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Abstract

The main purpose of this paper is using the analytic methods and the properties
of Gauss sums to study the computational problem of one kind hybrid power mean
of three-term character sums and two-term exponential sums, and give an exact com-
putational formula for it. As an application of this result, we obtained a sharp upper
bound estimate and lower bound estimates for the three-term character sums and
two-term exponential sums

1 Introduction

Let q ≥ 3 be a positive integer. For any integers m and n, the two-term exponential sums
E(m,n, k, h; q) and three-term character sums C(m,n, k, h; q) are defined as follows:

E(m,n, k, h; q) =

q∑
a=1

e

(
mak + nah

q

)
and

C(m,n, k, h; q) =

q∑
a=1

χ
(
mak + nah + a

)
,

where k > h > 1 are positive integers, e(y) = e2πiy, and χ denotes a Dirichlet character
mod q.

The estimates of these sums play a very important role in the additive number the-
ory and analytic number theory, so many authors had studied the various properties of
E(m,n, k, h; q) and C(m,n, k, h; q), and obtained a series of important results, see [2]-[11].
For example, T. Cochrane and Zheng Zhiyong [4] show for the general sum that∣∣∣∣∣

q∑
a=1

e

(
mak + na

q

)∣∣∣∣∣ ≤ kω(q)q 1
2 ,

where ω(q) denotes the number of all distinct prime divisors of q.
Zhang Wenpeng and Han Di [10] studied the sixth power mean of the two-term ex-

ponential sums, and proved that for any prime p > 3 with (3, p − 1) = 1, one has the
identity

p−1∑
a=1

∣∣∣∣∣
p−1∑
n=0

e

(
n3 + an

p

)∣∣∣∣∣
6

= 5p4 − 8p3 − p2.
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On the other hand, Pólya and Vinogradov (see Theorem 8.21 of [1]) proved that for any
non-principal character χ mod q, one has the estimate

N+M∑
a=N+1

χ (a)� q
1
2 ln q.

If q = p is an odd prime, then Weil (see D. A. Burgess [3]) obtained following important
conclusion:

Let χ is a qth-order character mod p, if f(x) is not a perfect qth power mod p, then
one has the estimate

N+M∑
x=N+1

χ (f(x))� p
1
2 ln p and

p−1∑
x=0

χ (f(x))� p
1
2 , (1.1)

where A � B denotes |A| < cB for some constant c, which in this case depends only on
the degree of f(x).

Zhang Wenpeng and Yi Yuan [7] found some polynomials f(x) = (x− r)m(x− s)n such
that the identity ∣∣∣∣∣

q∑
a=1

χ ((a− r)m(a− s)n)

∣∣∣∣∣ =
√
q, (1.2)

where (r − s, q) = 1, m, n and χ also satisfying some special conditions.
It is clear that from (1.2) we know that the estimate (1.1) is the best possible. Some

related results can also be found in [2], [5] and [8].
In this paper, we consider the hybrid power mean

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

, (1.3)

where p be an odd prime.
We are concerned about whether there exists an exact computational formula or asymp-

totic formula for (1.3)?
For this problem, it seems that none had studied it yet, at least we have not seen any

related results before. The mean value is interesting, because the first sum in (1.3) is
of multiplicative properties, while the second one in (1.3) is of additive properties. But
their hybrid power mean are of orthogonality. They have a good value distribution result.
Of course, the mean value (1.3) has also some close relations with the upper bound of
E(m,n, k, h; q) and C(m,n, k, h; q).

In this paper, we use the analytic method and the properties of Gauss sums to study
this problem, and give an exact computational formula for (1.3). As an application of our
result, we obtained a sharp upper bound estimate and lower bound estimates for the three-
term character sums and two-term exponential sums. That is, we shall prove the following
conclusion:
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Theorem. Let p be an odd prime with (3, p − 1) = 1. Then for any non-principal
character χ mod p, we have the identity

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

=


p(p− 1)(p2 − 2p+ 2), if χ is a non-real odd character mod p,
p
(
p3 − 5p2 + 10p− 2

)
, if χ is a non-real even character mod p,

p2(p− 1)(p− 2), if χ is the Legendre symbol and p ≡ 3 mod 4,
p2
(
p2 − 5p+ 8

)
, if χ is the Legendre symbol and p ≡ 1 mod 4.

Some notes: In fact, our ultimate goal in this paper is to give an exact calculating
formula for the mean square error

p−1∑
m=0

p−1∑
n=0

(
|E(m,n, 3, 2; p)|2 − |C(m,n, 3, 2; p)|2

)2
=

p−1∑
m=0

p−1∑
n=0

|E(m,n, 3, 2; p)|4 +

p−1∑
m=0

p−1∑
n=0

|C(m,n, 3, 2; p)|4

−2

p−1∑
m=0

p−1∑
n=0

|E(m,n, 3, 2; p)|2 · |C(m,n, 3, 2; p)|2.

If this can be done, then in a lot of number theory problems, we can replace each other
with the |E(m,n, 3, 2; p)|2 and |C(m,n, 3, 2; p)|2. But it is a pity that we can not give an
exact computational formula for the fourth power mean

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
4

or

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
4

.

These problems will be our further research contents. Our theorem is just a preliminary
result.

For a general integer h > 1, whether there exists an exact computational formula or
asymptotic formula for the hybrid power mean

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2h

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2h

is an open problem, where p be an odd prime.

2 Several lemmas

In this section, we will give some lemmas which are necessary in the proof of our theorem.
Hereinafter, we will use many properties of trigonometric sums, character sums, reduced
residue system and congruence mod p, all of which can be found in [1], so they will not be
repeated here. First we have the following:
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Lemma 1. Let p be an odd prime with (3, p− 1) = 1, χ be any non-principal character
mod p. Then we have the identity

p−1∑
u=1

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

χ(uv) =

{
(p− 1)(p− 2), if χ is not a Legendre symbol of p,
p(p− 1), if χ is not a Legendre symbol of p.

Proof. Since (3, p − 1) = 1, so if u passes through a reduced residue system mod p,
then for all 1 ≤ v ≤ p− 1, uv also pass through a reduced residue system mod p. So from
this and the properties of character sums mod p we have

p−1∑
u=1

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

χ(uv) =

p−1∑
u=1

χ(u)

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

vb3(ua3−1)≡c3−1 mod p

vb2(ua2−1)≡c2−1 mod p

1

=

p−1∑
u=1

χ(u)

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

vb(ua3−1)≡c3−1 mod p

v(ua2−1)≡c2−1 mod p

1 =

p−1∑
u=1

χ(u)

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

b(ua3−1)≡c3−1 mod p

v(ua2−1)≡c2−1 mod p

1. (2.1)

It is clear that in (2.1), if c = 1, then u = a = 1. This time, the sums as

p−1∑
v=1

p−1∑
b=1

1 = (p−1)2.

If c = p − 1, then ua2 ≡ 1 mod p and (ua3 − 1, p) 6= p. Since (3, p − 1) = 1, so the
congruence equation c3 − 1 ≡ 0 mod p has only solution c ≡ 1 mod p. This time, the sums

as (p− 1)

p−1∑
a=2

χ2(a). If 2 ≤ c ≤ p− 2, then we have (c2 − 1, p) = (c3 − 1, p) = 1, so we must

have (ua2 − 1, p) = (ua3 − 1, p) = 1. This time, v and b are uniquely determined by the
congruence equations b

(
ua3 − 1

)
≡ c3−1 mod p and v(ua2−1) ≡ c2−1 mod p. Therefore,
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the sums as

p−2∑
c=2

p−1∑
a=1

 p−1∑
u=1

u6=a2, a3

χ(u)

. From (2.1) with above explanations we have

p−1∑
u=1

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

χ(uv)

= (p− 1)2 + (p− 1)

p−1∑
a=2

χ2(a) +

p−2∑
c=2

p−1∑
a=1

 p−1∑
u=1

u6=a2, a3

χ(u)


= (p− 1)2 + (p− 1)

p−1∑
a=2

χ2(a) + (p− 3)

(
p−1∑
a=1

p−1∑
u=1

χ(u)−
p−1∑
a=1

χ2(a)−
p−1∑
a=1

χ3(a)

)

=

{
(p− 1)(p− 2), if χ is not a Legendre symbol mod p,
p(p− 1), if χ is a Legendre symbol mod p.

This proves Lemma 1.

Lemma 2. Let p be an odd prime with (3, p− 1) = 1, χ be any non-principal character
mod p. Then we have the identity

p−1∑
u=1

p−1∑
v=1

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

χ(uv)

ua−vb≡0 mod p

=

{
(p− 1)2, if χ(−1) = −1,
p2 − 4p+ 7, if χ(−1) = 1.

Proof. From the properties of reduced residue system mod p and the method of prov-
ing Lemma 1 we can deduce this conclusion, the detailed process is omitted.

3 Proofs of the theorems

In this section, we shall complete the proof of our theorem. Note that the trigonometric
identity

p−1∑
m=0

e

(
nm

p

)
=

{
p, if (p, n) = p;
0, if (p, n) = 1

and the properties of Gauss sums |τ(χ)| = √p and

χ(n) =
1

τ(χ)

p−1∑
b=1

χ(b)e

(
bn

p

)
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we have

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

=

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣ 1

τ (χ)

p−1∑
u=1

χ(u)

p−1∑
a=1

e

(
u
(
ma3 + na2 + a

)
p

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

=
1

p

p−1∑
u=1

p−1∑
v=1

χ(uv)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

p−1∑
m=0

e

(
m
(
ua3 − vb3 − c3 + d3

)
p

)

×
p−1∑
n=0

e

(
n(ua2 − vb2 − c2 + d2) + ua− vb

p

)

= p

p−1∑
u=1

p−1∑
v=1

χ(uv)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

p−1∑
d=1

ua3−vb3≡c3−d3 mod p

ua2−vb2≡c2−d2 mod p

e

(
ua− vb

p

)

= p

p−1∑
u=1

p−1∑
v=1

χ(uv)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

p−1∑
d=1

e

(
d(ua− vb)

p

)

= p2
p−1∑
u=1

p−1∑
v=1

χ(uv)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

ua−vb≡0 mod p

1

−p
p−1∑
u=1

p−1∑
v=1

χ(uv)

p−1∑
a=1

p−1∑
b=1

p−1∑
c=1

ua3−vb3≡c3−1 mod p

ua2−vb2≡c2−1 mod p

1. (3.1)

If χ is not a non-real odd character mod p, then combining (3.1), Lemma 1 and Lemma 2
we have the identity

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

= p(p− 1)(p2 − 2p+ 2). (3.2)

If χ is a non-real even character mod p, then combining (3.1), Lemma 1 and Lemma 2 we
have

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

= p
(
p3 − 4p2 + 10p− 2

)
. (3.3)
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If χ =
(
∗
p

)
is the Legendre symbol mod p, then from the properties of Legendre symbol

we know that
(
−1
p

)
= −1, if p ≡ 3 mod 4, and

(
−1
p

)
= 1, if p ≡ 1 mod 4. So from (3.1),

Lemma 1 and Lemma 2 we have the identity

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

=

{
p2(p− 1)(p− 2), if χ is the Legendre symbol and p ≡ 3 mod 4,
p2
(
p2 − 5p+ 8

)
, if χ is the Legendre symbol and p ≡ 1 mod 4.

(3.4)

Combining (3.2), (3.3) and (3.4) we may immediately deduce the identity

p−1∑
m=0

p−1∑
n=0

∣∣∣∣∣
p−1∑
a=1

χ
(
ma3 + na2 + a

)∣∣∣∣∣
2

·

∣∣∣∣∣
p−1∑
b=1

e

(
mb3 + nb2

p

)∣∣∣∣∣
2

=


p(p− 1)(p2 − 2p+ 2), if χ is a non-real odd character mod p,
p
(
p3 − 5p2 + 10p− 2

)
, if χ is a non-real even character mod p,

p2(p− 1)(p− 2), if χ is the Legendre symbol and p ≡ 3 mod 4,
p2
(
p2 − 5p+ 8

)
, if χ is the Legendre symbol and p ≡ 1 mod 4.

This completes the proof of our Theorem.
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