Bull. Math. Soc. Sci. Math. Roumanie
Tome 60 (108) No. 4, 2017, 387-397

On subfield-compatible polynomials and a class of Vandermonde-like matrices
by
FLORIAN ENEscu) anp Jonn J. HuLL®

Dedicated to Dorin Popescu in honour of his 70th birthday

Abstract

Let K and L be finite fields of characteristic p, where p is prime. This note in-
vestigates polynomial representations of functions that map K to L by providing a
canonical basis for the set of minimally represented such polynomials. This interpola-
tion problem leads to a class of Vandermonde-like matrices that are also fully described.
This problem has potential applications to the hardware design of arithmetic circuits.
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1 Introduction

Let p a prime number, F, be the algebraic closure of F,, and K, L finite subfields of F,,.
In this note, we will investigate the special form of the polynomials f in F,[z] mapping K
into L, that is f(K) C L. Interpolation theory has been well studied over time ([4]), but
this particular aspect has received little to no attention. Our note will reveal that there is
considerable structure hidden in the objects defined by this interpolation set-up, building
upon Hull’s work in [1].

In electrical engineering, arithmetic circuits are often represented via interpolating poly-
nomials over a finite field, which in turn can be used for validating the hardware design of
the circuit. In practice, one limitation is the size of the circuit that leads to polynomials
with very large degrees. To mitigate this problem, it is often useful to break up a large
circuit in several small ones which can be analyzed more easily. This leads to devising tools
that can allow investigating the structure of functions that are defined over a large field
but restrict naturally to smaller subfields. Our work will describe the algebraic situation
behind this set-up.

The following example is explaining and motivating the problem we study.

Example 1.1. Let p = 2. Let K, L be subfields of Fy, such that K has 8 elements and L
has 4 elements. What polynomials f in Fo[z] satisfy f(K) C L?

Say a satisfies a® = a* + a3 + @ + 1. Then Fa(a) = Fa[z]/(2 + 2* + 2% + x + 1) is
contained in Fy. Note that « is a primitive generator for Fa(a) = Fgy. Take K = Fy(a?)
and L = Fy(a?!) which are subfields with 8, respectively 4 elements. The function f(X) =
X + a0 X? + a®®X? maps K to L, according to [1], or as in Theorem 2.4 below. The
collection of polynomials f of degree strictly less than 64 such that f(K) C L is a L-vector
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space and describes all the polynomials functions with coefficients in Fy mapping K to L.
In this paper, we will present a canonical basis for this vector space, as a particular case to
the main theorem.

Throughout this paper, F' represents the Frobenius endomorphism on F, and on the
polynomial ring F,,[z]. For any function f, when we write f™ for some n € N we mean the
composition of f with itself n times.

Definition 1.2. Let K, L C F,, be finite fields. An element of f € F,[z] such that f(K) C L
is called K to L compatible. The set of all functions K — K will be denoted Fx, a vector
space over K. Similarly, 7% will denote the set of all functions defined on K and mapping
K to L. This is a vector space over L.

It is well known that Lagrange interpolation can be used to get a more precise description
of the vector space Fk, in that each function in Fx has a polynomial representation in
K[x] when K is finite (see Theorem 1.71 in [2]).

Observation 1.3. Let K C K’ be a field extension and f € Fx. We will say that g € K'[x]
represents [ with respect to K if g(a) = f(«) for all « € K. If g € K'[x] represents f with
respect to K and it is of smallest possible degree with this property, then we say that g
minimally represents f. When K’ is finite, then, for any function f € Fg (or polynomial
in Klz]), there is polynomial g € K][x] representing f with respect to K, by Lagrange
interpolation. If K has p™ elements, g can be taken of degree less than p™.

Assume K has p" elements. Let g, h € F,[z] representing f € K[z] with respect to K.
It is easy to see that g — h = (27" — ) fo(x) where fo € F,[z]. This shows that if g, h have
degrees less than p™, then they are equal. So, the concept of minimal representation of a
polynomial f € KJz] is well-defined, independent of the finite field extension K C K’ and
therefore it is also well defined over F,,.

More specifically, the following holds.

Proposition 1.4. Let K C K’ be a finite field extension and g(x) € K'[z] a polynomial
representing f € K[x]. The following statements are equivalent:

1. deg(g) <p" —1
2. g(x) is a polynomial of smallest degree representing f with respect to K.

Under these conditions, g is uniquely determined and belongs to K[z]. It will be denoted by
fr-

We will review below a few definitions and results from [1] that are useful in this work.
The following result is immediate.

Proposition 1.5. Let f € E[w], not a multiple of 27" —zx. Then the minimal representation
of f with respect to K = Fpn is the nonzero polynomial f, € Fplx] such that deg(f,) < p™
and f(a) = fr(a) for alla € Fyn. Furthermore, each coefficient of f, is a sum of coefficients

of f.

Let K, L be finite fields of equal characteristic p, where p is prime, and F their composite
field. We will identify K = Fyn, L = Fpm with the splitting fields of XP" — X and,
respectively, X?" — X over [y, where n,m € N. Therefore, £ = F n.m is the splitting field

of XP"™ — X over F,, where [n,m] = lem(n,m).
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Proposition 1.6 ([1]). If f € F,[z] is an Fyn to Fpym compatible polynomial that is mini-
mally represented with respect to Fyn, then f has coefficients in F . m; .

This motivates the following definition.

Definition 1.7. Let K, L be finite fields and F their composite field. Let Px denote the
collection of all polynomials in E[x] that are minimally represented with respect to K and
let PL C Pk be those minimally represented polynomials that have images in L when
evaluated at elements of K. Note that Px is naturally a vector space over E and IP’%( is an
L-subspace of Pg.

Remark 1.8. There is an isomorphism of vector spaces between PL and F%. Simply
identify each minimally represented polynomial P with its corresponding function fp :
K — L.

In our work, the following concept is essential.

Definition 1.9 ([1]). (The Frobenius Permutation) Let § be a generator for the mul-
tiplicative group of Fyn. Define the function ¢ : {0,...,p" — 1} — {0,...,p" — 1} so that
for i € {1,...,p" — 1}, F(B%) = pP* = %) where (i) € {1,...,p" — 1} and ¢(0) = 0. We
will refer to ¢ as the Frobenius permutation of order n and we will at times write ¢,, to
emphasize that the order of ¢ is n, see Proposition 1.10.

It is known that ¢ does not depend on the choice of the generator 3 for ]F;n. In fact, the
permutation ¢ does depend only the characteristic p. This follows from the result below.

Proposition 1.10 ([1]). Let ¢ be as defined above. Then ¢ is a permutation of order n on
the set {0,...,p" — 1} (i.e. ™ = id). Furthermore, for i € {0,...,p" — 1}, (i) = q+7r
where pi =p"qg+r, 0 <r < p".

The rest of the paper is organized as follows. In Section 2, we will introduce the notion
of cycle basis and provide a canonical basis for the vector space PL. In Section 3, we discuss
the concept of Vandermonde-Frobenius matrix that is naturally associated to a cycle basis,
and describe how to computed its determinant.

2 Cycle bases

Definition 2.1. Let E be a field containing Fpm. A cycle polynomial is a polynomial
f € E[z] such that there exists a cycle o of length r, a term az® in f with i in the support
of o, and a positive integer m such that a?’ = a such that

f _ axi I apm(EU(i) i apzmeZ(i) bt ap('r-fl)mxar,.,%i)
In the above case, we say that f is a cycle polynomial of magnitude m corresponding to o
and that ax® is a generating term for f. Moreover, the collection of all cycle polynomials of

magnitude m corresponding to o will be denoted by P, ,,. This is a subset of Fpm [z] C Elx].

Proposition 2.2. Let r,m positive integers. Let o a cycle of length r, and f € Py .
Then any term of f is a generating term for f. Moreover Py, is an Fpm-vector space and
dimg, . (Pom) =1
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Proof. The first observation is that P, ,, is a F,m-vector space, since the Frobenius map,
and its iterations, are additive and a?” = a for all a € Fpm.
Let a such that " = a and

f _ a,xz + apmxo_(l) + a(pm)2x0_2(l) + o + a(pm,)r—lxar—l(i).
Clearly, a?’""" = a®”™ for all j=0,...,7r—1and o is a cycle of length r, so any term
of f is a generating term.
The coefficients of f are in F,rm. Let a a generator of the extension Fpm C Fprm. This
is an element of IF,rm of degree r over [Fym.

Let D,  be the set containing the following cycle polynomials:

So = @424 g O

01 = ar'+a?" 270 4 qp T

52 — a2xi + a2pmx‘7(i) + . e + Oézp(T_l)"LxUT_l(i)

51 = arlai 4 ar—UP gl 4 =PI o)

Let g = azi +a?" z7® 4+ +aP" """ 27" be any cycle polynomial corresponding to

o,a € E. Note that since F,m C F,rm is an extension of fields, a = by +bja+- - byt
with bg,...,b—1 in Fpm.
It follows then that:

. m . (r—1)m r—1/.
az’ + a7 4. 4P 7 ©) =

(bo+ -+ br1a" Hat + (b + - + by )P 7@ oy
+(b0_i_.”+br_lar—l)p(rfl)mxgr—l(i) _

(bo+ -+ br,lar_l).%‘i T (bgm R bfila(T—l)pm)xo(i) NI

(r—1)m (r—1)m

)xdril(s) _

_|_(bg 4+t bl_la(r—l)P

(boz' + - +box® D)+ (bragt + -+ bja? " T D) 4o 4
+(br_1of*1xi + -+ bl_loz(rfl)p(hl)m:E"T_l(i)).

This shows that

g ="bpdy +b161 + -+ +br_16,_1.

Therefore Dy o spans Py ,,. The linear independence of the set D, o over F,m follows
immediately from the linear independence of {1,q,...,a" "'} over F,m, hence D, is a
basis for Py ., and dim(P, ,,) = r, the order of o.

0
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Definition 2.3. Let r,m positive integers. Let o be a cycle of length r, and ¢ an element
in the support of 0. Let o be a generator of the extension Fpm C Fprm.
The basis {dp(z),...,0r—1(x)} where

So = @424 g0

01 = azi+a 270 4. qp g )

2 = 221+ a2 270 4. g @

5oy = arlgi4a—DP" o0 4. o gr—DpT I e

is called the cycle basis for P, ,, associated to a. We will denote it by Dy 4.

The following characterization of subfield-compatible polynomials will be important
next.

Theorem 2.4. ([1]) Let Fpn and Fym be two finite fields. Let f € Fp[x] be minimally

p"—1
represented with respect to Fpn, f = Z a;xt. Then f (Fpn) C Fpm if and only if afm =
i=0
agr () for each i € {0,...,p"™ — 1} where ¢ is the Frobenius permutation of order n and
m = k(mod n).

We are now ready to completely describe the collection of all polynomials in E[x] that
are minimally represented with respect to K, and K to L compatible.

Theorem 2.5. Let K = Fpn,L = Fpm and their composite field E. Let k such that
m =k (mod n) and ¢F = o104 a complete factorization, where oy, is a cycle of order
rn, h=1,...,s.

Then we have the following direct sum decomposition P% = &5_ P, . and P% has
dimension p™ over Fpm.

Proof. First let us note that, for all h = 1,...,s, Py, ,n is an L = Fym-vector space by
Proposition 2.2.
Let 0 = o}, one of the cycles in the factorization of cp,’i. We observe that Py ,,, C IP%(:
Let f € Py . Therefore there exists a € E and ¢ an integer in the support of the cycle
o such that

m2

f= azrt + aP" o @ +qP xﬂz(i) et apmrflxﬂrfl(i).

Note that f is F,» to F,m compatible by Theorem 2.4, since ©* acts as o}, on the support
of o5,. This proves the desired inclusion.

Now let f € PL. Let a;2° be a term in f and hence 0 < i < p™ — 1. Theorem 2.4
shows that al "= agn (7). So, the cycle polynomial of magnitude p™ generated by this term
is part of f. This shows that Pym =Py, » + -+ + Py, . The degrees of all nonzero terms
of the cycle polynomials in P, ,= are determined by the support of the disjoint cycle o;
of length r;, so it follows immediately that if f € Py, ,, N Zi# Py, m, then f = 0. Then
Ppm = @;_, Py, .m and US_, Dy, o, forms a basis for Ppm, where a; denotes a generator of
the extension Fpm C Fprim, for every ¢ = 1,...,s. Since |D,,| = r; where r; is the length of
03, we have that dim(Pym) = >7_; r; = p", as claimed. O



392 On subfield-compatible polynomials and a class of Vandermonde-like matrices

Definition 2.6. Maintaining the notations from proof of Theorem 2.5, we will call the
union Us_ Dy, ; := {00(),...,0pn_1(x)} a cycle basis for P%. Tt depends on a choice of
generators for the extensions Fp,m C F,rim, wherei =1,...,s.

3 Vandermonde-Like Matrices

Definition 3.1. For a field E and {«ay,...,a,} C E, define the Vandermonde Matrix
V(aq,...,amn) as follows:

1 o of !

1 ay o3 ay’”
V(alv »Oém) = . . .

1 a, a2, am=1

The determinant of this matrix is

v(Q1, .., Q) = H (0 — o).

1<i<j<m

Proposition 3.2. The coefficients of the interpolating polynomial passing through a set S
of gwen points (a;, f(a;)), i =1,...,m can be obtained by finding the solutions in E for the
following system:

1 a o - a{”_l c1 flaq)
1 a a3 - ap! C2 flaz)
1 aym a2 - a?! Cm flam)

The polynomial interpolating the function is then Y .-, c;x'™, and this polynomial is
sometimes referred as the Lagrange polynomial of the set S.

Corollary 3.3. Let f be any function from K = Fpn to L = Fym, and let {5 (), ..., opn_1(x)}
be a cycle basis for PL. Let Fyn = {a1,...,apn}. Then the minimally represented polyno-
mial giving f is as follows:

fr(z) = c1d0(@) + c202(x) + - -+ + cpndpr 1 ()

where the ¢; form the unique solution to the following system:

do(ar)  da(ar) -+ Opn_1(ar) € flaa)
do(a2)  da(ag) -+ dpn_1(a2) e | fa2)
Solagn) Salagn) - Gmalag) | | e Flapm)

Proof. Clear. 0
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Definition 3.4. Define the matrix of evaluated basis elements (polynomials) in the propo-
sition above to be the Frobenius- Vandermonde Matriz of the cycle basis {dg, . .., dpn_1} and
let Vi (do, - .., 0pmn_1) denote this matrix. Its determinant will be denoted vg(do, ..., 0pn—_1).
Just as the cycle basis, the Frobenius-Vandermonde matrix and determinant depend upon
a choice of generators for the extensions Fpm C Fpyrim, where i =1,...s.

Proposition 3.5. Forn = m, Vg = V, where V is the Vandermonde matrix over the
entire field Fpn.

Proof. When n = m, the Frobenius permutation is the identity. Since the cycles in 2 are
therefore all of length one, the cycle basis is given by D = {§p(z) = 1,01(x) = =z, d2(x) =

22, .. dpn_1(z) = 2P" 1}, Then Vp is clearly:
50(0&1) 51 (Oél) s 5pn_1(041) 1 (651 s 04117"_1
do(az)  d1(az) - Gpn_1(a2) 1 ay -+ ob -1
do(apn) d1(apn) -+ Gpn_i(opn) 1 oapn - cuﬁif1
This is exactly V' considered over all of the elements of [Fjn. 0

Remark 3.6. If one approaches an interpolation problem for a function Fp» — F,m in the
composite field Fpe, e = [n, m], using a Vandermonde matrix, the size of the matrix will be
p® x p°. In contrast, the size of the Frobenius-Vandermonde matrix for such a problem is
p™ x p™. This is notably smaller in cases where n and m are relatively prime, and such a
difference could be important in situations where matrix size is a limiting factor.

The following examples illustrates the theory and will be revisited a few times in this
note.

Example 3.7. (Construct V for Fg — F,) Let Fgy = Fo(a) = Fo[z]/(z6 + 2* + 23 + 2 + 1).
Note that « is a primitive generator for Fgs and o generates Fg over Fy. In fact, Fg =
Fo(a®) = {a” : i = 1,...,7} U {0} and Fy = Fa(a?!). Moreover, o is an element of
degree 3 over s, so it is a generator for Fy C Fgy4. Since the appropriate permutation is
03 =(0)(1,4,2)(3,5,6)(7), the cycle basis for polynomial space is:

L (0) ~ 60(X) = 1
2. (1,4,2) ~ 81(X) = X + X' 4 X2

3. (1,4,2) ~ 02(X) = a? X + ¥ X4 4 o216 X2

4. (1,4,2) ~ 65(X) = a'8X + a!84X4 4+ 1816 x2
5. (3,5,6) ~ 04(X) = X° + X° + X©

6. (3,5,6) ~ 05(X) = a? X3 + %4 X5 4 o916 X6

7. (3,5,6) ~ 0(X) = '8 X3 4 184XP 4 1816 X6
8. (
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Fill the matrix:

5(0)  61(0)  62(0)  65(0)  64(0)  65(0)  G(0)  67(0) ]
50(0[9) 51(0[9) 52 019) 63 OLQ) 54 Oég) 55 Otg) 56 0[9) 67 OLQ)
50(a18) 51(a18) 52(0418) 53(&18) 54(0[18) 55(0{18) 56(0418) 57(&18)
Ve — (50(0[27) 61(a27) (52(0427) 53(&27) (54(0[27) 55(@27) (56(0427) 57(@27)
F = 50(0[36) 61(a36) (52(0;’6) (53(0436) 54(@36) (55(0(36) (56(0436> 57(&36)
(50(0445) (51(0545) 52(0445) 53(@45) (54(0445) (55(0445) 56(0445) 57(&45)
50(a54) 51(a54) 52(a54) 53(0454) 54(&54) 55(0{54) 56(0454) 57(0454)
So(1) o) (1) s(1)  &(l)  as(1) (1) &(1) |

(1.0 00 00 0 0]

100 1 1 0 11

101 01 101

|1 1010101

10111111

11110011

11100 1 11

1100100 1,

Example 3.8. Going the other way using the same field and generators, for F; — Fg the
appropriate permutation is ¢35 = w2 = (0)(1,2)(3). The basis is then:

1 (0) ~ (X)) =1

1,2) ~ 02(X) = a?' X + 218 X2

(
2. (1,2) ~ 6,(X) = X + X2
3. (
4. (

3) ~ §3(X) = X3

Fill the matrix:

60(0)  01(0)  62(0)  45(0) 1000
50(0[21) 51(0[21) 62(0421) 53(&21> _ 1 1 1 1
50(&42) 51(0[42) 62(0&42) 53(&42) o 1 1 0 1
So(1)  01(1) (1) ds(1) 101 1

This leads to an obvious conclusion regarding the entries in the matrix Vp when n is
prime and n # m.

Proposition 3.9. For n prime, n{m, Vg has entries in F,, only.

Proof. By construction, the basis elements are determined by the cycles of ¢™ = ¥ where
m = k mod n. Since n is prime, n { m, we have first that every cycle of ¢* has length 1
or n (as the cycle length must divide the prime order n of the permutation) and also that
Fpn.m = Fpm (B) where Fpn = T, (5).

If 7 is a disjoint cycle of length 1 in the complete factorization of ¥ then the basis for
P, pm is simply z° where s is the element fixed by 7. Then for all a € Fpn, a® € Fj,n, but also,
since 2° is Fpn to F,m compatible, a® € F,m. Then for all a € Fpn, o® € Fpn NFpm = Fy,.
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If 7 has length n, then all of the polynomials in D;, the basis for P, ,m, are of the form
Sr(x) = Bras + pre"g7() 4. 4 ka(n_l)mxT"_l(s). Again, when evaluated at o € Fpn, it
is not hard to see that x(c) € Fpn NFpm = F,,. Since the entries of Vp consist entirely of
images of the basis elements, V must necessarily have entries in F, only. 0

There is some additional structure that can be highlighted in the Vandermonde-Frobenius
matrix associated to a cycle basis. Let I, C F,m» with n prime. The only nontrivial cycles
in ¢ have length n, since ¢,, has order n. Let o be a cycle of length n in ¢} and ¢ an
element in the support of 0. Let o be a primitive generator of F, C Fpnm and dg, ..., 0r—1
be a cycle basis of P, pm corresponding to o, where p"™ —1 = (p"™ —1)-¢. Note that indeed

o' is a generator of the extension Fpm C Fpmn.

Proposition 3.10. Using the notations above, let &g, . ..,6,—1 be the cycle basis Dy ot of
Popm. Then if 1 <1,I' <r—1and 0 <s,s" with

pr=1 ] (1=1)+ (s =),
then &(a's) = 6y ().
Proof. Remark that

Bi((a")") = Y (@) (ot O = Y ()t @)
k=0 k=0
Note that (at)*?" @ = (at)**""i for every k = 0,...,n. It is now immediate that if p" — 1

divides (I —1I') 4 (s — §')i, then & (a'®) = & (a*").
0

This pattern is illustrated by Examples 3.7 and 3.8. In Example 3.7, let Vg = (v;5)1<i,j<s-
Since (1,4, 2) is the cycle factorization of ¢3, p = 2,n = 3, we can take i = 1, [ —1' = —1,5—
s’ = 1. Then the Proposition above shows that v; 2 = v;—1 3 and v; 3 = v;_1 4, for 3 <i <8
and vy o = vg3,V23 = vg 4. Now, for (3,5,6) we can take i = 3,1 —1'=1,s — s’ = 2. So,
Vi5 = V42,6, Vi,6 = Vit2,7 for 2 >4 > 6. Also, v75 = v26,V85 = V3,6, V7,6 = V2,7, V8,6 = V3,7
A similar phenomenon appears in Example 3.8.

3.1 The structure of the Vandermonde-Frobenius matrix

Let L =F,m C L' = F,rm be a field extension, let @ be an element of L’ and o a cycle of
length r.
Consider the following cycle polynomials:

S0 = 24270 4. 47O
51 = w4 a2 4 g qp T g )
(52 _ ani + a2p'mxa_(i) + L + a2p(v,~71)7nxo_r71(i)

Sy = omli DR o) o g = Dp T e ()
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Let
1 o o? e a1
1 o Q2" Q=P
C=Crpm(a)=
1 ap('r—l)'m. a2p(7'71)7n o a(T_l)p(rq)m

Denote its determinant by ¢, ,(a). Clearly,

(r—1) (r=1)
Com(@)=V(a,...,a? "), crmla) =v(a,...,a? ).

Note that, using the notations of Definition 2.3,

60,61 .. 0p_1] = [,2°D, .. 27 @] C.

Let us denote

Xo(z) = [z, 270, ... x”ril(i)].

Now let us return to the original set-up. Let K = Fpn,L = F,m finite subfields of
E, which is their composite field. Let k such that m = k (mod n) and ¢* = oy ---0, a
complete factorization, where oj, has order r,, h = 1,...,s. For each h = 1,...,s, let ay
be a generator of the extension Fym C Fprm.

Let C = [Cyy m(a1)|---|Cy, m(as)], the matrix obtained by using Cy, m(azn), h
1,...,s, as blocks. This is a square matrix of size p™ with determinant equal to

Crl,m(al) T crs,m(%)-

Let X = [Xs,,...,X,,]. Let X(oq,...,apn) be the square matrix of size p" that is
equal to

Xoy(a1)  Xop(a1) -+ X, (1)
Xo(o2)  Xgy(az) -+ Xo,(a2)
Xy (.ap“) Xo, ('ap") Xo, (.O‘p”)

The discussion above leads to the following description of the Vandermonde-Frobenius
determinants.

Theorem 3.11. Let K = Fyn,L = Fpm subfields of E = Fmm. Let k such that

m = k (mod n) and ¢¥ = o1 0 a complete factorization, where oy, has order ry,
h=1,...,s. Foreachh=1,...,s, let ap be a generator of the extension Fpm C Fprum and
{80(x),...,0pn_1(x)} be a cycle basis for Pk associated to these generators.

Then the Vandermonde-Frobenius matriz of this cycle basis is

VF(éO, .. '361)”—1) = X(Oél, e ,Oépn) . O,

where E = {az,...,qpn }.
Moreover,
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p" s
UF(507 e 7611"—1) = (_l)sgn(tpﬁ) H(aj - ai) H CT»,“m(CLh).
=1 h=1

Example 3.12. This is Example 3.8 revisited. Note that n = 2,m = 3,k = 1. As noted
earlier, o2 = (0)(1,2)(3).
The elements of Fy are 0,1, 8 = o® + a? + a = o?! and 2. So, 8 generates Fy over Fo.
Withe the notations introduced earlier, 01 = 03 = id, 09 = (12) and a1 = a3 = 1, a0 =
5 = a2,
Moreover, v(0,1, 3, 8%) = B2+ =1 and ca 3(a?!) = v(B,8%) = B8+ 3 = '8+l = 1.
According to our formula, we should have

vp (00,01, 02,03) = 1,

which can also be seen directly from Example 3.8.
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