm — bgIn2+ Y "(bg — byr) Ink
k=3 k=3
a n—1
= Cho1 + bpcp + ——— —b In2 b, —b .
1+ 0pC +1n(n_1) 3(62+n )+Z(k k+1)ck
1 N y k=3
0 1
0

Since (by,) is decreasing and (c¢,,) is convergent (hence bounded), it fol-
lows that the series (with positive terms) > 722 4(by — bg+1)ck is convergent.
This means that the series B and C have the same nature, hence C' is also
convergent.

Solution 2. [Alternative statement and solution by Mircea Ivan, Tech-
nical University of Cluj-Napocal

Let (a”)n23 be a bounded sequence. Show that the series

> an > Gn . an+1
nzg ninn? ™ nzg (ln(n "1 nm+ 1))

are convergent.
Assume |a,| < M for all n > 3. By comparison test we have

o0 [e.e]
S || <3
—|n(nn) —n(nn)
hence the first series is convergent.
We have

= a a > 1 1

> (g we) % w5 me D)

ot In(n—1) In(n+1) = In(n—1) In(n+1)

= an  Onp4l
+Z (lnn ln(n—|—1)> ’
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where -
> an

n=3

o0
3 (an _ anﬂ) _
“~ \Inn In(n+1) In3

Problem 3. Let f : [a,00) — (0,00) be a continuous and monotone
function such that faoo f(z) dz is convergent. The graph of f, together with
the lines y = 0 and = = a, delimit a domain of area A > 0.

a) Show that, for any n € N*, there are points x1,...,z, € [a,00) such
that the lines of equations x = x, k = 1, n, parallel to Oy, split the above
domain in parts of equal areas.

b) Let (an),~; be a sequence given by

Lo
lnn—l " In(n+1)| = In2

and

1 n
= — E f(zg), Vn>1.
n
k=1

Show that V, the volume of the body obtained by rotating the graph of the
function f around O, is finite and

lim a —L
nooo " A

Radu Strugariu, Gheorghe Asachi Technical University of Iasi

For this difficult problem just one contestant gave a full solution. Three
partial solutions were also given.

Solution. [Author’s solution)]

a) We consider the function F' : [a,00) — [0,A) given by F(x) =
[ f(t) dt. This is continuous, strictly increasing on [a,00) and satisfies
lim F(x) = A. We take x; = a. Since F' is strictly increasing and has

Tr—r00
the intermediate value property, it will achieve, successively, the values

A 24 (n—1)A
n n’ n

A
in the points zo < 3 < -+ < x,. It follows f°° f(t) dt = —.
n
b) Since f is monotone, there exists lim,_, o, f(z). Since f f(z) dz is
convergent, it follows that
lim f(z) =
T—00
So, there exists d > a such that, for any x > §, we have
[f(z)] < 1.

But f is continuous on [a,d], hence bounded. It follows that f is bounded
on [a,00).
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Since it is bounded and has positive values, we obtain

VzTr/OOf2(x)deMﬂ'/OOf(m)d:r<oo,

where by M € (0,00) we denote the supremum of the function f on [a,c0).
Since F' is continuous and strictly increasing on [a,00), it is bijective,

and its inverse F'~! has the same properties on the interval [0, A).
Moreover

Fa) =0, F(z) = % F(x3) = %,...,F(xn) _ =4

zp=F7! <(k_1)A>, Vk =1,n,

n
Then

hence, we can write

== A5 (0 (454)
k=1 k=1

Notice the fact that the function fo F~!:[0, A) — (0, 00) is continuous and
bounded, hence we can compute its Riemann integral on [0, A] (we can add

an arbitrary value in A). Ignoring the factor 1 in the above formula, we

have a Riemann sum of the function f o F~!. It follows that

i _ 1 ! Nz x
lim a, = /Of(F (z)) da.

n—00 A
By changing the variable F~!(z) = y, it follows that = F(y), hence
dz = f(y) dy, and then
. 1 [ |4
i an = A/a ) dy =7
Problem 4. Let A, B € M,,(C) such that A? + B2 = 2AB.
a) Prove that (A — B)" = O,,.
b) Prove that A and B have the same eigenvalues.
Vasile Pop, Technical University of Cluj-Napoca
Mihai Opincariu, Avram Iancu National College, Brad
This problem was the most difficult one, only four partial solutions were
given by contestants.
Solution 1. [Authors’ solution]

a) We have the sequence of equivalences

A+ B> =2AB & A+ B>~ AB-BA=AB—-BA & (A-B)? = AB-BA.
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We denote C' = A — B (equivalently, A = B + C) and from the above

relation we obtain
not

C*=AB-BA=(B+C)B-B(B+C)=CB—-BC=|[C,B] 2 D.

We get D¥+! = (CB — BC)C* = CBC?* — BC?*+1 = [C, BC?] hence

Tr(D*) = 0 for any k € N*. We obtain that all eigenvalues of D are 0.
Finally we get D" = 0,, & C*" =0, & C" =0, & (A— B)" = O,.
b) From the given relation we get

(A= A)* 4 (B — \,,)? = 2(A — \L,)(B — \I,),
for any A € C. This implies
(A= M,)(2B — A—\I,) = (B — \,)?

and
(B —\,)(2A — B — \I,) = (A — \I,)2.
Now, by taking determinants we obtain f4(A\) =0 < fg(\) = 0, where
fa and fp is the characteristic polynomial of A and B, respectively. Thus,
A and B have the same eigenvalues.

Solution 2. [Cornel Baetica]

a) If X is a square matrix over a field of characteristic zero, and X
commutes with one of its commutators, say [X,Y], then [X, Y] is nilpotent.
(This is a well known result of Jacobson from 1935.)

Now set X = A— B and Y = B. We have X2 = [X,Y], and it is
obvious that X commutes with [X,Y], so [X,Y] = (4 — B)? is nilpotent.
Thus A — B is nilpotent, and therefore (A — B)" = O,

b) If X is an eigenvalue of B, then there exists x € C™, x # 0, such that
Bz = A\z. Since A? + B? = 2AB, we get A%z 4+ B%x = 2ABz, which implies
(A — A\I,)%r = 0, and thus ) is an eigenvalue of A, too.

For the converse take the transpose in A% + B? = 2AB and recall that
the eigenvalues of a matrix are equal to the eigenvalues of its transpose.

Remark 1. Although A and B have the same eigenvalues, it does not
follow that A is equivalent to B and neither A is similar to B, as we can see
from the following example:

010 010 001
A=10 0 0|, B=|0 0 1|, A?>+B* =24B=|0 0 0 |,

00 0 000 000
but

rank A =1 # 2 = rank B.

Remark 2. One can prove even more: If A;B € M, (C) have the
property A? + B? = 2AB, then A, B are simultaneously triangularizable. In
particular, it follows that A and B have the same characteristic polynomials.
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MATHEMATICAL NOTES

A remarkable series on fixed points of tan z
ROBERT Boscu!)

Abstract. In this note we consider the function tan z over complex num-
bers, showing their fixed points are real numbers, and also, there are infin-
itely many. Later, we show that it holds
2 T 10
= T 10
where x are the positive fixed points of tan xz. The source of this problem
is not well determined, the author proposed it to the journal Mathematical

Reflections as problem U223. Our solution is very similar to the one found
by G.R.A.20 Problem Solving Group, Roma, Italy.

Keywords: tan z, complex numbers, fixed points.
MSC: 33B10.

1. THE FIXED POINTS OF tan z ARE REAL NUMBERS

In this section we shall prove that if tanz = z, with 2 = a — bi a complex
number, then b = 0. For sake of contradiction, assume b # 0. We know that

. _ €2iz -1
anz = (1)
So, tan z = z is equivalent to
. b+1
asin2a+ (1 —b)cos2a = T
. a
(1 —b)sin2a —acos2a = -
From these equations we obtain
9 2a
sin 2a ,
(a2 + (b—1)2)e2b
1—a%-b?
cos2a = ( a )

@+ -1
From sin? 2a + cos? 2a = 1, we deduce
w a2+ (b4 1)
a4+ (b—1)%

So, we can assume without loss of generality a > 0 and b > 0. We claim that
it holds

sin 2a et —1
1>

= >1
~ 2a 4b - e2b ’

byusa bobbydrg@gmail . com
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a contradiction. Thus, b = 0. Note that for b > 0 one has

4b
—1
T o led >Vl

Setting © = 2b, all that we need to prove is that for x > 0 the following
inequality holds
e’ >x+Vaz+1.

Note that this is stronger than the classical e > x + 1. For the proof, let
f(z) =e® —z—+Va? + 1. We want to show that f(x) > f(0) for > 0. So, it
is enough to prove the function f(z) is strictly increasing on (0, +oc). This
is clear because its first derivative satisfies

(a)=€" -1 —— >p——— >0,
fla)=e x2+1>x a:2+1>

2. THERE ARE INFINITELY MANY FIXED POINTS FOR tanzx

Clearly x = 0 is a solution to the equation tanz = z. Since tan(—xz) =
—tanz = —x, we may search for positive solutions only. Consider the fol-
lowing intervals

T T
I, = ((2k—3)§,(2k—1)§) for k> 2.

We shall prove there is precisely one solution in each Iy. Denote f(z) =
tanz —z, and g(z) = sinx — x cosz. Clearly, the function g(x) is continuous
on I, and satisfies

g ((% - 3)%) g ((2k: - 1)%) — sin ((Qk - 3)%) sin ((% - 1)%)
= (D (1
(—1)2k+1

-1 <0.

So, by Bolzano’s theorem, there is xj € I such that g(xx) = 0, and hence
f(zr) = 0. Now, let us prove there is only one fixed point xj in each Ij.
Suppose, by contradiction, f(zy) = f(z}) = 0, for z; and z}, in Iy. The
function f(x) is derivable on [y, its first derivative is f'(z) = Cosl% -1,
clearly non-negative, thus f(z) is increasing. By Rolle’s theorem, there is &
with 2 < & < 2}, and f/(§;) = 0. Observe that the first derivative is zero
only for integer multiples of m, therefore & = mm, for m a positive integer.
But, f(mm) = —mnm < 0, which is a contradiction because the function f(x)

is increasing.
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3. PrRoBLEM U223

Problem U223. (Mathematical Reflections) Let (xy)r>1 be the positive
solutions of the equation tanx = x. Show that

— =
— 10
Solution. Let us consider the entire complex function

f(z) =sinz — zcos z.

The zeroes of f(z) are xy, —xy, and 0. These are all simple with the exception
of 0 whose order is 3. By the Weierstrass factorization theorem we have

2 " 22
f(z)=—= (1 - ) .
3 kl_Il xi
On the other hand, by expanding f(z) at 0 we have that

o ( 1)nz2n+1 e n 2n

B ( n _2n
f(z):;) (2n + 1) _Z;) *Z 2n+3 1)

By comparing these two expressions we find that

1 6(n+1)
S 1= § : 2 .2 2 = :
[

ki<ko<--<kn $k1$k2 xk‘n (2n + 3)

In particular, for n = 1 we obtain
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PROBLEMS

Authors should submit proposed problems to gmaproblems@rms.unibuc.ro.
Files should be in PDF or DVI format. Once a problem is accepted and considered
for publication, the author will be asked to submit the TeX file also. The referee
process will usually take between several weeks and two months. Solutions may also
be submitted to the same e-mail address. For this issue, solutions should arrive
before 15th of November 2020.

PROPOSED PROBLEMS
496. Calculate the integral:

/°° arctan x
—dx.
0 i+ a2 +1

Proposed by Vasile Mircea Popa, Lucian Blaga University, Sibiu,
Romania.

1
497. Let n > 4 and let aq,...,a, be nonzero real numbers such that — +
ax

1
-+ — = 0. Prove that

an
7+...+7n (az_a]) n-.

ay 1<i<j<n
When do we have equality?

Proposed by Leonard Giugiuc, Traian National College, Drobeta
Turnu Severin, Romania.

498. Let A, B € M,,(C) be two matrices such that
1
A2 B, = g(AB — BA).

Prove that:

(i) det(A? — B?) = det(A — B) det(A + B) = 1.

(ii) (AB — BA)" = 0.

Proposed by Florin St&nescu, Serban Cioculescu School, Gaesgti,
Dambovita, Romania.

499. Let a,b > 0. Calculate

3
lim \/ﬁ/ \/asin2”x + bcos?™ ¢ dzx.
0

n—oo

Proposed by Ovidiu Furdui, Alina Sint&marian, Technical
University of Cluj-Napoca, Cluj-Napoca, Romania.
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500. Let C' be a simplex in R" with the vertices A1,..., Ay11 and let M be
a point in the interior of C. For every 1 < ¢ < j < n+ 1 we denote by A; ;
the point where hyperplane generated by M and Aq,... A, ,Aj, LA,
intersects the edge A;A; of C. We denote by D the convex hull of {4;; :
1<i<ji<n+1}.

Prove that vol D < (1 — ”Qtl)volc, and the equality is reached if and
only if M is the centroid of C.

Proposed by Leonard Giugiuc, National College Traian, Drobeta
Turnu Severin, Costel B3lcau, University of Pitesti, and Constantin-
Nicolae Beli, IMAR, Bucuregti, Romania.

501. Let f : R — R be a differentiable function. Then f(z +y) — f(z) >
yf'(z) Vo,y € R if and only if n (f(z+ 1/n) — f(x)) > f'(x) Vo € R and for
every positive integer n.

Proposed by Florin Stanescu, Serban Cioculescu School, Gaesti,
Dambovita, Romania.

502. Let m > 0 be an integer. Evaluate the series
o0 m] (k+m)
Z (z™log ) e,
k!
k=1

where () is the derivative of order i of f.

Proposed by Mircea Ivan, Technical University of Cluj-Napoca,
Romania.

503. The Poincaré half-space model of the non-Euclidean n-dimensional
space is the upper half-space H,, = {(x,) | z € R®!, y > 0}. We regard an
element z € R"™1 as a column vector, i.e., as an element of M,,_11(R).

Then the group of positively oriented isometries of H is made of the
functions fa aq @ H — H, with o > 0, A € OF(n — 1) and @ € R"!, given
by (z,y) — a(Az + a,y), and the functions go A, : H — H, with a > 0,
A€ O (n—1)andr,a € R* ! given by (z,y) — « (wé(f';gyg + b, |$_T?2+y2).

Give a direct proof of the fact that if G is the set of all f, 4, and all
Ja,Arq then (G, o) is a group.

Here O(n — 1) is the orthogonal group, O(n — 1) = {A € M,,_1(R) |
ATA =1, 1}. Wehave O(n—1) = Ot (n—1)UO~ (n—1), where OF(n—1) =
{A€O0(n—1)| det A==+1}.

If 2 = (z1,...,2,_1)7 € R*! then |z| denotes its Euclidean length,
2> = af + -+ ap .

Proposed by Constantin-Nicolae Beli, IMAR, Bucuresti, Romania.
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SOLUTIONS

482. Let x € R. Prove the series

- 1 sin

E 3" (sinz —z+ —a3 — .. — 2 gm),
3! n!

n=0

converges absolutely and calculate its sum.

Proposed by Ovidiu Furdui, Technical University of Cluj-Na-
poca, Cluj-Napoca, Romania.

Solution by the author. The answer is sinx cos(2z). First we prove the
series converges absolutely. We apply the Maclaurin formula of order n to
the function f(x) = sinz and we have that

i 3 sin gt
TR
where
i 1
for some 6, € (0,1). It follows that
= .
1 sin &
Z 3n(sinx—x+7x3_.”_ in % x”) ‘
n=0
i (n+1)m
:i 20 (9zx+ 2 ) n+1
n=0 (n+1)!
L5 Bl
B I
3= (n+1)!
_ L (el
=5 (¢ -1),

which shows the series converges absolutely.
Now we calculate its sum. We have
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> 1 sin ¢
o n . o 3L 2 ..n
x)—ZB (smx a:—|—3':c . :c>
1 sin &
o n o - o L 2 ..n
Sln.%'—i-zzl?) (smx :B+3'£L' i 1L'>
n
. (m+D)7

n—1l=m 1 sin

gm+1 _ T T R R 5

smx—l—mzo <sma: x + 3‘$ (m+1)! x
sin &%
—s1nx—|—323m<s1nx—x+3'x — —m'me>
m=0

+

_ Z3m+1sm (m2) L
(m+1)!

o (m+1)(0)
= si — L m+1
=sinx + 3f(z) mZ::O (m 1) (3z)

= sinz + 3f(z) — sin(3x),

and it follows that 2f(z) = sin(3z) — sinz. Concluding, f(z) = sinx cos(2x)
for all z € R.

Solution by Angel Plaza, Universidad de Las Palmas de Gran Canaria,
n o0
k kn x*
Spain. Since sinx — sin 7771‘7 = E sin X2

Sk our series writes as

To solve the problem, we prove that the double series S is absolutely
convergent and we calculate its sum.
Assuming that S converges absolutely, we have
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ke b E2
— N o n
R L) 3F
k=1 n=0
o~ . krak (3F -1
= sin — —
2 k! 2
k=1
1 (&S, krn(32)f & . knak
:2<ZSIH2 k' —ZSIH?H
k=1 k=1
sin(3x) — sin(z)
= 5 _
7k ]x\k
To prove that S is absolutely convergent we note that |sin 5 S 7
o _ n
so it is enough to show that 7" < oo, where T' = 23 Z R By the

n=0 k=n+1
km
same calculations as for S, but with the factor sin - ignored and with x

replaced by |z|, one gets

3|z

T:é(i?’ 2D Z’xk> 1 (37l — )(e|$—1)):€2_ex|<oo.

k=1

In conclusion, the proposed series is absolutely convergent and its sum
sin3z — sinz

18 9

Solution by Nicusor Minculete, Brasov, Romania, and Daniel Vacaru,
Pitesti, Romania. If we consider the Taylor expansion of f(x) = sinx we
have

1 sin 7
sing — x4+ —a3 — - — 2ot = f ka)

3! n!
/ FOrD (@) ) A )

We will determine
5=Ya / For g ) (@-0)" .
n>0

For this problem we need the case a = 3.



44 PROBLEMS

1

Since |f+D(¢)| < 1 Vt, we have [; |f("D(2) (x:j)n |dt < ‘xanr)!, so our
series S is absolutely convergent. We have

S = /Ow g(t)dt, where ¢(t) = Zf(nﬂ)(t)w.

n>0

n!
Let y = ax — (a — 1)t, then a"(z — t)" = (ax — at)” = (y — )", so that

(y—t)"

g(t) =Y (/") = ['ly) = fllax = (a = 1)).
n>0 ’
Therefore
S = /0 f(ax — (a — 1)t)dt = f(“?_lf@”)
In our case, f(z) =sinz and a = 3, so § = SWILSINT — gip 5 cos 2.

Note of the Editor. Note that in their proof Nicugor Minculete and
Daniel Vicaru prove that the sum of the series writes as [ f/(az—(a—1)t)dt.
Since f(z) =sinz and a = 3, this means the sum is [ cos(3z — 2t)dt.

We received a solution from Ulrich Abel, from Technische Hochschule
Mittelhessen, Germany, who arrives to the same formula, but in a different
way. He too writes the remainder of the Taylor series in the integral form,
but then he continues as follows:

oo 3 n
ZS"(sinx—f!+:;!_..._f(n)(o)i!>
n=0

= ZBn/x(xn't)nf(n+1) (t)dt
n=0 0 :
i x _

= 232"/0 M(—l)”cos(t)dt
n=0 '

+ i 3+l / G (=1)" sin (¢) dt

(cos (3(x —t))cos(t) —sin (3 (x —t))sin(¢))dt

sin (3x) — sin (x)

—1
cos (3x — 2t) dt = — sin (3z — 2t) =
2 —o 2

h |
i
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oo
483. Suppose that 0 < a1 < ay < ... and Zl/an <oo. Let A =
n=1

{n € N* : a, < nlogn}. Prove that A has logarithmic density 0, that
1
is, lim —— —=0.
o log = Z k
k<z,kcA
Proposed by George Stoica, New Brunswick, Canada.
Solution by the author. Let B := {m € N* : (2m~12m| N A # (}.
Suppose m € B. Then there exists an integer n,, € A with 2"~ < n,, < 2™,
Then for n,,/2 < k < n,, we have ay < a,,, < Ny, logny,, so

() Z 1 S Pm = [ /2] S 1 S 1

o 3R ar — nmlogn,, ~ 2logn, — 2mlog?2

Note that if m, m’ € B with m’ —m > 2 then 2n,, < 2"t <27'~1 < n ., so
(M /2, ) O (N /2, ] = 0. Tt follows that every k > 1 belongs to at most
two intervals of the type (n,,/2, ny,]. Thus, when we sum the inequality (*)

over m > 1, we get
1 1
2 — > —_—
Z ap Z 2m log 2
k=1 meB

Since > 524 i < 00, this implies that ) 5 % < 00.

We also have

2m—1lcfk<om kc A
If y := (log z)/(log 2) then

> o= X g >

2t g =1 ifmeB,
~ 10 if m ¢ B.

| =

k<z,kcA k<2¥ keA m<y+1 \ k€A, 2m—1l<k<2m
1
< doo1= fly+1),
y10g2 meB, m<y+1 y10g2
where f(y) := Z 1.
meB, m<y
We have
fIN) — f(N/2) 1
I < Z o — 0as N — o0.

meB,n/2<m<N
Thus f(y)/y — 0 as y — oo, hence
1 1
Z - < limsupM =0.
k y

k<z,kcA y—roo

lim sup
z—o0 10T
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As the liminf of the expression in the conclusion is always > 0, the problem
now follows.

484. Prove that for a continuous nonconstant function f : R — R, the
following conditions are equivalent:

(1) f(z) — f(y) € Q for all z,y € R such that x —y € Q;

(2) f(z) — f(y) €e R\ Q for all z,y € R such that z —y € R\ Q;

(3) there exist a € Q* and b € R such that f(z) = ax + b for all z € R.

Proposed by Vasile Pop, Technical University of Cluj-Napo-
ca, Cluj-Napoca, Romania.

Solution by the author. Assuming (3), then f(x)— f(y) = a(z—y) for all
z,y € R, and the implications (3) = (1) and (3) = (2) are straightforward.

Conversely, assume either (1) or (2), and let A = Q, or A = R\ Q
respectively.

Fix y € A and define g : R — R by g(z) = f(z +y) — f(x) for all
xz € R. Then g(R) C A, and g(R) is an interval (possibly degenerated) since
g is continuous, hence g must be constant. It follows that g(z) = g(0) for all
x € R, hence

flx+y)— f(z)=f(y)— f(0) forallzeR, ye A (4)

Next, fix z € R and let b : R — R be defined by h(y) = f(z+y) — f(y)
for all y € R. By (4), h(y) = h(0) for all y € A and by using the continuity
of h and the density of A in R, it follows that h(y) = h(0) for all y € R.

Thus one has

flety)=f(@)+ fly) - f(0) forallz,yeR,
or, equivalently,
f@+y) = f(0) = (f(x) = f(0)) + (f(y) — f(0)) forallz,y € R.
Using the continuity and additivity of
F:R—=R, F(z)=f(x)— f(0) forall zeR,
it follows that F'(z) = ax for all x € R, with a € R constant, hence
f(x)=ax+0b foralzeR

where b = f(0) € R. Since f is nonconstant, it follows that a # 0.
Finally, under the assumption (1), we have that

a=f(1) - f(0) € Q,

while, under the assumption (2), we have that

f<1>—f(0)=16Q,

a

1
hence — ¢ R\ Q, leading to a € Q and concluding the proof.
a
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We received the same solution from Daniel Vacaru, Maria Teiuleanu
Economic College, Pitesti, Romania.

485. Assume that ABC is a triangle with a > b > ¢, where the angle A has
a fixed value. We denote by % the sum

\/b+c—a+\/c—|—a—b+\/a+b—c'
a b c

Then the only possible values of A are 7/3 < A < 7 and we have:
(i) The smallest possible value X is

4sin%+ 2(1—sin%)

A4
2

(ii) If 7/3 < A < /2 then the largest possible value of ¥ is
4cos A+ /2 (1 —cosA)
V2cos A .

If 7/2 < A < 7 then there is no finite upper bound for X.

2sin

Proposed by Leonard Giugiuc, National College Traian, Dro-
beta Turnu Severin, Romania.

Solution by the author. Since a > b > ¢ we have A > B > C. Since A
is the largest angle of a triangle, we have 7/3 < A < 7.

Let z = b*%;“, Y= C*sz, z = “*Sfc, so that ¥ = /x4 /y + /2. We
have the well known relations:

2sin & sin & 2sin € sin 4 2sin 2 sin 2

_ 2 2 _ 2 2 _ 2 2
L= A Y= - B y A= . C
Slﬂi Sln§ Sln§

It follows that
yz = 4sin? é, zx = 4sin® E, xy = 4sin’ g, rYyz = 8sin — sin—sing.
2 2 2 2 2 2

Hence the identity sin? g + sin? g + sin? % + 2sin % sin g sin % = 1 writes as
xy +yz + zx + ryz = 4.

Sinceg>%2g2%>0wehaveyz22x2xy,Whence:cgygz.

Let k = yz = 4sin? %. Since A is fixed, so is k. We have 7/3 < A <,
so that 4sin2% < k < 4sin? 5yie, 1<k <4

Let y + z = 2s. We also have yz = k so, by the AM-GM inequality,
s> \/E

We have z(y + z + yz) =4 — yz, ie, 2(2s + k) =4 — k, so z = =k

2s+k”
We also have \/§ + vz = \/y + z + 2,/yz = V/2s + 2Vk. Hence
4—k
¥ =25+ 2Vk + 5o = k),

2s +
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Wherefk:[\/E o0) = R, fi(t) \/2t—|—2\f—i—\/2t+k.
1

We claim that is strictly increasing. We have f/(t) = ———— —
fr y g Vv fk( ) SR

ﬁ We must prove that fi(t) > 0, i.e., (2t +k)® > 2(t + Vk)(4 — k),

vt > k. Since k > 1 we have (2t + k)% > (2t + 1)® and 3 > 4 — k. Hence it

suffices to prove that (2t+1)% > 6(t+vk), i.e., 8t3+12t24-6t+1 > 6t +6tVk.

But this follows from 122 > 12t > 12vk > 6vk. (We have t > vk > 1.)
We are now ready to solve (i). Since fj, is increasing, the smallest value

of ¥ = fi(s ) is obtained when we take s minimal, i.e., when s = vk = 2sin le

Thenfk \/2f+2f+\/2f+k But \/2f+2\f—\/851n2and

4—k 2 — 2-2 sm
Wk + k B 2 + \f 2 sm
In conclusion, the smallest possible value of 3 is

2—2311131 4sm +4/2 1—sm
8sm—

QSIH* Qsmg

To see when this minimal value of ¥ is reached, recall that £k = yz and
2s = y + 2z, so s = Vk happens precisely when y = z = \f This is
equivalent to zx = 2y, i.e., 2sin? B = 2sin? C ,ie, B=C= . Note that
A > 7/3 implies A > %, so A 2 B=C. Hence the Condltlon a>b>cis
fulfilled.

For (ii), in order to obtain large values of 3 = f;(s) we need large values
of s. Therefore we must find the largest eligible value of s. Since y+ z = 2s,
yz =k and y < 2, we have y = s — Vs?2 — k, 2 = s + v/s2 — k. Since also
x = 2‘%31’2, the condition that z < y writes as % < s — v/s? — k, which
is equivalent to (2s + k)(s — Vs2 — k) > 4 — k, ie., gi(s) > 4 — k, where
gr 1 [Vk,00) = R, gr(t) = (2t + k) (t — V/t2 — k). Moreover, we have x = y if
and only if gi(s) =4 — k.

We claim that gy, is strictly decreasing. We have g} (t) = 2(t—v/t% — k)+
(2t+k)(1— \/tfi) (t—Vt?—k)(2— jﬂ) which is < 0 for ¢ > /& since
the first factor of the product is always positive and the second is always
negative. Hence g is decreasing on its domain [vk,o0). Also note that
gk(\/E) = (Q\f—l—k:)\f =2k +kVk >3k >4—k, as k > 1. We also have
limy o0 g () = limy—s o0 (2t + k)t+\/t27 k. Hence lim;_,o gk( yis>4—k
or <4 —k when k > 2 or k < 2, respectively. As k = 4sin? %, the two cases
correspond to A > 7/2 and A < 7/2. We consider the two cases separately.

a. 1/3< A< /2 ie., k<2 Then gk(\/E) >4 —k > limy oo gr(t).
Since g is decreasing and continuous, there is a unique tg € [\/%, 00) such
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that gi(to) = 4 — k. We have gi(t) > 4 — k if and only if t € [k, t]. Hence
the largest value of s € [V/k,00) with gi(s) > 4 — k is s = tg, so the largest
value of X is achieved for s = tg.
If s = to then gi(s) = 4 — k, which is equivalent to z = y. Since
k k k

yz = k, we have z = v o If we replace y = x and z = 7, the identity

ry+yz+zr+ayz = 4 writes as 2? +k+k+kr =4, ie., 2>+ kx+2k—4 = 0.
But the roots of X2 +kX +2k—4 = 0 are —2 and 2— k. Since z > 0, we have
x=2—k. It follows that y = 2—k and z = 5> andso 8 = /o + /y+/z =

2v2 —k+ ,/ﬁ. But 2 -k =2-— 4sin2% = 2cos A, so k = 2(1 —cos A).
Thus the largest possible value of ¥ is

k 4cos A+ /2(1 — cos A)
2V2 -k + = .
2—k V2cos A

In order to achieve this maximal value we need that © = y, which is equivalent
to yz = zx, i.e., 4sin2§ = 4 sin? g. So we have A = B and C = 7 — 2A.
Since /3 < A < 7/2 we have A > 7 —2A > 0. Hence A= B > C > 0.
Hence the condition a > b > ¢ is fulfilled.

b. 7/2 < A < 7, ie, k> 2. Then lim;,o gr(t) > 4 — k. Since g
is strictly decreasing, we have gi(s) > 4 — k Vs € [V/k,00) so there are no
restrictions on s. Since obviously lims_,~ fx(s) = 0o, the value of ¥ = fi(s)
can be arbitrarily large, i.e., there is no finite upper bound.

Alternatively, for every M > 1 we may consider the triangle ABC,
where ¢ = 1, b = M and A is our given value, 7/2 < A < 7. Since M > 1,
we have b > ¢ and, since A > 7/2, we have a > b = M. Thus the condition
that a > b > c is fulfilled. Since a > M, b= M, ¢ =1 we have

b— M+ M—1
2>\/‘”r C>\/ +1 — VoM — 1.
C

So if M — oo then ¥ — oo, so X can be arbitrarily large.

Solution by Marian Cucoanes, Eremia Grigorescu Technical Highschool,
Marasesti, Vrancea, Romania. If we put p = %(a + b+ ¢) then we have the

well known formula siné =4/ % and similarly for sin % and sin %
From these we get

sin(A/2)sin(B/2) p—c a+b-c

sin(C/2) c 2

Ja+b—c  2sin(A/2)sin(B/2)
c B sin(C'/2) '

SO
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Together with the similar relations, this implies that

x sin(A/2)sin(B/2) n sin(A/2)sin(C/2) n sin(B/2) sin(C/2)
V2 sin(C/2) sin(B/2) sin(A/2)

o sin(B/2) sin(C/2) \/sin(B/2)sin(C/2)
WQ)( sn(C/2) sin<B/2>>+ OB

2
We denote k = sin% and z = <\/ :ﬁ(gg; + \/ :2 gﬁ ) . From the
AM-GM inequality we get = > 4, with equality iff sin(B/2) = sin(C/2), i
it B=C.
We have a > b > ¢, s0 A > B > C, which implies that A > %. From
%§A<7Tweget7r<A< 2,502<sm <1, ie. k‘e[ ,1).

We have
_ sin(B/2) N sin(B/2) oo sin?(B/2) + sin*(C/2)
~ sin(C/2)  sin(C/2) B sin(B/2) sin(C/2)
2 —cosB —cosC
2sin(B/2)sin(C/2)’
Since B+C =5 - ‘3, we have cos B+C = sm . We also have
COSB_C = COSB+C +ZSin§sing = siné —i-QSinEsin—
2 2 2 2 2 2 2"
Therefore
B B - A A B
cos B + cosC = 2 cos ;—C cos 5 ¢ = 2sin§ (sin§ + QSingsin%> .

Then the formula for x writes as
2 — 2sin(A/2)(sin(A/2) + 2sin(B/2) sin(C/2)
2sin(B/2) sin(C/2)
1 — k% — 2ksin(B/2) sin(C/2)
sin(B/2) sin(C/2)
1—k?
sin(B/2)sin(C/2)’

=2+

=2+

=22k +

so that
Jsin(B/2)sin(Cj2) = LK
x+2k—2
It follows that % = f(x), where f :[4,00) is defined by formula

1/1_ 2
Vkr + k .
VvV + 2k —2

fz) =
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We have

_VE VI-R 1 Cky(m+2k—2)3 — /(1 — k%)
2y vk (@ +2k—273 Whay/(x+2k—2)3

It follows that for every x € [4,00) f'(z) has the same sign as g(x),
where ¢ : [4,00) — R is given by

f'()

g(x) = (ky/(x + 2k — 2)3)2 — (W (1 — k2)a)? = K} (x4 2k — 2)3 — (1 — k).
We have

g(x) = 3K+ 2k 2 — (1 - k) = (3(x + 2k~ 2~ +1)

k2
> k2 3<4+2 1—2>2—1+1 =24k*> >0
- 2 (1/2)? B '

(because z > 4 and k > 1.)
It follows that for every x € [4, 00) it holds

gx)>g(4) =k22k +2)3 — 41— k) =4k + D22k +1)2 +k—1) > 0.

£)

(We have k > %,509(4) 24(%-}-1) (2. (%)2(%+1)2_‘_%_1)
Hence for every = € [4,00) we have f(x) > f(4), whence

sz/if(4):\@(2x/E+ V1—k? )_4k+\/2(1—k)'

VEV2E 42 V2k
. o A . .. . _ 4sin(A/2)+4/2—25sin(A/2)
Since k = sin 5, this minimal value writes as ¥ = a2 .
The minimum is reached if z = 4, ie., if B = C = 54, Since A > Z, we

have A > %, so the condition A > B > C is satisﬁed2. ’

Suppose now that § < A< 5 and A > B > (C. In this case we have
k=sin% €[4, 4)

Moreover, B—C =B —(r—A—-B)=A+2B -1 <3A—nm < 7, with
equality if A = B. Then 0 < B%C < 3‘427” < % < m, which implies that
cos B%C > cos MT_” = coS # = sin %, with equality iff B — C' =34 — 7,
ie., iff A= B. We also have cos BT*C = cos (g — é) = sin é. It follows that

.B_C_1< B-C B+C’>>1<_3A .A)
S B S B = B COS 9 COS 5 =9 S 5 S1n 9

A
= sin 5 cos A = k(1 — 2k?),
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with equality iff A = B. Then

x=2—2k+ Lk <2—2k+1_7k2
sin(B/2)sin(C/2) — k(1 — 2k?)
(1—k)?(1+2k)?*
R

Since f is strictly increasing, we have f(x) < f(xo) with equality iff z = z,
which is equivalent to A = B.
1— 2

To compute f(xg), note that xo + 2k — 2 = k(l—iglﬁ) and therefore

V1 —k? 1—-Kk)(1+2k vV1—k2
flwo) = Vit +2k—2):( \/1)£2k2 Ly )
0 k(1—2k2)
1+ k — 2k? k
=T V1= 12k ——
V1 —2k2 V1 —2k2
We have cosA:1—2sin2g =1-2k?s0k = \/%. Hence

max Y = V2f(x0) = \/§<2\/COSA+ \/ 12_C§SOZ4>

_ 4cos A+ /2(1 —cos A)
v2cos A
and the maximum is reached when B = A and C' = m — 2A. Since A > 7,
we have m —2A < A, so A > B > (C is satisfied.
Ifg§A<7Tthenf0revery0<0§%WetakeB:W—A—C’and

we get a triangle with A > B > C. We have = = g(c) := \/Zﬁgg?gg + :gggﬁ%

Since limg_y0 g(c) = 0o and lim, o f(2) = 0o, we have that ¥ = /2f ()
has no finite upper bound.

Note from the Editor. We also received a solution for the part (i)
of the problem from Yury Yucra Limachi, from Puno, Peru. He obtained
the same formula for X, in terms of siné, sin% and sin %, as in Mar-
ian Cucoanes’s proof, but then he considers its square, F(A, B,C) = X2,
which no longer has square roots. Then, after some lengthy calculations, he
proves that F(A, B,C) > F(A, %, %), therefore proving that the minimum
for F(A, B,C), and so for ¥, is reached when B = C = %.

486. Find all continuous functions f : R — R which satisfy the equation
x
f(—x) = x+/ sint f(x —t)dt, VxeR.
0

Proposed by Ovidiu Furdui and Alina Sintamdrian, Technical
University of Cluj-Napoca, Cluj-Napoca, Romania.
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Solution by the authors. We prove that f(z) = —SmQ(:/gm) - 5.
Using the substitution z — ¢ = u the equation becomes

f(=x)=z+ /j sin(z — u) f(u) du. (1)

Since the right hand side of the preceding equation is a differentiable func-
tion, f being continuous, we get that the left hand side of the equation is a
differentiable function and hence f is differentiable.

First we observe that equation (1) can be written as

fl—x)=z+ sinx/om cosu f(u)du — cosx/(f sinu f(u) du. (2)

Taking derivatives of both sides of equation (2) we get that
—f(~x) = 1+cosx/:cosuf(u) du+sinac/0xsinuf(u) du, VzeR. (3)
Since the right hand side of equation (3) is a differentiable function we get

that f’ is also differentiable and it follows by differentiation both sides of the
preceding equation that

f'(—x) = —Sinaz/

0

T

cosuf(u)du+c0saz/xsinuf(u)du+f(a:), Vo e R.
0

Adding equations (2) and (4) we get that

ff(=a) + f(—x) =2+ f(z), VzeR ()
Replacing = by —z in (5) we get that
f"(z)+ f(x) = —x + f(—z), VzeR. (6)

It follows, adding (5) and (6), that f”(x)+ f”(—xz) = 0, V2 € R. This implies
that f/(x) — f'(—x) = C, for some C € R. Taking x = 0 one has that C =0
and it follows that f'(z) — f/(—z) = 0, Vo € R. This equation implies that
f(x) + f(—x) = Cy, for some C; € R. Since f(0) = 0, we get that C; = 0
and we have that f(z) + f(—x) = 0, Vo € R. Thus, f(—x) = —f(z) and
we obtain, based on equality (6), that f”(z) + 2f(x) = —x. The solution
of this non homogeneous second order differential equation with constant
coefficients is given by f(z) = acos(v2z) + bsin(v2z) — £, a,b € R. Since
f(0) =0 and f’(0) = —1, we get that a = 0 and b =

1
C2V2’
that f(z) = _sin(V2z) _ z.

2v/2 2
One can check that the function f(z) = — Sm;:/gx) —Z verifies the integral

and it follows

equation in the statement of the problem. The problem is solved.
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487. We consider the complex matrices A and B of dimensions m x n and
n X m, where m >n > 2. Let C' = AB. If 0 is an eigenvalue of C of order
m —n and C** = AC* for some k > 1 and A € C\ {0}, then determine BA.

Proposed by Leonard Giugiuc, National College Traian, Dro-
beta Turnu Severin, Romania, and Costel Balcau, University of
Pitegti, Pitesti, Romania.

Solution by the authors. Let f and g be the characteristic polynomials
of AB and BA, respectively. It is well known that f(X) = X™ "g(X).
Since, by hypothesis, 0 is a root of order m — n of f, 0 is not a root of g.
Thus BA is invertible.

We have:

(BA)**! = B(AB)*A = BC*A and (BA)**2 = B(AB)**1A = BC* 1 A,

But C*1 = \C*, so (BA)**2 = \(BA)**!. Since BA is invertible, this
implies BA = \I,,.

488. Let 0 < a < b and f : [a,b] — R be a continuous function with
f(a) = f(b). Then there exist o, € [a,b] such that f(a) = f(5) and
a/f ¢ Q.

Proposed by George Stoica, New Brunswick, Canada.

Solution by the author. We may assume that f is not constant on
[a,b]. Thus there is some ¢ € (a,b) such that f(c) # f(a). We assume that
f(e) > f(a) (a similar argument applies if f(c¢) < f(a)), and define a new

function g : [f(a), f(c)] — R by
inf{[a, ] 0 f (y)}

M= S lfe N F W)
As y increases, the Intermediate Value Theorem implies that the numerator
of the above function strictly increases, while the denominator strictly de-
creases. Therefore g is injective. We deduce that g(y) is irrational for some
y € [f(a), f(c)]. Set a = inf{[a,c]N f~1(y)} and B = sup{[c,b] N f~(y)}.
Since [a,c] N f~1(y) is closed, we see that a € [a,c] N f~1(y), and thus
f(a) = y. Similarly, f(8) =y. As o/ ¢ Q, the proof is complete.

Note from the Editor. We received essentially the same proof from
Leonard Giugiuc, Traian National College, Drobeta Turnu Severin, Romania.

Solution by Filip Munteanu, Faculty of Mathematics and Computer Sci-
ence, Babes-Bolyai University, Cluj-Napoca, Romania. First we prove that
there are s,t € (a,b), s < t, such that f(s) = f(¢). If f is a constant then we
have nothing to prove. If f is not constant then, according to Weierstrass’
Theorem, f has a minimum m and a maximum M and they are distinct. In
particular, we have either m # f(a) or M # f(a). Assume that m # f(a),
i.e., that m < f(a) = f(b). Let z be such that f(z) = m and let’s consider
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w € (m, f(a)), so that f(z) =m < w < f(a) = f(b). We have a < z < b,
fla) > w > f(z) and f(z) < w < f(b). Since f is continuous, there exist
s € (0,z) and t € (z,b) such that f(s) = f(t) = w. The case when M # f(a)
is similar.

If s/t ¢ Q, we can choose @ = s and 8 = t. Otherwise there exists an

integer n > 1 such that r = (f)l/n ¢ Q. (We write § > 1 as § =p}'-- -
for pairwise distinct prime numbers p; and nonzero integers r;, and we take n
to be any integer not dividing ged{r1,...,r}.) We have r > 1 and ¢ = sr™.

Let’s define the function g : [s,s7" 1] — R, g(x) = f(ar) — f(z) and

note that g is continuous. In addition, we have
9(s) +g(sr) + g(sr%) + -+ g(sr" ™) = f(sr™) — f(s) = f(t) — f(s) = 0.
From here one may deduce that g has some zeroes (otherwise, since g
is continuous, it would follow that either g > 0 or g < 0, which contradicts

the relation from above).
Let ¢ be a zero for g. We can choose o = c and § = cr.

Note from the Editor. This is a late solution to a problem published
in the the 1-2/2018 issue of GMA and solved in the 1-2/2019 issue.

472. Let a,b, ¢ € [0, §] such that a4-b+c = m. Prove the following inequality:

. (a—b), (b—c), (c—a)
sin 5 sin 5 sin 5 .

Proposed by Leonard Giugiuc, Traian National College, Drobeta Turnu

sina + sinb +sinc > 2+ 4

Severin, Romania and Jiahao He, South China University of Technology,
People’s Republic of China.

Solution by Marian Dinca. Rewrite the inequality to be proved in the
equivalent form

sina + sinb + sinc > 2 + | sin(a — b) + sin(b — ¢) + sin(c — a)|.

Recall, a,b,c € [0, 5], with a + b +c = 7.
By symmetry, we assume that a > b > ¢. Then

|sin(a — b) + sin(b — ¢) + sin(c — a)| = | sin(a — b) + sin(b — ¢) — sin(a — ¢)|
= sin(a — b) + sin(b — ¢) — sin(a — ¢).

Here we used the fact that the sine function is non-negative and subadditive
on [0,7/2], i.e., sinz + siny > sin(x + y) if x,y > 0, with z +y < w/2.
Then our inequality writes as

sina 4 sinb + sinc > 2 + sin(a — b) + sin(b — ¢) — sin(a — ¢)
or, equivalently,

sina + sinb + sinc + sin(a — ¢) > sing +sing + sin(a — b) + sin(b — ¢)|.
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We now use the following result, which is a variant [2, 3] of Karamata’s
inequality [1].

Let f : I — R be a concave and increasing function, where I C R is
an interval. Let ay,...,a, and by,...,b, be two sequences in I such that
hh<---<bpanday+---+apr <by+---+bg fork=1,...,n.

Then we have f(a1) + -+ f(an) < f(b1) + -+ f(bn).

Apply this result for f:[0,7/2] — R, f(x) = sinz, which is increasing
and concave, n = 4, (a1, az, a3, as) = (min(a—b,b—c),max(a—b,b—c), 5, 3),
and (b1, b, b3, bs) = (min(c,a — ¢), max(c,a — ¢), b, a).

Since 0 < a,b,c < § and a+b+c=m, we have a < § < b+ c. We get
similar inequalities if we permute a, b, c.

We now verify that aq,as,as,aq and by, bo, b3, by satisfy the conditions
of the theorem.

Obviously min(¢,a — ¢) < max(c,a —c¢). Since b > ¢ and b+ ¢ > a, so
b > a — ¢, we have b > max(c,a — ¢). Also a > b. Hence by < by < bg < by.

We have b+c > aanda >bsoa—c<band b—c<a-—c It
follows that min(a — b,b — ¢) < min(c¢,a — ¢), i.e., a; < by. Also a1 + ag =
(a—b)+(b—c)=a—cand by +by =c+a—c=a. Wehave a—c < q, ie..
ar +az < by +be. Alsoa; +az+a3 =a—c+ 5 and by +ba + b3 = a+b.
Since b+ ¢ > a, we have a —c+ § < a+b, ie., ay +az + a3 < by + by + bs.
Finally a1 +as +a3+ay=a—c+ 5+ 5 =a—c+mand by + by + b3+ by =
a+b+a=2a+b. Since a+b+c=m we have a —c+ 7 = 2a + b, i.e.,
a1 + a2 + a3 + ag = by + by + b3 + b4.

So all the conditions of the theorem are fulfilled and we have

flar) + flaz) + flaz) + flas) < fbr) + f(b2) + f(b3) + f(ba).

But
fla1) + f(a2) + f(as) + f(as) = sin(a — b) +sin(b — ¢) + sing + sin%
and

f(b1) + f(b2) + f(bs) + f(bs) = sinc+ sin(a — ¢) + sinb + sin a.

Thus we have the desired inequality.
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