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Abstract

In this paper we deal with the form of the solutions and the periodicity nature of
the following systems of nonlinear difference equations

Tn—3Yn—2 y _ Tn—2Yn—3
y Yn+1 — 3
yn(:l:l + $7L71yn72$n73) + fcn(il + ynfl‘TanynfS)

Tn+1 =

where the initial conditions z_3, x—2, z_1, o, y—3, y—2, y—1, and yo are nonzero
real numbers.
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1 Introduction

Our aim in this paper is to investigate the periodic nature and the solutions of the following
systems of nonlinear difference equations

o Tn—3Yn—2 y o Tn—2Yn—3
- ) 1 — )
yn(il + xn—lyn—2xn—3) n :En(:l:l =+ yn—lxn—Qyn—3)

Tn+1

where the initial conditions z_3, z_9, x_1, o, Y—3, Y—2, Yy—1, and yo are nonzero real
numbers.

Difference equations appear naturally as discrete analogues and as numerical solutions
of differential equations having applications in ecology, biology, physics, economy and so
on. So, recently there has been an increasing interest in the study of qualitative analysis
of rational difference equations and systems of difference equations. Although difference
equations are very simple in form, it is extremely difficult to understand thoroughly the
dynamics of their solutions. see [3]-[6] and the references cited therein.

There are many papers related to systems of difference equations, for examples: the
behavior of the positive solutions of the rational difference system

m PYn

T+l = —» Ynt+l = ’
Yn Tn—-1Yn—1

has been studied by Cinar [2].
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The dynamics of the solutions of the following system

Gpy1 = —271 g = Yntl
n+1 1+In71yn, n+1 1+yn71517n,

has been studied by Kurbanli et al. [10].

Touafek et al. [11] investigated the periodic nature and gave the form of the solutions of
the following systems of difference equations

r _ Ln—3 _ Yn—3
o +1+ LTn—3Yn—1 » Yntd 1+ Yn—3Tn—1 .

Yalginkaya [12] has obtained the sufficient conditions for the global asymptotic stability of
the following system of two nonlinear difference equations

Tn +yn—1 Yn + Tn—1

Tn+1 = 1’ = 1
InYn—1 — YnTn—1 —

Yn+1 =

In [13], Zhang et al. studied the persistence and the global asymptotic stability of the
solutions of the system

1 —
xn:A"' ) yn:A+ Yn-1

Yn—p Tn—rYn—s

Similar nonlinear systems of difference equations were investigated see [1], [7], [8]-

2 Main Results

Here we obtain the form of the solutions of some systems of difference equations. Also, we
deal with periodicity of solutions of the same systems of difference equations.

Tn—3Yn—2 Y — Tn—2Yn—3
yn(1+xn71yn72xn73)’ n+l 1'7L(1+yn711'n72yn73)

2.1 On the System: z,,, =

In this section, we study the solutions of the system of two difference equations

Tn—-3Yn—2 y o Ln—2Yn—3
) 1 — )
yn(l + Inflyn72xn73) nr xn(l + yn*1I"*2yn*3)

n=20,1,.., (1)

Tp+1 =

with nonzero real numbers initials conditions.

Theorem 1. Suppose that {x,,yn} are solutions of system (1), then for n =0,1,2, ...
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where x_3 = d, x_9 = ¢, x_1 =b,x9g =a, y_3 = h, y_o2 =g, y-1 = [,
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Yo = e and

Proof. We prove that the forms given are solutions of system (1) by using mathematical
induction. First we let n = 0, then the result holds. Second we assume that the expressions
are satisfied for n — 1. Our objective is to show that the expressions are satisfied for n.
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Solutions of some systems of difference equations

(14 (3i)bdg) (1 + (3i +1) beg))
(14 (3i+2)bdg) (1 + (3i) beg) )’

H( (14 (3i)acf) (14 (3i +2)cfh)
¢ (3i+2)acf)(1+ (3i + 1) cfh)

; )
+ (3i + 1) bdg) (1 + (3i + 2) beg)
+ (31 + 3) bdg) (1 + (3i + 1) beg)
+
+

(1 (Bi+1)a c)(1+(3z+3)cfh)>
1+ Yacf) (1+ (3i + 2) cfh)

bdg) 1+(3z+3)beg)
(1+ (3i+4)bdg) (14 ( ) beg

dg = ((1 +(3i+2)
)120 + (314 2) be
2 h)
)

( )

( )

af(14cfh) 1 ((1 +Bi+2) acf) (1+ (3i +4)cf
o V(4 Bit+4)acf) 1+ Bi+3)cf

—,

(14 @Bi+1)acf)(1+ (3i) cfh))
(1+ (3i)acf) (1 + (Bi+2)cfh) )’

(1+ (3 + 2) bdg) (1 + (37) beg) >
(3i +1)bdg) (1 + (3i +2) beg) )’

Il
=)

3 s

3
|
[\v]

5

kS
Il
o
N PN N PN

+
14 (3i+2)ac )(1+(3i+1)cfh)>
1+ 3i+1)acf)(1+ (3i +3)cfh)

Il
[N

S e

1+ (3i+3)bdg) (1 + (3i + 1) beg))

LI\ T+ i+ 2)bdg) (1+ (30 + 3)beg) )
ch ’ﬁ((1+(3¢+3)acf)( (3i+2)cfh))
a(l+cfh) =5 \(1+ (3i+2)acf) (1 + (3i +4) cfh) ’
be(1+ bdg) ((1 + (3i +4) bdg) (1 + (3i + 2) beg))
d(1 + beg) (14 (3i +3) bdg) (1 + (3i +4) beg) )’

Now, it follows from Eq.(1) that
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Similarly we can prove the other relations. The proof is complete. a

The following cases can be proved similarly.

. _ Tn—3Yn—2 _ Tn—2Yn—3
2.2 On the System: z, I @n—1yn—2mn_3)’ Intl = T Tdyn12n_29m_3)

In this section, we study the solutions of the system of two difference equations

Ln—3Yn—2 Tn—2Yn—3 (2)

Tn+1 = y Ynt1 = )
e yn(l + xnflynflrnfii) nr In(_l + ynflxn72yn73)

with a nonzero real numbers initial conditions and z_sy_ox_1, x_2y_129 # 1, Yy_22_1Y0,
Y-3T_2y—1 # —1.
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Theorem 2. Suppose that {x,,y,} are solutions of system (2). Forn =0,1,2,...,
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n—1
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we have

dg(—1 + beg)(1 + 2bdg) H (14 (6i + 5) bdg) (1 + (6i + 8) bdg)
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B — (14 (6i 4+ 1) acf) (1 + (67 + 4) acf)
Y12n—-3 = hg( (1+ (6i) acf) (1 + (6i + 3) acf) )
S (14 (60 + 2) bdg) (1 4 (6i + 5) bdg
Yizn—2 = gl:o (( 14+ (6i+1)bdg) (1+ (664+4)b dg>
n—1
B (1+ (6i+2) acf) (1 + (6i + 5) acf
Yian-1 = fill<(1+(6i+1) acf) (1 + (6i+4) cf)
B e”1((1+(6i+3)bdg)(1+(6i+6) dg)>
Yiom = LU\ (14 (60 +2) bdg) (1 + (6i +5) bdg)
B ch (1 + (6i+ 3) acf) (1 + (6i + 6) acf)
Yiznt1 = a(—1+cfh)££ ((1+(6z+2) acf) (1 + (6i +5) Cf))
_ be(1 +bdg) "H1<<1+<6z+4> bdg) (1 + (6i +7) dg>>
Yiznt2 = d(—1+beg) +4 \ (1+ (6i +3)bdg) (1+ (6i + 6) bdg)
n—1
B (1+ (6i +4)acf) (1 + (6i + 7) acf)
Yiznts = h(l+acf) 1 ((1-1—(62—1—3)@0 f) (1 + (67 +6)acf)
_ g(1+2bdg) 1<(1+(62+5) bdg) (1+(6z+8)bd9)>
Yiznts = (11 bdg) +5 \(L+ (6 +4) bdg) (1 + (6i + 7) bdg)
, _ f(+2acf) 1((1—1—(62—1— 5)acf) (1+ (6i+8)a cf))
12n+5 (1+acf) 4 \(1+(6i+4)acf) (1 + (6i +7) acf)
~e(1+ 3bdg) n1<(1+(6i+6) bdg) (1 + (6 +9) dg))
Yizn+6 = (1+2bdg) bl (1+(6Z+5) dg) (1+(6’L+8) dg)
B ch(1 + 3acf) 1 ((L+(6i +6)acf) (1 + (6i +9) acf)
Yizn+7 = ( 1+th 1+2acf H ( (6’L+5)acf)( (61"’8) CLCf))
_ be(1+ bdg)(1 + 4bdg) T (1 + (60 + 7)bdg) (1 + (6i + 10) bdg)
Pants = 0T ¥ beg)(1 + 3bdg) H( 1+ 6@+6)bd9)(1+(6i+9)bd9)>
2.3 On the System: z,,; = r—— Yn+1 = o

y7l(_1+xn71yn72xn73)’ x7l(_1+yn71xn72yn73)

In this section, we study the solutions of the system of two difference equations

Tnp1 = Ln—3Yn—2 Tn—2Yn—3 (3)

y Ynt1 = ;
yn(_l + xnflyn72xn73) nr In(_l + yn71$n72yn73)

with a nonzero real numbers initial conditions with x_sy_sx_1, y_2x_1y0, T_2y—_10,
Y—3Tr—-2Y—1 7§ 1
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Theorem 3. Suppose that {T,,yn} are solutions of system (8). Also, assume that x_s,
T_1, X, Y—2, Yy—1 and yo are arbitrary nonzero real numbers with x_sy_osr_1, Yy—_2T_1Yo,
T_oy_1%0, Y—3T_2y—1 # 1. Then all solutions of the system are periodic with period twelve
and takes the form

Tizn-3 = d, Ti2p—2 = ¢, Tian—1 = b, T12, = a,

Tignt1 = %, Tiont2 = %, Tion43 = d(—1+ beg),
Tign+a = m, T12n+5 = %, Tionye = a(—1+cfh),
L12n+7 %, T12n+8 = ]I(+I¢lcf)7

Yizn-3 = h, Y12n—2=9, Y12n—1 = f, Y120 =€,

Yiznil = aritemy Yizetz = %7 Yian+s = h(—1+ acf),
Yiznta = ipagy Yiznds = ﬁ,

Yiznts = e(—1+40bdg), yizni7 = %, Yi2nts = m,

or

d af(=1+cfh) c
d,c,b,a, e(—1fbdg)’ h(—14acf) (=1 + beg), (=1+cfh)’ }

{xn}n:_g - { ( : )? a(_l + th) dg(—1tbeg) of da & ba a, ...

—1+beg ’ e(—1+4bdg) * h(—1+acf)’
ch be(=1+bd
{y }OO , = { h/; g, f; €, a(—1+cfh)’ d((,h1(+b85)) af};(_l + acf), _(71£bdg) ) }
nfn=— - i ch(=1+ac; be ’
mﬂ e(_l + bdg)? a(—1+cfh) » d(—1+beg)’ hu 9, f7 €y ...

Lemma 1. All solutions of System (3) are periodic of period six if and only if x _3y_sx_1 =
Y—2T_ 1Yo = T_2y—_1T9 = Y—3T_2y—_1 = 2 and has the form

dg af
n = d7 7b7 [ 7d7"'
{zn} { ¢.ba,—, — }

ch be
n = h7 s 7_7_7h7"' .
{yn} { 9. e~ }

Proof. First suppose that there exists a prime period six solution of System (3) of the form
{(En} = {d7 Cy b7 a, %7 %7 d7 } ’ {yn} = {h7g7 f7 ¢, %7 %67 hu } .

By substituting in the obtained form of the solutions of System (3) in previous Theorem,
we get

_— ﬁ,a:a(—1+cf}l)v %:%’ a_hf:ﬁf‘wf)’
[ o= ke e=e(-1+bdg), L=l o pe

Then it is easy to see that acf = cfh = beg = bdg = 2. Thus the conditions are satisfied.
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Second suppose that x_3y_osx_1 = y_ox_1yp = T_2y_120 = Y—3x_2y—_1 = 2. It follows
from the form of solutions of system (3) that

d a
Tion-3 = d, Tizp—2 =C, Tizp—1 =D, Ti2q = @, Ti2n41 = L, Tron42 = 4L,
d a
Ti2n+3 = dy T12n44 = C, T12n45 = b, Ti2n16 = Ay Ti2n47 = jq, L12n+8 = Tf;
h b
Yizn—3 = h, Yyion—2 =09, Yi2n—1 = [, Y120 = €, Y12n+1 = L, Yiznt2 = 5,
_ _ _ _ _ch _b
Yients = h, Y1anta = g, Yi2nts5 = f, Yionte = €, Yiant7 = 57, Yi2nts = 7,
which gives period six solutions and then the proof is completed. g

Lemma 2. All solutions of the system (3) are periodic of period three if and only if
LT-3Y-—2T-1 = Y-22— 1y0—$€ 2y 120 = Y—3T—2y—1 = 2, and x_ 3—200, L2 =Y-2, T-1 =
y—1 and has the form {z,}}1>° = {d,c,b,d,c,b,...} and {yn ne—s=1h,g,f h,g, f,...}.

Proof. The proof follows from Lemma 1 and so will be omitted. a
. _ Tn—3Yn—2 _ Tn—2Yn—3
2.4 On the SyStem. xn—i—l - yn(_l_mnflynfﬂf'nf?))’ yn+l - -'En(l_ynflmnf2yn73)

In this section, we study the solutions of the system of two difference equations

Ln—3Yn—2 Tn—2Yn—3 (4)

Tn41 = y Yn+1 = )
nr yn(_l - xn—lyn—an—3) nr xn(l - yn—lxn—Qyn—3)

with a nonzero real numbers initial conditions and x_3y_sx_1, x_2y_129 # —1, Yy_22_1Y0,
Y—3T_2y—1 # L.

Theorem 4. Let {x,,yn} be solutions of system (/). Then

- —1+Bit1)beg —1+(3i+2)cfh
Ton—3 = d H ( —1+(31)beg ) v Ton—2=C H (71+ 3it1)cfh
i=0
n—1
- —14+(3i+2)beg H —1+@Bit+3)cfh
Ten—1 = b H (—1+(3i+1)beg ) Ton = a —1+(Bi+2)cfh
i=0
n—1
- o —dg —14(3i43)beg
6n+l =  e(1+bdg) —1+(3i+2)beg |
i=0
n—1
" _ af(=14cfh) —14(3i44)cfh
6n+2  — h(1+acf) —1+(3i+3)cfh ) *
i=0

(1=(63)cfh)(1—=(6i+3)cfh)
Yizn-3 = hH ( 1—(6i+2)cfh)(1— (61+5)cfh))
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n—1
_ (1—(6i)beg) (1—(6i+3)beg)
Yizn—2 = g ((17(6i+2)b(zleg)(17(6i+5)b(z]z'g))’
i=0
T (Qitnerm 1 (©itaern)
_ 6i+1)cfh)(1—(6i+4)cfh
o1 = f (( (6i+3)cfh)(1—(6i+6)cfh))
=0
n—1
_ (1—(6i+1)beg) (1—(6i+4)beg)
Yizn = H ( - (6z+3)beg Y(1— (6i+6)beg))’
n—1
o ch (1—(6i+2)cfh)(1—(6i+5)cfh)
Yizn+l =  Gl-crh) (A—(6i+4)cfh)(1—(6i+7)cfh) )
i=0
n—1
o be(1+bdg) (1—(6142)beg) (1—(6i+5)beg)
Yiznt+2 = G—1tbeg) (1—(6i+4)beg) (1—(6i+7)beg)
i=0
n—1
h(14acf) (1=(6i4+3)cfh)(1—(6i4+6)cfh)
Yont3 = (Tit2cfh) ((1—(6i+5)cfh)(1—(6i+8)cfh))
i=0
n—1
_ (1= (6i+3)beg) (1—(6i+6)beg)
Yiznta = (1+bdg)(!il+2beg) H ((1—(6i+5)beg)(1—(6i+8)beg))’
i=0
n—1
_ F(1—cfh) (1—(6i+4)cfh)(1—(6i+T)cfh)
Yi2n+5 = TFacH)(—1+3ch) (1—(6i4+6)cfh)(1—(6i+9)cfh) ) °
i=0
_ e(—1tbeq)(1+bdg) TT ( (1—(6i+4)beg)(1—(6i+T)beg)
Yiznt6 = WH (1—(6i+6 beg)(l (6z+9)beg))
n—1
_ ch(l4acf)(1—2cfh) (1—(6i+5)cfh)(1—(6i+8)cfh)
Yont7 = G(=itefh)(A—dcrfh) (I—(6i+7)cfh)(1—(6i+10)cfh) )
i=0
_ be(1—2beg) (1—(6i+5)beg) (1—(6i+8)beg)
Yizn+s = d(1—beg)(1—4dbeg) | (1—(6i+7)beg) (1—(6i+10)beg) | *

=0

2.5 Numerical Examples

For confirming the results of this paper, we consider some numerical examples which rep-
resent different types of solutions for the systems (1) - (4).

Example 1. We consider interesting numerical example for the difference system (1) with
the initial conditions x_3 = .8, x_o = —4, x_1 =3.5, xg =5, y_3 =3, y_o=—-1.9, y_1 =
6 and yo = 2.6. (See Fig. 1).

Example 2. See Figure 2, when we take the initial conditions x_3 = .8, x_9 = —14, x_; =
1.1, 2o = .5, y—3=1.9, y_o = =2, y_1 = .26 and yo = —.7 for System (3).

Example 3. Figure 3 shows the periodicity with period siz of System of difference equations
(8) with the initial conditions x_3 = 3, x_9 = =5, x_1 = —1/6, o = —1/15, y_3 =
—1/15, y_o = —4, y_1 =6 and yo = 3.
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