Bull. Math. Soc. Sci. Math. Roumanie
Tome 60 (108) No. 2, 2017, 147-157

Quotient for radial Blaschke-Minkowski homomorphisms
by
CHANG-JIAN ZHAOY | WING-SuM CHEUNG(?

Abstract

Some new inequalities for quotient function of quermassintegrals of the radial Blaschke-
Minkowski homomorphisms are established. The results in special cases yield some of
the recent results on inequalities of this type.
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1 Introduction

The setting for this paper is n-dimensional Euclidean space R™. We reserve the letter u
for unit vectors, and the letter B is reserved for the unit ball centered at the origin. The
surface of B is S"~!. The volume of the unit n-ball is denoted by w,,. We use V(K) for the
n-dimensional volume of a body K.

Associated with a compact subset K of R™, which is star-shaped with respect to the
origin, is its radial function p(K,-) : S"~! — R, defined for u € S"~!, by

p(K,u) =max{\A>0: e K}.

If p(K,-) is positive and continuous, K will be called a star body. Let S™ denote the
set of star bodies in R™. Let § denote the radial Hausdorff metric, i.e., if K, L € 8™, then

O0(K,L) = |pKx —pL|oo, Where || denotes the sup-norm on the space of continuous functions
c(sm 1.

For K,L € §" and a, 8 > 0, Lutwak [14] defined the radial Blaschke linear combination,
a- K+B- L, as the star body whose radial function is given by

p(a . K—l—ﬁ 5 L, _)n—l _ ap(K, _)n—l 4 Bp(L7 .)n—l.
For K € 8", there is a unique star body IK whose radial function satisfies for u € S,
p(IK,u) =v(K NE,),

where v is (n — 1)-dimensional volume and E, denotes the hyperplane orthogonal to u. It is
called the intersection body of K. The volume of the intersection body of K is given by

VK) = %/S o(K N Ey)"dS ().
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The mixed intersection body of Ki,...,K,_1 € 8", I(K1,...,K,_1), is defined by
p(I(Kl, [N ,Kn_l),u) = TNJ(Kl N Eu, ey Kn—l N Eu),

where ¥ is (n — 1)-dimensional dual mixed volume (see below for the definition). If K; =

=K, 1=K K, ;=--=K,_1 =L, then I(Ky,...,K,_1) is written as I;(K, L). If
L B, then I;(K, L) is written as I, K and called the ith intersection body of K. For IoK
we simply write IK.

1. Dual mixed volumes

The radial Minkowski linear combination, A\{ Ki+ - - - +A,. K, is defined by
MK+ FNK = {qa+ o e ca € Kyyi= 1,000, 1), (1.1)
for Ki,..., K, € 8™ and \y,...,\. € R. It has the following important property (see [14])
p(AK+pL,-) = Np(K, ) + pp(L, -), (1.2)

for K, L € S" and \,u > 0. For K1,..., K, € 8" and A\1,..., A > 0, the volume of the radial
Minkowski linear combination A\; K+ --- 4\, K, is a homogeneous polynomial of degree n
in the \;,

V()‘lKl'T_ o —T—ATKT‘) = Z V(Ki17 v »Kin))‘il T )\ina (13)

where the sum is taken over all n-tuples (i1, ...,4,) whose entries are positive integers not
exceeding r. If we require the coefficients of the polynomial in (1.3) to be symmetric in
their arguments, then they are uniquely determined. The coefficient V(Kil, oK) s
nonnegative and depends only on the bodies K, ..., K;, . It is called the dual mixed volume
of Kh"" Kin~

If Ki,...,K, € 8", then the dual mixed volume V(Kj,...,kK,) can be represented in
the form (see [15])

V(Ky,...,K,) = %/sn ) p(K1,u) - p(Kp,uw)dS(u). (1.4)

fKy=--=K, =K, Ky_it1 ==K, = L, then the dual mixed volume is written as
Vi(K,L). If L = B, then the dual mixed volume V;(K, L) = V;(K, B) is written as W;(K).
For K,L € 8", the i-th dual mixed volume of K and L, V;(K, L), can be extended to all
1 € R by

VL) = [ oKL as (). (1.5)

Thus, if K € 8", then for i € R

Wi(K) = E/Sn 1 p(K,u)"""dS (u). (1.6)
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2 Radial Blaschke-Minkowski homomorphisms and L,-radial addition

Definition 2.1 ([18]) A map ¥ : S — S is called a radial Blaschke-Minkowski homo-
morphism, if it satisfies the following conditions:
(a) U is continuous.
(b) For all K,L € 8™,
U(K+L) =¥ (K)+¥(L).

(c) For all K,L € 8™ and every ¥ € SO(n),
V(IK) =9V (K),

where SO(n) is the group of rotations in n dimensions.

Radial Blaschke-Minkowski homomorphisms are important examples of star body valued
valuations. Their natural duals, Blaschke-Minkowski homomorphisms are an important no-
tion in the theory of convex body valued valuations (see, e.g., [6-7, 10-11, 16, 21, 25] and
[1-2, 8-9, 12-13, 22-23]). In 2006, Schuster [18] established the following Brunn-Minkowski
inequality for radial Blaschke-Minkowski homomorphisms of star bodies. If K and L are star
bodies in R™, then

V(U(KFL)Y=D) < y(wK)Yne=D Ly (gr)t/neeh) (2.1)

with equality if and only if K and L are dilates.
If K and L are star bodies in R, p # 0 and A, u > 0, then A - K+, L, is the star body
whose radial function is given by (see e.g., [5])

PN Ktpp- L) = Np(K, )P + pp(L, )P (2.2)

The addition +, is called L,-radial addition. The L, dual Brunn-Minkowski inequality
states: If K, L € 8™ and 0 < p < n, then

V(E+, L) < VK™ + V(L)

with equality when p # n if and only if K and L are dilates. The inequality is reversed when
p>norp<O0 (see [5]).

Very recently, an L, Brunn-Minkowski inequality for radial Blaschke-Minkowski homo-
morphisms was established in [24]: If K and L are star bodies in R”, and 0 < p < n — 1,
then

V(U(KT,L)P/"n=1) < v ()P y(gr)p/nn-b) (2.3)

with equality if and only if K and L are dilates. Taking p = 1, (2.3) reduces to (2.1).
Theorem 2.2 (see [18]) Let ¥ : 8™ — S™ be a radial Blaschke-Minkowski homomorphism.
There is a continuous operator ¥ : 8" x --- x 8" — 8", symmetric in its arguments such
—_—

n—1
that, for Ky,..., K, € 8™ and A1,..., Ay >0,

MK T FAnKn) = Y i N, (KL K ). (2.4)

B1yeeyin—1
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Clearly, Theorem 2.2 generalizes the notion of radial Blaschke-Minkowski homomorphisms.
We call ¥ : 8™ x --- x 8" — 8" mixed radial Blaschke-Minkowski homomorphism induced
by ¥. Mixed radial Blaschke-Minkowski homomorphisms were first studied in more detail

n [19—20] If Kl = - = n—i—1 — K, Kn—i = . = Kn—l = L, we write \I/l(K, L) fOI‘
\I’(K,...,K,L,...,L). IfK1:: n,iflzK,Kn,i:"': n,lzB,Wewrite\I/iK
———— ——
n—i—1 i
for W(K,...,K,B,...,B) and call ¥;K the mixed Blaschke-Minkowski homomorphism of
———— ——
n—i—1 i
order i of K.

Lemma 2.3 (see [18]) A map U : 8™ — S™ is a radial Blaschke-Minkowski homomor-
phism if and only if there is a measure y € M (S"1 é) such that

p(VK,) :p(K7')n_1 * (25)

where M4 (S"1,¢é) denotes the set of nonnegative zonal measures on S™~1.
For the mixed radial Blaschke-Minkowski homomorphism induced by ¥, Schuster [18]
proved that

p(\Il(Klv .- 'aanl)a ) = P(Kl, ) o 'p(anlv ) * W

We now define the mixed Blaschke-Minkowski homomorphism of order i of K, for all ¢ € R,
by
p(\IllK») :p(Kv')n_l_l * [ (26)

This extended definition will be required in the following.

In 2013, the quotient function of the volumes was first introduced in [27]: Let K and D
be star bodies in R™, then the dual quermassintegral quotient function of star bodies K and
D, QWM(K}D), defined by

Wi(K) . .
Qv = — , 4,7 €R.
W, ;(K,D) Wj (D)

The aim of this paper is to establish the following inequalities for quermassintegral of
quotient function of radial Blaschke-Minkowski homomorphisms with respect to L,-radial
addition.

Theorem 2.4 Let K,L,D,D' € 8. If p#0, andi <n—1<j <n, then

( Wil (K T,0) )””” < (W@K))/” . (WWL)>/”
) I

Wi(Upo1-p(DF,D) W;j(¥n-1-,D) Wi(¥no1-,D'

(2.7)
with equality if and only if ¥p,_14,K and U, _14,L are dilates, and V,,_14,D and ¥,,_11,D’
are dilates, and

(Wi(\yn—l—pK)l/(nii)a Wi(\l’n—l—pL)l/(nii)> =M (Wj(\pn—l—pD)l/(nij)v Wj(\pn—l—pD/)l/(nij)) )

for some constant.
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Remark 2.4 Putting D = K and D’ = Lin (2.7), (2.7) becomes an inequality established
in [28]. Let D = K and D’ = L, and putting j = n in (2.7), (2.7) becomes the following
inequality: If K, L € 8™, p# 0, and ¢« <n — 1, then

Wi(‘yn—l—p(K;pL))l/(nii) < Wi(an—l—pK)l/(nii) + Wi(\pn—l—pL)l/(nii)a

with equality if and only if ¥,,_;_,K and ¥, _;_,L are dilates. Taking p =n —1 in (2.7),
(2.7) reduces to the following inequality: If K, L, D, D' € §" and i <n —1 < j <n, then

= ~ 1/(3=1) - 1/(3—1) = 1/(3=1)
Wi (¥ (K+,-1L)) < Wi(VK) i Wi(¥L) (2.8)
W;(¥(D+n-1 D)) ~\W;(¥D) W; (WD) ’ '

with equality if and only if WK and WL are dilates, and ¥D and WD’ are dilates, and
(Wi(\p )Y i, (w L)l/wi)) —u (Wj(\y D) =3) T, (w D/)l/m—j)) ,

for some constant.

Taking 7 = n in (2.8), (2.8) reduces to the following inequality: If K, L € S" andi < n—1,
then
Wi (U (KF, 1 L)Y D < W (wK)Y (=D 4 Wy (wL)V/ (=9,

with equality if and only if WK and WL are dilates.
3 Radial Blaschke-Minkowski homomorphisms and L,-harmonic addition

If K,L € 8™, and A, i > 0 (not both zero), then for p > 1, the L,-harmonic combination,
)\OKﬁppOL € 8™ was defined by

pANOK+,u0L, )P = Ap(K,u) P + pp(L,u)~?. (3.1)

In 1996, Lutwak [17] established an L,-Brunn-Minkowski inequality for harmonic addition.
If K,L € S" and p > 1, then

V(K+,L)7P/" > V(K)™P/™ + V(L) (3.2)

with equality if and only if K and L are dilates.

Another aim of this paper is to establish the following Dresher type inequality for radial
Blaschke-Minkowski homomorphisms with respect to L,-harmonic addition.

Theorem 3.1 Let K,L,D, D' € 8™. Ifp>1, andi <n—1<j <mn, then

< - 1/(5=4) < 1/(5=1) < 1/(3=1)
(Wi<wn_1+p<K+pL>> o (Wil K) Y ALY
) - ) |

Wj(an—1+p(D$pD/) Wj(‘pn—l+pD) Wj(\I’n—l-&-pD/

(3.3)
with equality if and only if ¥,,_14p,K and U, _14,L are dilates, and V,,_14,D and ¥,,_14,D’
are dilates, and

(Wi(‘l’n—1+pK)1/(n7i)7 Wi(‘I’n—1+pL)1/(n7i)) =p <V~Vj(an—1+pD)1/(n7j)a Wj(\Pn—l+pD/)1/(n7j)) )
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for some constant.

Remark 3.2 Putting D = K and D’ = L in (3.3), (3.3) becomes an inequality established
in [28]. Let D = K and D’ = L, and putting j = n in (3.3), (3.3) becomes the following
inequality: If K, L € 8™, p>1, and ¢« <n — 1, then

Wi(‘I’anp(KjrpL))l/(nii) < Wi(\Iln71+pK)1/(n7i) + Vhf/'i(\I/n,lJr]DL)l/("’i)7

with equality if and only if ¥,,_;4,K and ¥,,_14,L are dilates. Taking ¢ = 0 in (3.3), (3.3)
becomes the following inequality: If K, L,D,D’' € 8" and n — 1 < j < n, then

VO (D) N (V) N (VD) VT
Wj(q’nfler(Dq'le)) A\ W;(¥no144D) W;(Vn_14pD") ,

with equality if and only if ¥,,_14,K and ¥,,_14,L are dilates, and ¥,,_14,D and ¥,,_14,D’
are dilates, and

(V(\Ijn—1+pK)1/(n7i)a V(‘I’n—1+pL)1/(n7i)> =p (Wj(an—1+pD)1/(n7j)a Wj(\Iln—l+pD/)1/(nij)) ;
for some constant.

4. Inequalities for radial Blaschke-Minkowski homomorphisms

An extension of Beckenbach’s inequality (see [3], p.27) was obtained by Dresher [4] by
means of moment-space techniques: If p > 1 > r > 0, f,g > 0, and ¢ is a distribution
function, then

<J1f4ng¢>l/@” . <ffwd¢)1/@T)+(fgpd¢>1“p”.
[(F+g)do “\J o Jgrds

Recently, a new Dresher type inequality was derived in [26] as follows.
Lemma 4.1 Let E be a bounded measurable subset of R™, let ¢ be a distribution function
and let f1, fo,91,92 : E = RT. Ifp>1>7 >0, then
1 1 1
<EM+thyr<<&ﬁ®>“+<bﬁw>“ W
J(g1 + g2)rd¢ ~ \Jpgidd Jg 95do

with equality if and only if fi = k1 f2, g1 = kag2 and (|| f1llp, [ f2llp) = p(llgrllr llg2llr) where
ki, ko, p are constants.

We prove now Theorem 3.1. The following statement is just a slight reformulation of it:
Theorem 4.2 Let K,L,D,D' € S™. Ifp > 1, and s,t € R satisfy s > 1>t >0, then

Wyt (Y _14p(DFpD"))

Whn—t(¥p_14pD)

( Wi —s(¥n_14p(KFpL)) )1/('§_1’)<<ans(‘l’nflerK))1/“_{’) ( Wps(¥n_14pL) 1/(s=1) (4.2)
- Wyt (¥n_14pD") T

with equality if and only if ¥,,_14p,K and U,,_14,L are dilates, and U,,_14,D and ¥,,_11,D’
are dilates, and

(Wn—s(an—l—i-pK)l/sy Wn—s(\l/n—l-&-pL)l/S) = H <Wn—t(\1/n—1+pD)1/t7 I/T/n—t(\Iln—1+;oljl)1/t) .
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Proof From (3.1), we have for p > 1
PUEAL, ) o= p(K, ) 7Pt p(Ly ) 77
where p is the generating measure of ¥ from Lemma 2.3. Hence, from (2.6), we obtain
(W 1y (K L), ) = p(Wo 11K, ) + (L),

Therefore, by (1.6), we have

Wi (K ) = & [ (Wi o) (W L) dS() (43

and

- R 1
Wn—t(\IJn—1+p(D+;DD/)) - ﬁ/g 1 (P(\I/n_1+pD,u) + p(\IIn—1+pD/a u))t dS(u). (4.4)

From (4.3), (4.4) and Lemma 4.1, we obtain

- R 1/(s—t) s 1/(s—t)
ans(\Ilnfler(K'f'pL)) _ fSn—l (p(\Ijn—1+pKa u) + p(\I/n—H-vau)) dS(u)
ant(‘lln71+p(D'T‘pD/)) fSn—l (p(\Ijn—1+pDa u) + P(\I/n—l-&-pD,, u))t dS(u)

< (fsﬂ-l P(W14p K, 1) dS (u) > Ve ( Jns P(Wn1p L, w)*dS (u) >” =0
B fsn—l P(Wn—14pD, u)tdS (u) fsn—l P(Vn—14pD’, u)'dS(u)

~ 1/(s—t) ~ 1/(s—t)
_ VYﬂ*S(\IjnflﬂaK) + anS(\IjnflerL)
Wn—t(\pn—l-{-pD) Wn—t(\lln—l-i-pD/)

From the equality condition of Lemma 4.1, equality in (4.2) holds if and only if the functions
p(U,_14p K, u) and p(¥,,_14,L, u) are proportional, and p(¥,,—14,D, u) and p(¥,,_14+,D’, u)
are proportional, and

(Wn—s(\lln—l-&-pK)l/sv Wrb—s(\l/n—1+pL)1/s) =M (Wn—t(\l/n—l-i-pD)l/t; Wn—t(an—l—i-pD/)l/t) .

Taking s = n—¢ and t = n— j in Theorem 4.2, Theorem 4.2 becomes Theorem 3.1 stated
in Section 3.
fw:S"x--+ x8" — 8" is the mixed intersection operator I : §" x --- x 8" — S™ in
—_—— —_——
n—1 n—1
(4.2) and n — s =4 and n — t = j, we obtain the following result: If K, L, D, D' € " p>1
and i <n—1< 7 <n, then

~ . 1/(j—1) ~ 1/(j—1) ~ 1/(G—1)
Wilp—14p(K+pL)) < [ Willa—14pK) n Wily—14pL)
Wj(Infler(D"’pD/)) B Wj(InflerD) Wj(InflﬂzD/)

(4.5)
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with equality if and only if I,,_14,K and I,_14,L are dilates, I,,_14,D and I,_14,D’ are
dilates, and

(Wi(In—l-i-pK)l/(nii)v Wi(In—1+pL)1/(nii)) =p (Wj(In—HpD)l/(n*j)v Wj(In—HpD')l/(n*j)) :

Taking j = n in (4.5) and noting that W, (K) = Jgn—1dS(u) = nwy, (4.5) becomes the
following inequality: If K, L € S™, p > 1, and ¢ <n — 1, then
Wi(1n71+p(K$pL))1/(n_i) < Wi(InflerK)l/(n_i) + Wi(InflerL)l/(n_i)»

with equality if and only if I,,_;4,K and I,,_;,,L are dilates.
Theorem 4.3 Let K,L,D,D' € S™. If p# 0, and s,t € R satisfy s > 1>t >0, then

~ - 1/(s—t) ~ 1/(s—t) ~ 1/(s—t)
< ans(\ljnflfp(K"i‘pL)) > < (Wns(wnlpK)> +< ans(\ljnflpr) >

Wn—t(\pn—l—p(D_T'pD/)) Wn—t(an—l—pD) Wn—t(q/n—l—pD/)

with equality if and only if ¥p_14,K and U, _14,L are dilates, and V,,_14,D and ¥,,_11,D’
are dilates, and

(Wn—s(q’n—1+pK)l/57Wn—s(‘l’n—lerL)l/S) —H (W"—t(‘p"—HpD)l/taWn—t(‘l’n—lﬂD/)l/t)'
Proof From (2.2), we have for p # 0
p(K+pL, )P 5 = p(K, )+ p+ p(L, )P  p.
Hence, from (2.6), we obtain
Py 1 p(K+pL), ) = p(Vp 1 pK,-) + p(V 1L, ).

By (1.6), we have

Wt (K ) = & [ (pWap o) (B L) dS0) (47

n

and

ant(‘l’nflfp(D‘T'pD/)) = l /3"71 (P(Vn—1-pD,u) + p(¥y—1-p D', u))t dS(u). (4.8)

n

From (4.7), (4.8) and Lemma 4.1, we obtain

< ans(anflfp(K‘T‘pL)) >1/(s_t) _ ( Jon—1 (P(¥n_1_p K, u) + p(¥p_1_, L, u))* dS(u) )1/(s_t)
Wn7t<\pn71*p(D‘T‘pD/)) fS”*l (p(an—l—pD, u) + P(‘I’n—1_pD’, ’U,))t dS(U)

§ ( Jons P(Tno1p K, u)SdS(u))” ey +< S P(¥n-1-p L, u)*dS () )” e
- fSn—l p(\l’n—l—pDa u)tdS(u) fsn—l p(\pn—l—pD/La u)tdS(u)
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= (W”_S(\Ij"—l—PK) ) Ve + ( W”—S(\I/n—l—pl’) ) Hen
Wi—t(¥r—1-pD) Wi t(¥y_1-pD")

From the equality condition of Lemma 4.1, equality in (4.6) holds if and only if the functions

p(Vy—14pK, u) and p(¥,,_14,L, u) are proportional, and p(V,,_14p,D,u) and p(V,,—14,D’, u)

are proportional, and

(ans(\lln71+pK)l/s7 ans(\llnfl+pL)1/s) =M (ant(\ljnflerD)l/t» ant(\l/nflerD/)l/t) .

Taking s =n—1t¢ and t = n—j in Theorem 4.3, Theorem 4.3 becomes Theorem 2.4 stated
in Section 2.
Ifw:S"x- -+ x8" — 8" is the mixed intersection operator I : " x --- x 8" — 8™ in
—_—— —_———
n—1 n—1
(4.6) and i = n — s and j = n — ¢, we obtain the following result: If K, L, D, D’ € §", p #0
and : <n—1<j<n, then

( VNVi(In—l—P(K‘T‘pL)) >1/(JZ) < (W) 1/(i—1) . (W) 1/(j—1)
) - ) ’

Wj (In—l—p(D;pD/) Wj(ln—l—pD) Wj(In—l—pD/
(4.9)
with equality if and only if I,,_1_,K and I,,_;_,L are dilates, and I,,_;_,D and I,_,_,D’

are dilates, and
(Wn—s(ln—l—pK)l/Sa Wn—s(In—l—pL)l/s) = (Wn—t(ln—l—pD)l/ta VNVn—t(In—l—pD/)l/t) .
Taking j = n in (4.9) and noting that W, (K) = Jgn—1 dS(u) = nwy,, (4.9) becomes the
following inequality: If K, L € 8", p #0, and i <n — 1, then
Wi(In—l—p(K;pL))l/(n_i) < Wi(ln—l—pK)l/(n_i) + Wi(In—l—pL)l/(n_i)a (4-10)

with equality if and only if I,_;_,K and I,,_1_,L are dilates.
Taking p = n — 1 in (4.10), (4.10) reduces to the following inequality: If K, L € 8™ and
i <n—1, then
Wi(I(K 1 L)Y =) < W, (1K)Y =9 4 W, (1n)t/ =9,

with equality if and only if IK and IL are dilates. Taking p =n — 1 in (4.9), (4.9) reduces
to the following inequality: If K,L,D,D’ € 8" and i <n —1< j <n, then

( WZ(I(K‘T‘nflL)) >1/(j_i) § (WZ(IK)>1/(J—Z) ) (W) 1/(5—1)
) o ) )

W;(I(DF,,_1D’) W;(1D)

W;(¥D’
with equality if and only if IK and IL are dilates, and ID and ID’ are dilates, and
(Wn—s(IK)l/sa Wn—s(IL)l/s) =p (Wn—t (ID)l/ta Wn—t(ID/)l/t> .
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