
The IMAR Competition, 20L0 
- Solutions

Problem l-. Show that a sequence (u",),".w of plus and minus ones is periodic
with periocl apower of 2,if and only if en: (-f;r1";, n € N, where P is an
integer-valued polynomial with rational coefficients.

(A polynomial P with complex coefficients is i,nteger-ualued if P(m) is an
integer number whenever rn is an integer number.)

First Solution. Given an integer-valued polynomial P with rational co-

efficients, we show that the sequence ((-t;rf"l;.qs is periodic with period
a power of 2. Clearly, it is sufficient to show that, for some non-negative
integer s, the integer numbers P(n) and P(n+ 2") both have the same par-
ity, whatever n € N. To this end, consider a positive integer nz such that
Q - rnP is a polynomial with integral coefficients (e.g., let rn be the least
common multiple of the denominators of the coefficients of P when written
in lowest terms), let 2' be the highest power of 2 dividing rn, and let s be
an integer greater than r. Write rn:2'(2mi + 1) and fix a positive integer
n. Since 2" divides the difference

Q(n + 2") - Q(") : m(P(n+ 2") - p(")) : 2' (2mt + r)(P(n + 2") - P(")),

and s ) r, the conclusion follows.

Conversely, given a sequence (err)"re nv of plus and minus ones which is periodic
with period 2',Let
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