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Expansions of arithmetic functions of several variables with respect
to certain modified unitary Ramanujan sums
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Abstract

We introduce new analogues of the Ramanujan sums, denoted by ¢4(n), associ-
ated with unitary divisors, and obtain results concerning the expansions of arithmetic
functions of several variables with respect to the sums ¢;(n). We apply these results
to certain functions associated with o*(n) and ¢*(n), representing the unitary sigma
function and unitary phi function, respectively.
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1 Introduction

Let ¢4(n) denote the Ramanujan sums, defined by

cq(n) = Z exp(2mikn/q),
1<k<q
(k3q):1

where ¢g,n € N={1,2,...}. Let o(n) be, as usual, the sum of divisors of n. Ramanujan’s
[7] classical identity

%") =Y qu(f) (n € N), (1.1)
qg=1

where ( is the Riemann zeta function, can be generalized as

o((ny,...,nx)) 20 g (nh) e, (nk) . .
T om CCEED 2 T (eemeeN), ()

valid for any k € N. See the author [15, Eq. (28)]. Here (n,...,ng) and [nq,...,n;] stand
for the greatest common divisor and the least common multiple, respectively, of ny, ..., ng.
For k = 2 identity (1.2) was deduced by Ushiroya [18, Ex. 3.8].
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By making use of the unitary Ramanujan sums cZ(n), we also have

o((ny,...,ng))

(n1,...,ng)

_ C(k-l—].) Z ¢k+1([q17-..7qk})c* (nl)czk(nk) (nl,u',nk e N),

) (g1, ..., qp]2(kHD) 0
qk=

(1.3)
for any k € N. See [15, Eq. (30)]. The notations used here (and throughout the paper),
which are not explained in the text, are included in Section 2.1. In fact, (1.2) and (1.3) are
special cases of the following general result, which can be applied to several other special
functions, as well.

Theorem 1 ([15, Th. 4.3]). Let g : N — C be an arithmetic function and let k € N. Assume
that

Z2kw(n N*g)( )|<Oo_

Then for every ni,...,ng € N,
o0
g((nla"'vnk)) = Z QQ17~~-7(1kCQ1(n1)'“CQk(nk)v
q1;--,qr=1
o0
g((n17--'7nk)) = Z azl, ,chql(nl) Czk(’l’bk)
q1,--,q=1

are absolutely convergent, where
1 (oo}
Qqy,....q a Z

q1;---54qk

1 > * g)(m
* QZ@Z (MfrzlEQ)’

m
(m,Q)=1
with the notation Q = [q1, ..., qk)-

Recall that d is a unitary divisor of n if d | n and (d,n/d) = 1. Notation d || n.
Let 0*(n), defined as the sum of unitary divisors of n, be the unitary analogue of o(n).
Properties of the function o*(n), compared to those of o(n) were investigated by several
authors. See, e.g., Cohen [1], McCarthy [6], Sitaramachandrarao and Suryanarayana [10],
Sitaramaiah and Subbarao [11], Trudgian [16]. For example, one has

2,.2

>0t = Cfg) + Oz (log z)*/?).

n<zx

In this paper we are looking for unitary analogues of formulas (1.1) and (1.2). Theorem
1 can be applied to the function g(n) = o*(n)/n. However, in this case (1 * g)(p) = 1/p,
(L *g)(p¥) = (1 — p)/p¥ for any prime p and any v > 2. Hence the coeflicients of the
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corresponding expansion can not be expressed by simple special functions, and we consider
the obtained identities unsatisfactory.

Let (k,n).. denote the greatest common unitary divisor of k¥ and n. Note that d ||
(k,n) s holds true if and only if d || £ and d || n. Bi-unitary analogues of the Ramanujan
sums may be defined as follows:

cgt(n) = Z exp(2mikn/q) (¢,n € N),
1<k<q
(k@) «x=1

but the function ¢ — ¢4(n) is not multiplicative, and its properties are not parallel to the
sums cq(n) and ¢ (n). The function ¢;*(¢q) = ¢**(q), called bi-unitary Euler function was
investigated in our paper [13].

Therefore, we introduce in Section 2.3 new analogues of the Ramanujan sums, denoted
by ¢,(n), also associated with unitary divisors, and show that

U*((Tll,...,TLk)*k) _ C<k+1) i ¢k+1([Q17~-~,Qk])~

¢y (n1) - -Cq.(ng), n; €N,
(nl,...,nk)*k =1 [Q1,~~~,qk]2(k+1) a1 qk i
(1.4)
where (n1,...,nk)« denotes the greatest common unitary divisor of nq,...,n; € N. Now

formulas (1.2), (1.3) and (1.4) are of the same shape. In the case k = 1, identity (1.4) gives

o*(n) _ o $2(q) -
=(2)) ) (neN),
n = a
which may be compared to (1.1).

We also deduce a general result for arbitrary arithmetic functions f of several variables
(Theorem 2), which is the analogue of [15, Th. 4.1], concerning the Ramanujan sums cq(n)
and their unitary analogues c; (n). We point out that in the case k = 1, Theorem 2 is the
analogue of the result of Delange [2], concerning classical Ramanujan sums. As applications,
we consider the functions f(ni,...,ng) = g((n1,...,nk)«k), where g belongs to a large class
of functions of one variable, including ¢*(n)/n and ¢*(n)/n, where ¢* is the unitary Euler
function (Theorem 3).

For background material on classical Ramanujan sums and Ramanujan expansions
(Ramanujan-Fourier series) of functions of one variable we refer to the book by Schwarz
and Spilker [9] and to the survey papers by Lucht [5] and Ram Murty [8]. Section 2 in-
cludes some general properties on arithmetic functions of one and several variables defined
by unitary divisors, needed in the present paper.

2 Preliminaries

2.1 Notations

e P is the set of (positive) primes,
e the prime power factorization of n € Nis n = ]_[peﬂ,> p*»(") | the product being over the
primes p, where all but a finite number of the exponents v,(n) are zero,
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o (fxg)(n) =34, f(d)g(n/d) is the Dirichlet convolution of the functions f,g : N — C,

e id; is the function ids(n) =n® (n € N, s € R),

e 1 =idy is the constant 1 function,

e ;1 is the Mobius function,

e w(n) stands for the number of distinct prime divisors of n,

® ¢, is the Jordan function of order s given by ¢s(n) = n*[[,, (1 —1/p%) (s € R),

e ¢ = ¢ is Euler’s totient function,

e d || n means that d is a unitary divisor of n, i.e., d | n and (d,n/d) = 1 (we remark
that this is in concordance with the standard notation p” || n used for prime powers p”),

e (k,n), =max{d:d|k,d| n},

e ci(n) = Zlgkgq,(k,q)*:l exp(2mikn/q) are the unitary Ramanujan sums (¢,n € N),
e (ny,...,ng)«k denotes the greatest common unitary divisor of ny,...,ng € N,
® (n1,Nn2)sx = (1, 12) 42,
oi(n) =X qnd° (s €R),
e 0*(n) = of(n) is the sum of unitary divisors of n,
7*(n) = o (n) is the number of unitary divisors of n, which equals 2(").

2.2 Functions defined by unitary divisors

The study of arithmetic functions defined by unitary divisors goes back to
Vaidyanathaswamy [17] and Cohen [1]. The function o*(n) was already defined above. The
analog of Euler’s ¢ function is ¢*, defined by ¢*(n) = #{k e N:1 <k < n,(k,n), = 1}.
The functions o* and ¢* are multiplicative and o*(p”) = p” + 1, ¢*(p¥) = p” — 1 for any
prime powers p” (v > 1).

The unitary convolution of the functions f and g is

(f xg)(n) =Y f(d)g(n/d) (neN),

d||ln

it preserves the multiplicativity of functions, and the inverse of the constant 1 function
under the unitary convolution is p*, where p*(n) = (—1)*(™, also multiplicative. The set
A of arithmetic functions forms a unital commutative ring with pointwise addition and the
unitary convolution, having divisors of zero.

2.3 Modified unitary Ramanujan sums

For ¢,n € N we introduce the functions ¢,(n) by the formula

if
S -{o tol o)
dllq » g

It follows that ¢,(n) is multiplicative in g,

~ py — ].7 lfpy || n,
v(n) = 2.2
Cp ( ) { 1, i V’H”’ ( )
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for any prime powers p” (v > 1) and
Gn)= > dp*(g/d) (¢,n€N).
dl|(12,9) s
We will need the following result.

Proposition 1. For any ¢,n € N,

> [ea(n)| = 22/ (D) (n,g).., (2.3)
dllq

Z [ea(n)| < 2¢@n, (2.4)

dllg

Proof. If ¢ = p” (v > 1) is a prime power, then we have by (2.2),

Y leam) = I ()] + lep (n)] =

{1 +p" —1=p", ifp”|n,
d||p¥

1+1=2, otherwise.

Now (2.3) follows at once by the multiplicativity in ¢ of the involved functions, while
(2.4) is its immediate consequence. a

For classical Ramanujan sums the inequality corresponding to (2.4) is crucial in the
proof of the theorem of Delange [2], while the identity corresponding to (2.3) was pointed
out by Grytczuk [3]. In the case of unitary Ramanujan sums the counterparts of (2.3) and
(2.4) were proved by the author [15, Prop. 3.1].

Proposition 2. For any ¢,n € N,

_ (@ (a/(n,9)sx)
¢*(q/(n,@)ss)

Proof. Both sides of (2.5) are multiplicative in ¢. If ¢ = p” (v > 1) is a prime power, then

Cq(n) (2.5)

* 14 * v v " v " 1 p— 17 3 v
¢@MQWWPML?£%%QfP*LIMngw(m
G (np”)e) | L@ g =

o7 otherwise.
by (2.2). d

For the Ramanujan sums c¢4(n) the identity similar to (2.5) is usually attributed to
Holder, but was proved earlier by Kluyver [4]. In the case of the unitary Ramanujan sums
cy(n) the counterpart of (2.5) was deduced by Suryanarayana [12].

Basic properties (including those mentioned above) of the classical Ramanujan sums
cq(n), their unitary analogues c;(n) and the modified sums ¢,;(n) can be compared by the
next table.
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cq(n) = > dulq/d) i)=Y du*(q/d) )= > du(q/d)
d|(n,q) d|(n,q)« |l (n,q)x
cq(n) = 21/, 9)) o (ny = £ @10/ (7, q).) &, (n) = @1 (a/(n,q))
a o(q/(n,q) a ¢*(q/(n,q)«) ! ¢*(q/(n, q)x)
pY —p~ Y, ifp¥ |, . )

en(n) = 3 1 For—1 I n () = p¥ —1, if p¥|n, S in) = p¥ —1, ifp” | n,
g ( ) {Op ’ iigu71 J|(|77/’ P ( ) {1, ifpVan P ( ) {1, ifpVHn

erim) = 4@ Haln, ) = 40 Haln, Zmy = 40 ifalln,

% a(n) {07 ifgtn % a(n) {O, ifgtn % a(n) {0, ifghn

Z lea(n)] = 2‘*’(‘1/(”1‘1))(717(1)

dlq

> feg(n)] = 2@/ (1m0 (n g),,

dllq

3 [Ea(n)| = 2200/ (mDe) (n g)..,

dllq

Table: Properties of ¢,(n), ¢;(n) and ¢,(n)

2.4 Arithmetic functions of several variables

For every fixed k € N the set A;, of arithmetic functions f : N¥ — C of k variables is a
unital commutative ring with pointwise addition and the unitary convolution defined by

(fXg)(n17"'ank): Z f(dla"'adk)g(nl/d17"'7nk/dk)a (26)
di||na,...,dilIn
the unity being the function §;, where
1, ifnp=--=ngp=1,
Op(ny,...,ng) =
k(m ) {O, otherwise.
The inverse of the constant 1 function under (2.6) is uj, given by
pi(n,cmg) = i () - pt(ny) = (“1)@O0FF0 (0 g € N).

A function f € Ay is said to be multiplicative if it is not identically zero and

f(mang,...,mung) = f(my,...,mg)f(n1,...,nk)

holds for any my,...,mg,n1,...,n, € N such that (mq -+ -mg,ny ---ng) = 1.
If f is multiplicative, then it is determined by the values f(p**,...,p"*), where p is
prime and vy, ..., € NU{0}. More exactly, f(1,...,1) =1 and for any nq,...,n; € N,

) = [T 7o,

peP

f(na,... p”f”("’“)).

Similar to the one dimensional case, the unitary convolution (2.6) preserves the multi-
plicativity of functions. See our paper [14], which is a survey on (multiplicative) arithmetic
functions of several variables.
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3 Main results

First we prove the following general result.

Theorem 2. Let f : N*¥ — C be an arithmetic function (k € N). Assume that

Z 2w(n1)+"'+w(nk)|(ﬂ'z X f)(n1a7nk)| < o0, (31)
ni,...,nEg=1 nycc Nk
Then for every ny,...,ng € N,
(oo}
flna, o ng) = Z gy cosqn Cqr (M1) -+ + Cpe (M), (3.2)
q1,.-,qr=1
where
~ T X e
s i omen o), (33)

M,y..n, mp=1 191 kqk

(m1,q1)=1,...,(my,qx)=1

the series (3.2) being absolutely convergent.

Proof. We have for any ni,...,n; € N, by using property (2.1),

fl,.ome) = Y0 (ui < f)(da, . di)

di|Ina,...,di||nk

=y WX D) g S ()

di---d
dy,...,dp=1 1 k q1l|dy qr |l dx
o0 o0
~ ~ (e X f)(ds - - -, d)
= Z Car (nl) T Cgy, (nk) Z . )
dy---dp,
q1,--,qr=1 dy,...,dg=1

qilld1,..qk|ldk

leading to expansion (3.2) with the coefficients (3.3), by denoting d; = miq1, ..., dr = myqs.
The rearranging of the terms is justified by the absolute convergence of the multiple series,

shown hereinafter:
oo

Do gyl Eq ()] (S, ()]

q1,.-qr=1

| (i % f)(m1q17~~,mqu)l|

Cq, (M) 1Cq, (N
S 1 ()] -+ G ()]

(m1,q1)=1,...,(mx,qr)=1

00

|(:u* Xf)(tla"'atk)‘ ~ ~

B SR 5.3 GEEE S SRR SR
t1,..tk=1 ! k mi1q1=t1 mrqr=tk
(m1,q1)=1 (mi,qr)=1
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Cmpoemy Y 2 (e x )t to)l
- ty -ty ’
t1,...,tg=1
by using inequality (2.4) and condition (3.1). 0
Next we consider the case f(ni,...,n;) = g((n1,...,n%)«k). The following result is the

analogue of Theorem 1.

Theorem 3. Let g : N — C be an arithmetic function and let k € N. Assume that

i ghetm) | 25)(n)l .
n=1
Then for every nq,...,ni € N,
oo
g1y smi)ak) = D Gy (M) - Ty (1),
q1,--,qr=1

1s absolutely convergent, where

with the notation Q = [q1, ..., qx)-
Proof. We apply Theorem 2. Taking into account the identity

g((m, o)) = > (0" % g)(d)

d|ni,....dl|n

we see that now

. wrxg)n), ifn=---=nr=n,
(1 x £,y = WO, =
0, otherwise.

Therefore the coefficients of the expansion are

a _ i (g % f)(maqy, - -, miqy)
q1,--qk —~ miqy - MEqs

M1qI="=Mkqp="n
(m1,q1)=1,...,(mp,qr)=1

n—
q1ln,..,qklln

and we use that ¢; || n,...,qx || » holds if and only if [g1,...,q] = @ || n, that is, n = mQ
with (m, Q) = 1. 0
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Corollary 1. For every nq,...,n; € N the following series are absolutely convergent:

oX((n1, ..y 1k)wk) — (s + k) i Ps+1(Q)Cq, (n1) - - - Cgy (nk) (seR,s+k>1),

(n1, .o me)iy o=l QA= +k)
(3.5)
. = Cq (1) -+ Cqp (0
) =) Y 2Pl talm) g (3
Q
(]1,---,(]kzl
Proof. Apply Theorem 3 to g(n) = oi(n)/n®. Here
X xlx}d (*><1)><ifi
g =X g = id,  idy’
hence (p* x g)(n) =1/n° (n € N). We deduce by (3.4) that
_ - $s1k(Q)
Qqy,....qp = Ok mzﬂ R C(s+ k)ma
(m1Q_):1
which completes the proof. O

In the case s = 1 identity (3.5) reduces to (1.4). Now let consider the function ¢*(n) =
pr”n(ps” — 1), representing the unitary Jordan function of order s. Here ¢% = p* x id,,
and ¢7 = ¢* is the unitary Euler function, already mentioned in Section 2.2.

Corollary 2. For every ni,...,n; € N the following series are absolutely convergent:
(b*,((nl,...,nk)*k) ( 2 )
= : =((s+k 1—— | x 3.7
(n1, ..., nE)s, . )gP petk 3.7

e’ /J,*(Q)(bs-}-k;(Q)qu (nl) . ’é’qk (nk)
X ql’.%:k:l Q2(s+k) Hp\Q(l —2/psth) (seR,s+k>1),

¢*((n17"'7nk)*k) _ 7& X
( C(kJrl)H(l pk+1)

nl,...,nk)*k peP

o0 *(Q)Pr+1(Q)q, (n1) - - - Ty, (nk)
q zq: =1 - Qg(k]it) HP‘Q(l — 2/pk+1) : (k>1).

Proof. Apply Theorem 3 to g(n) = ¢%(n)/n®. Here

X

X ids . 14
1 I
@ W)X =i

that is, (u* x g)(n) = p*(n)/n® (n € N). We deduce by (3.4) that

prxg=ptx

* S *

~ Z e ( Z
a
q1,---:9k s+k s+k s+k s+k
Q m=1 m Q m=1 m

(m,Q)=1 m,Q)=
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T (- 2T ) ()

peP plQ

leading to (3.7). 0

For m € N, m > 2 consider the function g(n) = m®(™, which is the unitary analogue of
the Piltz divisor function 7,,(n). Here m“(") = > dyjn (m — 1% for any n € N. We obtain
by similar arguments:

Corollary 3. For every ni,...,ni € N the following series is absolutely convergent:
-2
m(remda) = ¢(k) T <1 + > x (3.8)
peP p

x fj r(Q)m — D2y, (m) Gy () (s o)

w ol @+ (m=2)/pY)
For m = 2 identity (3.8) reduces to (3.6).

Remark 1. It is possible to formulate the results of Theorem 2 in the case of multiplicative
functions f of k variables, and Theorem 3 in the case of multiplicative functions g of
one variable. Note that if g is multiplicative, then f(ni,...,nk) = g((n1,...,nK)xk) is
multiplicative, viewed as a function of k variables. See also Delange [2] and the author
[15]. Furthermore, it is possible to apply the above results to other special (multiplicative)
functions. We do not go into more details.

Acknowledgement. Supported by the European Union, co-financed by the European
Social Fund EFOP-3.6.1.-16-2016-00004.
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